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NMpenncnosue pepaxTopa nepesona

3a mocienHHe NeCATH-IATHAANATH JEeT NOABMIOCH TPOMAXHOE KOJIH-
9eCTBO PaGoT, B KOTOPHX A6MOHCTPHPYIOTCA BO3MOMKHOCTH S3HKA
H METOAOB TeOpPHH rpadoB He TOAHKO B MATEMATHKe H TPATHIHOHHKX
OPRIO/KEHEAX B XHMHH H 3JI0eKTPOTEXHAKEe, HO M B CONMOJOTHH, JHHT-
BHCTHK®, 3KOHOMHKe, reHeTHKe. HarasgHOCTh TeOpPeTHKO-TpadoBHX
CTPYKTYP B AOXOMIHBOCTH AI3HKA TEOpHH rpadoB mO3BOJANIT CRENAATH
JMOCTYIHHMH IJIA MHPOKOT0 KPYra IRTaTenel 1 GopMyIHPOBKE A0BOIb-
HO CHAOKHHX NPHKJAJHHX 3a7ad, M BOChMA TOHKHEe METOAH HX
PemeHHsA.

Eme B mepmom cTaHOBIGHEHA TeopEH rpadoB B Hell BO3HHKAJIO
HOMAJI0 TAKEX 3a7a4, PeMeHHe KOTOPHX NPeANOJATajJo LHOCTPOCHHe
HEKOTOPHX AJIOPHTMOB (JOCTATOYHO BCIOMHHTH, HAampAMep, 3afady
o Kk8umrc6epreckmx Moctax M ocobeHHO 3anavy 'ammiasToHa 06 06Xxone
BepmEH AoRexasnpa). IIpm sToM, KaKk mpaBmio, He HAKJIAAHBANOCH
HHKAKNX OTPaHAMYeHHMH HA CIOKHOCTHh AJATOPHTMOB, & JHIOb PacCMAT-
PHBAJCA BONPOC HX CYIeCTBOBAHHA. DBHepeHme BHYHCIMTEIHHOMH
TOXHHKH LOCTABHJI0 H Iepef Bcell MaTeMaTHKOU, m mepel Teopmei
rpadoB npo6ieMy HaXO;KJeHAs He IPOM3BOJBHKX AJTOPHTMOB, M03BO-
JAOMAX PEMAaTh Te HIHM NHHE KJIACCH 3a7ad9, & TAKEX aJrOPHTMOB,
KOTOpPHE AOonyCKagH 0N NPAKTHIECKYI0 PEaJH3anHi0 ¢ HCIOJb30Ba-
HHEM COBPeMeHHHX BHYMCIHTeNBHHX YycTpoiictB. Tak BO3HHEKIA
npo6ieMa NpaKTHIECKOHM paspemmMocTH 3afad: HalTH 3¢deKTHBHLIE
HIM XOTA GH AOCTATOYHO HPOCTOH B HPAKTHYECKE BAKHHX CIydIaax
AJrOPETM pemeHHMs 3afadn. HiaccuPEKADHA TAKEX AJTOPATMOB
H MOTOMI0B X HOCTPOGHHA He MOKeT OHTh mcuepnupBapomeit. OnHaKo
BCAKO® IOCHEN0BATENbHOe, CHCTeMATHIOCKO® H3JokeHme HamGoiee
APKHX H OEHHHX aJTOPHTMOB, B 9aCTHOCTH AJTOPHTMOB «Ha rpadax»,
N OPHEMOB HX NOJY4YeHHS ABJIACTCA NOJE3HHM H fa/Ke HeOGXOMHMHEM
1A DPUKJIAAHAKOB. B artolt cBAsH MomkHO ymoManyrs kmmrm Xy [1],
Kop6yra = ®uukensmreitna [2], Ifoa m I{xaa [3].

B upepnaraeMoii BEUMaHHI0 YATATE]AA KHHIe HPEeANPHHATA BeChMa
yAaUHAS HONKTKA NO3HAKOMHTH TeX, KTO HHTePECYeTCA LpHKJIaRHOR
Teopmeli rpadoB, ¢ BaKHHMHA M NEPCHEKTHBHHMH aJTOPATMAYECKAMA
MeTofaMm Teopmm rpados. HHEra mMeeT ApDKO BHpa/KeHHHI! mpm-
KJIafqHo# xapakrep. ABTOpP 0c060 BHpeaser B Heli BHUMCIAHNTONBHHE
H aJTOPATMHYECKHE aCHeKTH Teopmm rpadoB. «Umcroli» Teopmm rpa-



8 IIPEJUCJIOBHE PEINAKTOPA IIEPEBOIIA

$oB B KEmre Majno. OcoOHH HHTEDeC NPeACTABJAIOT IJIaBH, HOCBA-
ImeHEHe pa3MenleHni0 HeHTPOB M Menuad (ria. 5 m 6), 3amaue KoMMmH-
posxkepa (ra. 10) m mapocogeramuam (ra. 12).

ABTop Hcmonn3oBan TepmmHojormio Bepsxa [4]. Mu cowrm 6aa-
ropasyMHHM B DAJe MeCT I0Jb30BaThCA TepmmHosormein Xapapm [5].

[1] Xy T., Heounciennoe mporpaMMapoBagEHEe M IOTOKA B CEeTAX,
M., «Mup», 1974.

[2] Hop6yr A. A. » ®urkensmreitn 0. I0., duckpernoe mpo-
rpammupoparme, M., «Hayxa», 1969.

[3] LMot C. m I{xait C. M., [Iprknagnan reopus rpados, Anma-Ara,
«Hayka», 1971.

[4] Bepx K., Teopma rpagos m ee mpumenenns, M., HJI, 1962.

[5] Xapapn ®., Teopus rpados, M., «Mmp», 1973.

I'. Taspuaocs
1978 r.



Yacto 6uBaeT NoJe3HO B HATIARHO H306pasKaTh HEKOTOPYIO
CHTYyanui0 B BHJe PHCYHKAa, COCTOAIMET0 H3 TOYGK (BepmEH), Hpen-
CTABJIADIINX OCHOBHHE 3JI6MOHTH CHTyarnmd, H Jmami (peGep), coemm-
EAIMEAX ONpefeJeHHHEe NapH 9THX BePIINH H NPeACTABIAKIIAX CBASH
Me;kay HEME., TakHWe pHCYHKH HW3BeCTHH no4 o6muEm Ha3BaHAEM
epagios, W 3TA KHATa NOCBAINGHA HX H3YIeHHW. I'padH BCTpewawTCA
BO MHOTHX 06JaCTAX IOA PASHKHMHA HA3BAHWAMH: ¢CTPYKTYDPH» B TPamK-
OAHCKOM CTPOMTEJNLCTBE, «CETH® B JJOKTPOTOXHHKE, ¢COIEOTPAMMED
B CONUOJOTHH H 3KOHOMHKO, «MOJOKYJIADPHHE CTPYKTYPH» B XHMHH,
«IOPOKHHO KAPTH», 3JOKTPAYECKHe HMJH Ta30BHEe «PAaCHpeReHTeNb-
HHE CeTH®» M TAK KaJjee.

Baarogapsa cBoemy mMHEpOKOMY NpPHMEHEHHIO TeOpHS rpadoB B mo-
cilIefHAe TONN HHTEeHCHBHO pasBHBaeTcA. B Goabmoii mepe aroMy
cnocoGecTByer Takxke mporpecc B o6nacTa passEtas Goarmmx GncTpo-
RefCTBYIOIMUX BHYHCIHTONLHNX Mamme. HemocpencTBeEHOe B AeTanb-
HO® MpPe[CTABICHH® NPAKTHIOCKHAX CHCTEM, TAKHX, KaK pacHpepein-
TeJILHKHEe COTH W CHCTEMH CBS3H, OPpHBOTET K rpadam Goabmoro pas-
Mepa, YCHeIDHWH 8HAJHN3 KOTOPHX S4BHCHT B PABHOH CTeNeHH KAK
OT CYIeCTBOBAHHMA ¢XOpOIIAX® AJATOPHTMOB, TAK H OT BO3MOKHOCTH
HCHOAb30BAHMS GHCTPOREACTBYOMHEX BHYHCIAHTCIALHHX MAMIMAH.
IloaToMy B HacTos el KHHTe OCHOBHO® BHHMAHHWE COCPeLOTOYI6HO
Ha pa3paboTke H OMACAHWHE AJTOPHTMOB aHAINE3a rpadoB, X0TA npH
STOM YACTO YIOMHHAKTCA OGIACTH HX HPHIOKEHHA, YTO HO3BOAAET
MAKCHMAJNHHO NPHGIHSATH TOKCT KHWTH K POMOHHAM NPAKTHIOCKHX
sagad. Hagerocs, oro Gnaromaps aToMy YnTaTex o GymeT jerde CBAsaTh
H3I0KeHHHEe B KHATe OCHOBHHG IOHATHA CO CBoel 06JacThio meATea s~
HOCTH H OPAMEHWTH HX K paspaGoTke HOBHX METOXOB POIIeHHS CBOHX
cnenadHEIECKAX 3anmAad.

Xota BooGme cumTaercs, 910 3¢QPeKTHBHOCTH AJCOPHTMOB HMeeT
caMoe BA)KHOE BHAUGHHE, ABTOP HE CBOMMT CBOK KHHTY K CIIPABOYHHKY
a¢pdexrTmBEEX anaropaTmoB. Yacro MeTox paccmMaTpEBaercs H mo Toif
OpPHYEHe, YTO OH TeCHO CBA3AH C TOJNbLKO YTO BBeCHHHNMH LOHATHAMH
(21E MoJNydYeH M8 HHUX) H eMYy OTAACTCA NPERNOYTeHHe, XOTA HMEWTCA
H IpYrEe aJrOpPHTME, CTOJb Ke (IIH JaKe mopod HecKoabKo Gouee)
s(pdeKTHBHES,
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Oupene1A10MHMM 171 HAINETO M3JI0KEHENA ABUJIOCK KeJaHue CO31aTh
y YHTaTeNA LeJbHOE M JIOTMIECKHN CTPOiiHOe mpeficTaBjJeHHEe 06 aJro-
puTMaX aHa.am3a rpados.

Haapanue «Teopus rpados» mHa camoMm fese He MOKeT HOAXOAHUTH
HEH K KaKOMY OJlHOTOMHOMY H3JaHHI0, 60 B TakoM OrpaHMYeHHOM
o6nemMe HeNb3A JaTh CKOJbKO-HHOYAL DOJHOTO IpefcTaBIeHuA 06 3TOM
opeasmete. Hacroamas KHHra He ABJIAETCA MCKJIOYEHHEM, ee COfep-
/KaHMe OTPaKaeT, KaK 8TO M JOMKHO GHTb, MHTEpeCH aBTOpa M ero
pa6oTH B 06JacTH HCCIENOBAHMA oLepaliMii M B BHYHCIHTEIbHOH
MATeMATUKE M TEOPMM YIPABJIEHHA.

B raaBe 2 o6cympamoTca OCHOBHHE CBOMCTBA [OCTHKHMOCTH
M CBA3HOCTM TrpadoB, BOIPOCH DNOCTPOGHHMA CHJbLHHX KOMIOHEHT
¥ 6a3s M MX OpMIOKeHHMe K 00pa30BaHMI0 TPYNIMPOBOK IpaBJe-
HHMA ¥ KOQJIMUAA B OpraHM3alnAX.

B rnase 3 paccmaTpuBaloTcA IBe 3ajadd, CBA3aHHHE C BHGOpOM
9KCTPeMAaJIbHHX MHOKECTB BePIIMH C 33aJJaHHHMHM cBoicTBamMu. O6cyx-
AaTCA cmocoOn pemenmsa 3afad 06 ompefieieHHH MaKCHMAJbHBIX
HE33aBUCUMHX ¥ MUHMMAQJIbHKX AOMMHMPYIONIAX MHOKECTB, HOCJeNHAA
ofo6maerca [0 3afa9M 0 HNOKPHBAKIMMUX MHOKecTBaXx. PaccmaTtpm-
BAaIOTCA HPHJOKEHHMA 3a[]aTM O HOKPHIBAIOMMX MHOKECTBAX K COCTaB-
JIeHHIO PACHMCAHMH BHJIETA CaMOJIeTOB U paboTH TpaHcHOpTa, K 3ajade
06 mHpopmMauMOoHHOM mOHCKe, OGCY;KIAWTCA BOIPOCH CBEAEHHMA ADPY-
rux 3ajad teopmu rpadoB K 3ajade 0 DOKPHBAIOMMX MHOMKECTBaX.

B rnase 4 3asaga o packpacke BepmMH PacCMaTPHBAETCA KAK 0CO-
Onit caywail 3ajaiM 0 DOKPHBAOIIMX MHOMKECTBAX, M3ydaBImeics
B mpeAnaymeil rnase. [[aHW IPHJIOMKEHMA 3aflaid PACKpaIIMBaHHA
K COCTaBJIEHMIO PACHHCaHMil, pa3MEmEHHI0 pecypcoB, a TakKe ee
o600menna Ha 3afady JOCTABKH.

Crenynomupe ABe ri1aBH DOCBAMEHH 3a7adaM Pa3MelmeHHA B rpa-
¢ax. B rinase 5 paccmaTpuBaercA 3afiada paaMemieHHA MYJIbTHLEHTDPOB
B rpade n ee mpumeHeHMe K mpobiemMaM pa3MelmEHHMA HA CETH AOPOT
BCEBO3MOMKHHX CaykK0, TAKMX, KaK IOKapHble KOMAaHAH, NOJHUEeACKHe
Y49acCTKH, CTaHUMHM cKopoif momomu. B riase 6 ofcy:xnaerca 3apada
pasMemeHnA MYJbTHMEIMAH B rpade M ee OpPH.IOKeHme K mpobieman
pa3MemeHHs TaKuUX CJHY:KG, KaK CKJIaAH MJM NepexJiodaTeJbHHE
OYHKTH B CHCTEMaxX AOCTABKH TOBAapOB WJIHM B ceTAx cBA3u. I'1aBa 5
HMeeT JleJI0 ¢ MMHMMAKCHOM, a riasa 6 — ¢ MMHMCYMMHO# 3aflaTaMm
pa3MelIeHuA.

B raase 7 paccmaTpmBalTCA 3ajaduM O JepeBbAX, KpaTYaMmImX
ocropax m 3anada Illreitnepa, a TakiKe mpmioKeHMA »TMX 3ajgad
K DPOEKTUPOBAHHWIO JJEKTPHYECKHMX M Ta30BHX pacupefie UTeTbHEX
cereit,

B ruase 8 pasfupaloTca 3ajada MOMCKA KpaTdailmeil LEIn MERLY
mapaMu BepIIAH M ee NPHMJIOKEHHMA K 3ajadam Bubopa MapmpyTa JIifd
MAaKCHMHM3alUM HDPONYCKHO# CHOCOGHOCTHM HJHM HafeKHOCTH, K CIe-
nuaabHoMy caydalo cetedt IIEPT m k aHann3y kpHTHYECKHX MApmpy-
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ToB. B a10il 7K€ rIaBe BBOAHTCA NOHATHE MHEKJIA OTPANATENLHOTO Beca
H [eMOHCTPHPYETCA NpPAMEHEHHe 3TOr0o HOHATAA OJA PemeHHAA DAMa
sajay TeopmE rpadoB. Kpome Toro, mpmBoguTCA NOPAKOK BHIHCIEHMI
BTOPHX, TPETHHX H TAaK fajee Kpatdadmmx mnemelf.

JIBe cliegymIque rIaBH DOCBAMEHH 3a4a4aM NOMCKA OAKJIOB B Ipa-
dax. B ruase 9 paccMaTpmBaloTCA 06IEe NUKJIK B pa3pe3n. 3Aech ke
pasbmpaloTcA 3afaua HOACKA 3HIEPOBHX MAKJIOB A 3a/la4a KATaHCKOTo
HOYTAJb0HA C €e IPAJNIOKEHAAMA K c60pKe Mycopa, K J0CTaBKe MOJOKA
HJHE NOYTH M K MHCIEKTHPOBAHHIO CHCTOM C pACHpe/eJeHHHMH Iapa-
merpama. I'maa 10 cocTomt m3 nByx uacredi. B mepBoit paccmatpm-
BaeTCA 3a7aYa HAXOKICHHA raMAJLTOHOBA MUKJA B HEMOJNHOM rpade
H ee OpHJIO/KEHHe K MANMWHHOMY IJIaHApoBaHMIO. Bropas wacTts aroit
I'7IaBH DOCBAMIEHA 3a/a4e MOMCKA KpaTuaimero raMmjibTOHOBA IHKIA,
MEpOKO H3BECTHOTO N0 HA3BAHHEM «3a[aa KOMMHABOSKEpa», W €e
OPHJIOKEHAAM K BHGODY TpPAHCIOPTHHX MAapHmIPYTOB.

B ranase 11 mcciaenynoTca MaKCAMAJIHHEE HOTOKA H MHHHMAJHHHE
CTOMMOCTH — 3a/1a98 0 MAKCHAMAJBHHX HOTOKaX B rpajax, pyram
KOTOPHX NPANACAHK OPONYCKHHE CHOCOGHOCTA M CTOMMOCTH. 3ajadm
0 moToKax B rpadax, y KOTOPHX AyraM OPAOACAHK BRETPHIIA, BCTpe-
4ajoTCA OpPHA pPacCMOTPDEHHM MATEMATHYECKHX Mofenedl ap6mTpamka,
AKTHBHHX 3JIEKTPHYECKHX Iemedl m T. 1. 34449l 0 TAKAX HOTOKAX
TaKKe OGCYHIAIOTCA 31eCh.

B raaBe 12 peub mieT 0 BHYACIEHMH MAaKCHMAJLHHX IAapPOCOYETa-
gl rpadoB B ommCcHBaeTca 0GOGIIEHHNI BEHrepCKH# aJTOpHATM.
Ilogpo6Eo anropmTM pazoGpan pis ABYAOAbHKX rpadoB, Aas CAydaeB
TpPaHCHOPTHOH 3afjaulM W 3a7aY¥ O HA3HAYEHMH, Mrpamux Goibmryo
pOJb B HCCIENOBAHAA ONEPANHiA C OPAJOKEHAAMA K HA3HAYECHHAIO
aqofeii Ha paGoTy, pasMemeHHI0 BCOOMOTaTeAbHHX Cayxk0, cocraBie-
HAI0 MAPOIPYTOB CAMOJETOB M T. . B3amMOCBA3L MeKAY CiaBaM|
3TOH KHHTm mpeAcraBaeHa rpajmueckm (cM. crp. 10).

YacTp aToil kEurm Onia Hammcasa OpH (EHAHCOBOH HOAmeps:KKe
Haygaoro mcciegoBaTeabCKOT0 COBETA IO BOOPOCAM MATEMATHYECKOTO
OpOrpaMMADOBAHAMA, KOTOPOMY S OYeHh HPHSHATENEGH 38 OKA3AH-
HOe cojeficTBme. B moAroroBKe HM3gaHAA 3TOH KHATA MHE IIOMOTIHA
ouers mHOTrme. fI ocofemHO Guaromapen mpodeccopy Camy IJitony,
pyxoBopmrexao Otnena HaydHOro ympaBiendsa MMmepman kKoJnemska,
ITatepy Bmone, sxedpdy Canbm, Ilutepy Bpyxepy m Comy Hopmany.
I Taxme xouy moGaarogapmth npodeccopa [Joransna Kayra, npoun-
TaBIIEro NePBHA BAPHAHT PYKOIHCH H YKA3aBIIEro Ha HECKOJBKO OIIH -
6ok. fI B noary mepen r-xoii Mapraper Xagsen, Baasmed ma ceGsa
TAKEJHHA TPYA mo mepenedaTke pyxonucd. I fojKeH oTMETATH Heome-
HAMYI0O HOMOIIb CBOEH KeHH, KOTOpasg He TOJAbKO (6e3pomoTHO Tepme-
7a MoI0O NOCTOSHHYIO paGoTy Haj KHATOH mo BeuepaM, HO TaKXe HO-
MOTaJia IpH YTEHAH KOPPEKTYp.

Huxoc Kpucmogudec

Oxrabps 1973
Jlonpon
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Fnasa 1

BBEAEHUE

1. 'padpui. Onpegenenne

I'pag G 3agaeTcs MHOKECTBOM TOUCK HIIHM GEPWLUH Ty, Ty, . - -y Ip
(koTopoe oGosHawaeTcAa wepes X) M MHOMKECTBOM NHHAA HAA pebep
a,, ay, ..., G (KoTOpoe 0603HATAETCA CAMBOJIOM A), COSAHHAIOIAX
MeRAy coboil Bce mam gacTh 3THX Todek. Takmm o6Gpasom, rpad G
moxHOCTLIO 3ajaercA (E o6oamavaercsa) mapoit (X, A).

Ecam pe6pa m3 MHOKeCTBa A OPHeHTHPOBAHH, YTO OGHYHO IOKA-
BHBAETCA CTPENKOH, TO OHH HA3HBAIOTCA Jyzamu, W rpad ¢ TAaKAMH
pe6paMm HasHBAaeTCA opuenmuposannum rpadom (pmc. 1.1(a)). Ecam
pe6pa He MMEIOT OPHEHTALWH, TO rpad HABHBAGTCA HEOPUEHMUPDOEAH-
rwux (pac. 1.1(6)). B cayqae xorga G = (X, A) ABaserca opHeHTH-
poBaHHEEM rpadoM H MH XOTHM IpeHe6pedsr HAaIpPaBAGHHOCTHIO AYT
H3 MHOKeCTBa A, To HEODHEHTHPOBAHHHE rpad, cooTBercTBYIOmMMIL G,
6ynem ofosmauath Kak ') G = (X, 4).

B 310it kBEre, xorga ayra o6o3mavaeTcs ymopsAmodYeHHOR mapoit,
COCTOAMIGH M3 HAXAAbHOU A KoHeuHoll BepmHH (T. €. ABYMA KOHYeeuMU
BePIIHHAME [yTH), €6 HAUpaBJIeHAEe NPEJIOJAraeTcsi 3agaHHHM OT
nepBoit BepmuHEH Ko Bropoit ?). Tax, Hanpamep, Ha pmc. 1.1(a) o6o-
3HaueHHe (r,, T,) OTHOCHTCA K Ayre a,, a (z,, z,) — K Ayre a,.

Hdpyroe, ynorpebiseMoe vame onmmCcaHHe OPHEHTHPOBAHHOTO Ipa-
da G cocromT B 3ajaHEM MHOKecTBa BepmmH X ®m coomsemcmeus T,
KOTOpoe IIOKasHBaeT, KaK Me;KAy coboil cBasanu BepmmHH. CooTBET-
creme I' RasuBaeTca omobpaxcenuexn muokectBa X B X, a rpad B srom
cayuae oGosmawaerca mapoit G = (X, TI).

Has rpada va puc. 1.1(a) ameem T’ (z,) = {z,, s}, T. e. BepIHEN
Zy X Ty ABAAIOTCA KOHOUHHMA BePMHEHAME AYT, ¥ KOTOPHX HAYaJIbHOH
BePIIMHON SABIAETCA I,

[ (zp) ={xu x,},

T (z3) ={x,},

I' () = @ —nycroe MHOMeCTBO,
T (5) ={zi}.

1) Tpap G mMu GyneM HA3HBATE Heopuekmuposakkux Oybaunamoxm (uim
neopuenmuposanntn deotinuxom) rpada G.— Hpux. ped.
3) EcaE z; B z, — KOHI|eBHe BePIIHHH JYIH a4, TO T'OBOPAT, UTO BePIIMEH
H 2 unuauaenmnu Ayre a (MAH 9TO AYyTa G UKYyUDeKmKa BePIIHHAM T; H Tg).—
pux. ped.
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X3

(a)

(6)

X3

X Xa

as
(8)

Prc. 1.1. (a) OpnenTuposamsnil rpad. (6) HeopuentTrpopannuit rpad. (8) Cue-
nagHHi rpad.

B cnyuae neopueHtuposanHoro rpada mam rpada, cofepramero
¥ AyTH, ¥ HEOPUEATHPOBaHHHe pebpa (cM., Hampumep, rpadrr, maobpa-
xenHne Ha puc. 1.1(6) # 1.1(s)), npexmonaraerca, uro coorsercTsme I
3alaeT TaKo#l OKBUBAJIEHTHHH OPUMEHTHPOBAHHHWHE rpad, KOTOpHH



2. IVTH H MAPIIPYTHI i3

OoJNydYaeTcs H3 HCXOAHOro rpada 3aMeHOH Ka)KIOro HEOPHEHTHPO-
BAHHOr0 pebpa AByMA HPOTHBONOJOKHO HAUPABIGHHHMH IYTAMH,
COOIMHAIIEME T ke caMhe BepmEHH. Tak, Hampmmep, s rpada,
npusefieaHoro Ha puc. 1.1(6), mmeem I' (z5) = {2y, 25, 2}, I (7)) =
= {zz} m 1. A.

{Ho}cxonmy T’ (z;) npencraBaser co6oii MHOMKECTBO TAKMX BePIIEH
zy € X, ana xoropux B rpade G cymectsyer ayra (z;, z;), To gepes
I'! (z,) ecrecTBeHHO 0603HATATH MHOKECTBO BEPIINH Zj, AJMA KOTOPHX
B G cymecTtsyer nyra (z, z;). OtHomenne I'-! (z,) npuEATO Ha3HBATH
obpamrum coomeemcmeuex. Jlaa rpada, maobpaskemHOro Ha

puc 1.1(a), mmeeMm
I (z4) = {2, 25},

I (z,) ={z,}
H T. A
Bnoane oveBunHO, 9T0 NiA HeopHeHRTHpOBaHHOro rpada I'! (z,) =
=T (z;) ana Bcex z; € X.
Kornma oto6paskernnme I' feiicTeyer He HA OfHY BepmEHY, 8 HA MHO-
#ecTBO BepmEE X, = {z,, Z,, . .., Zg}, To mox I (X,) mommmalor

o6neqaHEHAE
F@)UT (=) U...UT (=),

1. o. I' (X;) ABaserca MHOKecTBOM TAKEX BepmmH z; € X, uTo AuA
KayK[oil M3 HEX cymecTByer ayra (z;, z;) B G, rae z; € X,. aa rpa-
¢a, npmsenemnoro Ha pmec. 1.1(a), I ({z,, 25}) = {z;, 23, z} =
I ({1, 23}) = {23, 25, 21}

Oro6pasenme I' (I' (z;)) sanmcuBaerca xak I'? (z;). Amamormumo
srpoitaoes orobpamenme I (T’ (T (z,))) sanmmcmBaerca xax I (z,)
a 1. A. [{aa rpada, moxazamHoro mHa pmc. 1.1(a), mmeeMm:

I? (2) =T (T (1)) =T ({z3, zs)) = {2y, 25, 2},
1‘3 (zi) = P (I‘z (zi» = P ({zh T3y .‘t‘}) = {zh T3, 35}
. TAi.anormno nonumManTcA oGosmavenmma I'-? (z;), ' (z,) m 1.1

2. Hyra = mapmpyrm

ITymex (mnm opuenmuposannsin Mapupymom) opHEHTHPOBAHHOIO
rpaga Ha3HBAeTCA IOCIOOBATeALHOCTh AYT, B KOTOPOH# KOHeYHas
BOPIIEHA BCAKOH Nyrm, OTIMYHOM OT HOCJHefHeH, ABIACTCA HAYANL-
HOH BepHIMHON cjaefyromei.

Tak, Ha pmc. 1.2 mocrenoBaTenbHOCTH AYT

-Ggy gy A9, A, Ay, (1'1)
ay, ag, as, ay, (1.2)
a,, Qg ags, Gy, aloa gy Gy (1 3)

ABJIANTCA NYTAMH.
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X2

X5

Prc. 1.2.

Ayra a = (z;, x;), z; 5* z;, aMelomue ofmue KOHNEBEIe BePIUIAHKI,
Ha3HIBAKTCSH CMEHCHEMU. J|Be BePITAHK ; X T; HA3KHBAIOTCH CMEHCHUMU,
ecam Kaxasa-HuGynbp u3 nByx Ayr (z;, z;) ® (z;, z;) mam obe opHO-
BPeMeHHO npmcyTcTByloT B rpade. Tak, Hanpumep, Ea pmc. 1.2 pyTm
ay, Gy, Q3 ¥ Gg, KAK W BePIIAHE Iy B T, ABIAITCA CMEKHLEIMH, B TO
BPEMA KaK AYTH @, ¥ 45 AJIA BePIIHMHH I, X Z, He ABJIAITCA CMeRHEIMH.

Opuenmuposannoil yenvio ') (an1m, Kopode, 0pyenviv) Ha3HIBACTCH
TAaKOH OyTh, B KOTOPOM KaMJad Nyra HCHoas3yeTcs He 60Jable OHOTO
pasa. Tak, manpmmep, npusefennre sume oyta (1.1) u (1.2) asasor-
cA oprnensAMH, a nyTh (1.3) He ABIAETCA TaKHM, IOCKOJIBKY Ayra dg
B HeM HMCIOJb3YeTCH NBAMMHL.

ITpocmoii opyenvio ) HasHBaeTcsa TAKOH OYTh, B KOTOPOM Kamxas
BepIIMHA HCHOJb3yeTcs He Gonee oguoro pasa. Hanpmmep, myts (1.2)
ABIAeTCA npocToil opnenslo, a nytu (1.1) m (1.3) — rer. Ogesmpno,
9TO0 HpOCTas Opnens ABJASAETCA TAKKe ophenbilo, Ho obpaTHoe yTBeEp-
mpaeEne HeBepro. Hanpmmep, nyts (1.1) ABnserca opnenmbio, HO He
OpocTO# oprenslo, nyTh (1.2) ABAAETCA 0PNENbl0 B NPOCTOR OPHENLIo,
a nyrte (1.3) He saABIAsercA HE opnennlo, HE NPOCTOH OpHENbio.
Mapwpym ecTh HeODHEHTHPOBAHHHH «IBOMHNK» OYTH, A 9TO NOHATHE
paccMaTpEBaeTcsa B TeX ciAydasX, KOTHa MOKHO npenebpedp Hanpas-

1) B OpMrEEHAJN® BCOONL3YETCA TePMHH ¢mpocToli myTes.— Ilpux. ped.
?) B opHrEEAJe NDAMERAGTCA TEPMHE ¢3JEMEHTAapEHHA nyThd.— [Tpux. ped.
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JleHHOCTHIO AyT B rpade. Takum o6pasoM, mapwpym ecTh NOCAEAOBA-
TeabHOCTh pebep dy, dy, . . ., g, B KOTOPOR kammoe peGpo ay,
38 HCKIOUCHEEM, BO3MOKHO, IEPBOro M IociegHero pebep, cBsA3aHO
¢ pe6paME G;_; B G4, CBOMMH ABYMs KOHIeBHME BepmmEama. [locae-
HOBATENBHOCTH AYT

;z’ Eh ;a’ ;!01 (14)

82y a7, Gy, Gyy @3 (1.5)
n

G40, 87, Gy, g, G, G (1.6)

B rpage, maoGpakeHHOM Ha puc. 1.2, ABNAOTCA MAapmMPyTaMm; Yepra
Haj{ CHAMBOJOM AYIH O3HAYAET, YTO ee OpHMeHTamuedi mpemeGperaror,
T. e. Ayra paccMaTpHBaeTcsi KaK HEOPHeHTHPOBAHHOe pebpo.

To4HO TAK K€, KAK MH OOpPEfeJHIH OpPHeNH M IPOCTHE OpIeNH,
MOJKHO oOUpefieNHTh nen: !) m mpoctme nemnm ). Tak, Hanmpmmep,
mapmpyT (1.4) ects mems M mpocras menb, MapmpyT (1.5) — mems,
HO He IpPOCTaA mnemb, a Mapmpyr (1.6) He ABIsAeTcs HM HeObIO, HA
IIPOCTOH HEenbio.

IIyTs EIA MAapmMpPYT MOKHO H306paKaTh TAKiKe HOCJAEN0BATENb-
HOCTBIO BepmH, YT0 MH B Gyaem mcmoassoBaTts. Ilyre (1.1) momxHO
OpPefCTABHTh TAK/KE HOCIeA0BATENHLHOCTHIO BePIIEH Ty, Ts, Ty» Ty,
Zs, Tg¢ H TAKOe IPEACTABJEHHe UaCTO OKA3HBaercA Golee HONE3HHIM
B TeX CAYy4asiX, KOrAA OCYIIECTBASETCA HOMCK IPOCTHX OpHened Mim
OpPOCTHX nemei.

2.1, Beca m pawEa myTH

Hsorma ayraM rpaga G comocTaBaATcA (IPHIBMCHBAKTCA) IHC-
na — ayre (ry, ;) CTABHTCA B COOTBETCTBHE HEKOTOpOe WHCJIO Cyj,
Ha3HBAEMOe 6ecoOM, RIM JAunol, MIE cmoumocmvio (Yenol) KyrH.
Torua rpad G HasuBaeTcs 2pagom co eseewennumu dyeamu. Wnorna
peca (YECAa V;) OPHOACHBAITCA BepmmMHAM Z; rpada, m TOrja mOAy-
qaeTca rpad co essewennuMmuy eepwunamu. Ecim B rpade Beca mpm-
OHCAHH H AyraM, H BepIIMHAM, TO OH HA3HBAETCA IPOCTO 63I6CULEH~

Hux 3).
Ilpr pacCMOTPeHHMH OYTH |, NPEACTABJEHHOrO IOCJIEROBATEIHHO-
¢t AYT (a5, g, . . ., Gg), 38 €ro éec (ANH JAUKY, AIA CIMOUMOCINY)

opeHEMaeTcs acao l (i), paBHOe cyMMe BeCcOB Bcex AYT ¢), BXOAAMEBX

1) B OpHrEHAJN® HCHONL3YSTCR TOPMHH (IpOCcTOX Mapmpyrs.— Hpux. ped.
" %) B opErEEale IPHMEHAETCA TePMHH €dIeMeHTADHHN Mapmpyrs.— Tpux.
Deo.
s %) Yame esecusennbin HA3WBADT rpad co eseewennumu sepwunamu.— Hpux.
ped.
4) Kargasm Ayra PaccMATDHBAOTCR CTONBKO a3, CKOALKO OHA BCTpeYacTCA
B naBHOM myTH.— [Tpux. ped.
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B U, T.e.

= 2 ¢y

(:i' SJ)EU-
Taxum 06p330M, Korga CJoBa «OJMUAHA», «CTOMMOCTB», «Il€Ha»
K ¢BeC» NPDAMEHAIOTCA K AyrasM, To OHA 9KBUBAJIEHTHRI 10 COAePKAaHUIO,
A B KaKJAOM KOHKPETHOM ClydYae BBXGHpaeTCH TaKoe CJOBO, KOTOpOe€

X2

P=rec. 1.3.

61HM7e TOIXOMAT II0 CMEICTY B COBIIA/[a€T C IIPUHATHIM B JATEPaType 1).
Haurol (AnE MOWHOCMbI0) NYTH U Ha3KIBAETCH YHCJIO AYr, BXOIA~
mAx B Hero 2),

3. Ileram, opHeHRTEPOBAHHLIE LHRILI M IWKJIbI

Ilemaeii nasuBaeTcH Ayra, HalaJbHAA A KOHEYHAS BePIIAHEI KOTO-
poi cormapmator. Ha pmc. 1.3, manpumep, Oyru a, u as ABIAKTICA II€T-
JAMA.

Ilyre a,, a;, ..., a; Ha3WBaeTCA 3AMKHYmMHM, €CAER B HEM
HavaJbHAA BePmMAHA IYI'H 4, COBIAJAeT C KOHEYHOl BepIIEHOR IyTIH 4.

1) B namHOM mepeBose MH NPEMEHS6M TePMHAH «/IEHA» TOJLKO B TOM CIy4Yae,
KOra BCO YIH, BXOAAIEG B IyTh L, MIMEIOT Beca, paBHHe 1, T. 8. Korjaa Bec nyTa
CcoBOAMIAGT C €ro Jaunoi (mowrocmvio).— Ipum. ped.

2) Kaxkpag Ayra CYATaeTCA CTOJNBKO pa3, CKOabKO OHA BXOMAT B NAHHKM
nyth.— IIpux. ped.
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Tak, HanpaMep, B rpade, npuBefeRHEOM Ha pmc. 1.3, mocaemosa-
16JIBHOCTH JyT

@3 Qes G14» (1.7)
@44, Gy, Gy, Q7, By, Cy3, By, (1.8)
Gy, Gy G715 G40y oy G4y (1.9)

ABAAKTCA 3AMKHYTHMH OYTAMH,

Nyre (1.7) = (1.9) ABAIAITCA 3aMKHYTHMH OPOCTHMH OPHEOAMHA
(kowmypamu, BAH npocmuMi OPYUKAAMU), HNOCKOJbKY B HHX ORHA
H Ta K6 BOPIIMHA HMCHOJB3YETCA TOJLKO ORAH pas (88 ACKIINIOHHEM
HAYAJLHON M KOHOYHOH BepmMHH, KOTOPHE COBHmajamoT), a nyrs (1.8)
ge ABJACTCA KOHMYPOoM, TAK KaK BOPUIAHA Z, HCOOJNL3YeTCH B HOM
xsaxau ). KoBTyp, mpoxonasamuit gepes Bce BepmmuH rpada, EMeer
oco6oe sHAYEHEe H HA3HBAETCA 2aMUAbMOKOcHM KoETypoM ). Konmes-
no, He Bce rpadu o6nagalOT raMAJLTOHOBHMH KOHTYpamMH. Tak,
ganpaMep, KoBTYp (1.9) ABIsAeTCA raMANIBTOHOBHM KORTYpPOM rpada,
npaBefenHoro Ha puc. 1.3, a rpad ma pmc. 1.2 He EMeeT raMEIBTOHO-
BHIX KOHTYPOB, HOCKOJbKY HO CYIECTBYOT TAKOM AYrH, JJIA KOTOPOIil
z, 6njga Gn KOHEYHOH BepIEHOIA.

Samsrymuill xapuwpym ABIAETCA HEOPHEHTHPOBAHHKNM ABOXHAKOM
saMxayroro nyra. TaxuM o6pasoM, 3aMKHYTHH MApPMpPYyT ABAAETCA
MapmpYTOM 2, %3, . . ., £, B KOTOPOM COBHAJAKT HadaJbHas
4 KOHEYHAA BOPWIAHH, T. ©. B KOTOPOM I, = Z,.

Ha pmc. 1.3 mapmpyrm

- -

a4, 042, Gg0 (1.10)

;10’ ah Esa a-h Eb a-h Eg; (1.11)

ABAAIOTCA B8aMKHYTHIMH MADIWIPYTaMH.

1) 3aurEyTul myTs, B KOTOPOM HET OABAROBHX XYT, HO, BooSme TOBODA,
MOTYT CMOBTOPATLCAY BAYTPeHHRO BOPIIAHN MYTH (a4 HO TOXNLKO mepBas W Mochen-
HAA BOPHIHAH), T. 6. 3aMKRHYTas OPNEIb, B OPATHHANE RAHRON KHATH HASHBAGTCA
npocmuM saxxnymus myreM. Ecia jRe B SAMKHYTOM IYTH HOT HE OfMHAKOBHX
AYT, HE OlHHAROBHX BepmHE (RpomMe mepBo#f M mocrefuelt), To TaROH TyTHL ABTOp
HASHBAGT pMeMENMAPNEM SCMERYMIM TyToM. B HameM nepssope M Gynem Hash-
BaTh 3AMREYTYN ODLIOIb OpLENMUDPOSGHNUM UuR40x (MIH, ROPOT, OPYUKNAOM),
‘;I muemoapnui BAMRAYTHE IYTL — APOCMEM OPYUKAOM, HIR WONMYPOK.—

pum. ped.

%) AHANOrHYHO ONPONOMACTCA aMUALMOKNOs YUKA: DTO TPOCTOH LEKA, CONOp-
mamai Bco popmann rpada. Horsa Her omacHOCTE BOSHHRHOBOHHA HXOpasyMe-
EEf#, MH HCIOIH3YOM TODMHH TAMENLTOHOB [(HRI» ¥ B CHY486 OPHPHTHPOBAHHLIX
rpadoB.— Tpux. ped.
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4. Crenenm BepIIAHEI

Yucsao Ayr, KOTOPHE AMEIOT BePMHEHY Z; CBOGH HAYAJHLHOH BEpIIH-
HOM, HABKBAGTCA NOAYCMENEHbI0 ucTo0a BePIIMHN I;, W, aHAJOIMYHO,
g@ECca0 AyT, KOTOPHeE AMENT I; CBOedl KOHeYHOH BepIMHOR, Ha3KBAETCA
noaycmenenvio 3arofa BePIIAHH I,.

Taxum ob6pasom, Ha puc. 1.3 moaycremeHh MCXONa BepMMHH Ig,
ofoanagaemas duepea d, (zg), paBHa | I (zg) | = 2, ®m moaycremens
3axofla BePIIHHH Zg, 0603HaAUaeMas uepes d; (Tg), pasHa | ! (z¢) | =

CoBepmeHHO OYEBHIHO, YTO CYMMa IoOJycTenmeHedl 3axoma Bcex
BepmEH rpada, a TaKke cymMMa NOJycTeleHed MCXOfA BCeX BEPIIMH
paBER ob0memy wmcay Ayr rpada G, T. e.

igidu(-‘zu)‘-= Eidt (z) =m, (1.12)

rae n — YHACIO BEPIIEH M m — 9YAcI0 AYyr rpada G.

Has uweopmenTEpoBamHOro rpada G = (X, ) cmenene Bepmuman
Z; ompeleNAeTCA AHAJOTHIHO — C IOMONILI0 COOTHOmeHEs d (x;) =
= |I'(z;) |, # xorma He MOKET BOBHHKHYTb HEIOPA3YMEHHH, MH
6yneM oGo3HavaTh CTemeHb BePIIMHW I; Yepes d;.

5. loarpagm

Hycrs nam rpap G = (X, A). Ocmosnum nodepagom *) G, rpa-
¢a G masuBaerca rpad (X, Ap), naa xoroporo 4, — 4. Takmm 06pa-
30M, OCTOBHHIH HmOATpad MMeeT TO 3Ke CAMOe MHOKECTBO BePHIMH, UTO
u rpad G, BHO MHOKecTBO Ayr noarpada G, ABIAETCA MOIMHOMKECTBOM
MHOJKECTBA Ayr HCXogHOTo Trpada.

I'pa¢ nma pmc. 1.4(6) — ocroBmwii moxrpad G, rpada G, waobpa-
menHoro ma pmc. 1.4(a).

Ilycrs pam rpad G = (X, I'). Hopoxdennum nodzpagom ?) G,
gasmBaerca rpadp (X,, I',), maa xoroporo X, — X m maa xamom
pepmmaen z; € X,, [, (z;) =T (z;) N X,. Takem oGpasom, mopox-
NeHHELE moarpad COCTOMT M3 MOAMHOKECTBA BePmMH X, MHOKECTBA
BePIIEH HCXOfHOTo rpada M Bcex TAKEX Ayr rpada G, y KOTOPHX
KOHEYHHE® H HAYAJLHHE BOPITHHH NPHHANJIEKAT HOAMHOMKECTBY X,.
Yacro GuBaer yno6mo oboamavate moarpad (, mpocTo CHMBOIOM
(X,); M Gymem B fJaibHeHAmeM HCIOJB30BATH Takoe obosHadeHHe,
€CJIA HeT ONACHOCTH BHECOHHMS NYTAHHIEL.

Ha prc. 1.4(B) noxasan moposxaenauit noarpad rpada, npuseien-
noro Ha puc. 1.4(a), comep:Ramuit TOABLKO BePIIHHH Iy, Zp, T3 H I,
H OYIrH, KOTOPH® HX CBA3HBAKT.

1) ABTOp IpEMEHSAET TepMEH ¢uacmuuruil spagy.— ITpuxm. ped.
2) ABTOp McuoxXe3yeT TepMuH «moarpade.— ITpux. ped.



6. THIIEI TPA®OB 19

X2
X,
X3
X,
Xy
(6)
Xy X2
X X X
Xy s 1 3
Xg Xy
(o) (2)

Puc. 1.4. (a) I'pad. (6) OcTopmmil moarpad.
(8) Mopoxnesnun noarpad. (r) Hoarpad.

CoemuusA mpuBefileHEHe BHINE ABA ONpPENeJCHHA, MOKHO CHOPMY-
aEpoBaTH ompefesienne nodzpaga ). I'pad, nokasapanii Ha pre. 1.4(r),
ABasgerca moarpadom rpada, mpmeefieEHOro Ha pme. 1.4(a). -

PaccMoTpuM rpad, BepmEHH KOTOPOTO HPEACTABAAIT COTPYAHH-
KOB HEKOTOPOI'0 YUPE:;RAeRHAsA, & AYyIrH — JHHAHE CBASH MEXKAY COTPYA-
BnkamMB. Torma rpad, mpepcraBagm@iE TOALKO HaEGoJee BayREHNIE
KAHAJH CBASH JaHHOTO YUPEKReHHS, ABIAETCA OCTOBHHM Hoarpadom;
rpad, xoTopHi moApoGHO IpeACTaB/ifAeT AHEEE CBASH TOARKO KaKoH-
TO YaCTH 3TOTO YUPE)K/IeHAA (RAIpHMep, OTAENCHUA), ABAACTCA NOPOK-
JeHHHM OQATrpadoM, a rpad, KOTOPHIE NpPefCTABAACT TOABKO BaKHHE
JAWHME CBASH B OpeJelaX OTAENACHHA, ABIAAETCA moArpadgom.

6. Taum rpados

I'pad G = (X, A) BasHBAOT NOAHWNM, €CAH Aag aw6of napu
BepmHEH z; B z; B X cymecTByeT peGpo (z;, z;) B G = (X, A), T. e.
RAA Ra;kAoil mapH BepmEH rpada G noaxkHEA CYMECTBOBATh MO Kpali-

1) B opErmnaze HCHONL3YeTCA TEPMEH vacmusnul nodspags.— pux. ped.
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()

7
&

(8) (2)

Pre. 1.5, (a) Cammerpmaeckmit rpad. (6) ArTacEMMeTpEIeCKR rpad. (B) Moamuil
CammerpavecKnit rpad. (r) IloaEwit amTacEMMeTpmIeckmEd rpad.

Hei Mepe oflHA Ayra, CoeAMHAIMAA uX. [JoJHKA HEOpHEHTAPOBA RHKIHA
rpad, nmocrpoeHHHHE Ha £~ BepmmEHaX, oGodHazaerca wepes K.

IF'pad (X, A) maanBaeTcA cuMmMempuveckum, ©CIH B MHOMKOCTBO
ayr A paa mo6o#l ayra (z,, ;) CymecTBYeT TAKMKEe NPOTHBOMOJOMKHO
ODHeHTHDOBAaHHAA Ayra (z; z;).

Anmucumxempuveckun rpadom ') maguBaerca taxkod rpad, man
KOTOpPOTO CHpAaBe[JIABO CJe[yHollee ycioBEe: eciHm (z;, z;) € 4,
TO B MHOKeCTB® A HeT IPOTHBONOJIOKHO OpPHOHTAPOBAHHOM HNYyTH,
T. o. (z;, z;) § A. OueBBHO, ITO B aHTACEMMETpAYeCKOM rpade Her
UeTeNb.

Ha pmc. 1.5(a) noxkasan cammerpmueckuii rpad, a ma pme. 1.5 (6) —
AHTECAMMOTPHIOCKHHA rpad.

PaccmoTpuM cienylomuii NpAMep: MHOKOCTBO BepmzH rpada open-
CTaBJAST TPynny Jiofed, Ayra, HANPaBJIeHHAA OT BOPMHEHK I; K Bep-
TIAHe I;, 03HAYAET, UTO I; ABJIAGTCA APYTOM HJHA POACTBEHHHEKOM Zj;
TOTAA AAHHHHA rpad NoJKeH OHTL CHMMETPHYECKHM. ApYyroit cro-
POHEl, eCJIM yra, HaNpaBJieHHAA OT Z; K Z;, 03Ha9aeT, ITO BepIMIAHA Z,
NoAYAHeHA BePIMHE Z;, TO TAKOM Trpad HoJKeH OWTL aHTHCUMMET-
PHYECKEM.

1) MpuMenseTcs TaKKe TOPMUH ¢Hanpassexkuil rpads.— Hpux. ped,
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HoM6HHERDYsIT DpHBefileHEHEe BHINE ONDpefe]eHHs, MOKHO JaTh
OLpeieNIeHHs] NOAK020 CUMMEMpUNecKkozo Tpada (NpEMep Takoro rpada
cM. Ha puc. 1.5(B)) ® nosmozo ammucummempuxeckozo rpada (ommEm
#3 Takmx rpados moxasaH Ha pmc. 1.5(r)). I'pad nocaemmero Tmma
YaCTO HASHBAKT TAKKE MYPHUDOM.

HeopuenTtaposananii rpadp G = (X, A) HasuBaT dsydosvruix,
OCIH MHOKECTBO €r0 BEDUIHH X mosker 6HTH pasbmTo Ha TaKde ABA
uonmnomec'rna X% m X®, wro Kammoe pe6po EMeeT OfEH Komern B X°,
a apyroi B X°. Opnenrnponannun rpad G masuBaercs aeyaoabuu.u.

€CIR ero HeOPHOHTHDOBAHHNIH NBOMHEK G — NBymoAbHENI rpad. Jer
KO JIOKasaTh CJAeYIONmEe YTBEDPRACHHS.

Teopema 1. Heopuenmuposannwii zpagp G sessemes dsydoavhuin
mozda u moavko mozda, xo2da on xe codepacum Yurao8 HewemHol
daunn.

JHorasameavcmeo, Heo6zoauxocmb Iockoasky X pasGmBaerca
Ba gBe gacTE X% m X°, 10

X*yX=X =z X°nX*=g. (1.13)
[Iycrs cymecTsyeT WEKA HeWeTHOH AIHHH Z;, Zi, . - - Ty Ty
H, 6es moTepm o6IIHOCTH, AOOYCTHEM, UTO Z;, € X°. [lockoabKy (cornao-
HO ONpPENeJIeHAI0) OXHA 8 JBYX CJCAYIOIIHX APYT 84 APYIOM BepPIME
9TOr0 IMKJA HOIKHA NPHHALIEHATH X", a ppyraa X°, To HMeeM
z, € Xb, zy, € X% m 1. n. CnemoBaTeasHo, z;, € X° ecam k — HeJeT-
goe, B z;, € X%, ecam k — wermoe. Mu OPeANONOAKBIN, 9TO JJIHHA
nexiaa HedetHas. IloaTomMy m8 cooTHOmemmA z; € X® ciaemyer, wTO
zy, € X°. 3t0 mpormsopewmr (1.13), mockomrky X°) X’ = &

B BODmEEA He MOKET OJHOBDEMOHHO NPEHA[JIEKATh KAK X°, Tam
z X°

Hocmamourocmy. Ilpegnonomam, uro B rpade G He cymecTByeT
OEKaa HeverHo# NumEH. Bu6epeM ofHy W8 BepmmH, Hampasep z;,
H IOMETHEM €6 HJIOCOM ¢ -|-». BHIOJBEM cleRyHmyl HTepamuoHHYI0
mponenypy.

Bepem ye moMeueHHY BePmMEHY Z; H NOMEYaeM BCé BEPIIMHE
#3 MHomecTBa I (z;) BHaKOM, HPOTHBONOJOKHHM TOMY, KOTODHI
OPHCBOGH BePIIMHE Z;.

BynmeM nmpomoiKaTh 3Ty OHEPAlMI0 [0 TeX OOpP. HOKA HJIH

(i) Bce BepmmEN He GYAYT HOMeYeHH, a 8BHAKH, NPHOECAHHHE HM,
COrJacoBAHH (HHHME cloBaMH, JIO6He IBé BEPIIMHH, COGONHEHHHE
pe6poM, MOMEYEHH NIPOTHBONONOKHLHIMA SHAKAMH), HJIHA

(ii) mexoTopas BepmmHa, HampEMeEp Z;,, KoTopasA GhNa yxe mome-
9eHA KAKAM-TO BHAKOM (¢-}» HJIH «—»), MO/ReT GHTH HOMEYeHA Temeph
(co cTOpoEH Apyro# BepmMHEN) BHAKOM, NPOTHBOHOJOKHRM OPHIE-
CaHHOMY BePIIEHE Z;,, HIH
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(iii) gmsa KasKoOH mOMEYEeHHOH BEPMMHK Z; BCE BEPUIMHK H3 MHO-
mectea I' (z;) yKe moMeYeHH, HO CYIIECTBYIOT APyrue, ele He moMe-
4eHHLIE BEDIWHEL.

B caydae (i) Bce BepmAHH, mOMeYeHHLIE 3HAKOM «—», OTHECEM
K MHOKecTBY X°, a HOMEYeHHHE 3HAKOM ¢—» — K MHOMKECTBY X'.
Ilockomsky Bce pefpa COEIMHAIOT BePMUHB,, HOMEYEHHHE UPOTHBO-
OOJOKHKMHE 3HAKAMH, TO rpad ABIAETCA ABYROJIBHEIM.

B caywae (ii) Bepmuna z;, moamua GHTH DOMeYeHA 3HAKOM &3
Ha HEKOTOPOM MapmpyTe (HampEMep, W,), COCTOAINEM H3 BepPIIHH
Ty, Tiy - - o1 Ty, OPAYEM 3HAKHE «+» H ¢—», OPHNHCHBAEMHE dTHM

BePIIMHAM OPH ABHKEHHE 00 MAaPmPYTy W, (0T BEPIMHMW T; K BepIIH-
He I;,), ROKHH 06DPa30BHBATh YePeAYIOIMYIOCH DOCTENOBATENbHOCTI

(Buga +, —, +, ... wIH —, y —» .. .). AHaJOTHYHO 3HAKOM
«—» DepmHAHA Z;, IOMEYAaeTCHA BAOJb HEKOTOPOrO MapmpyTa k,. Ilycrs

z* — mpepmociennaa (mocienHeil saBaserca z;) obmasa BepmHHA

MAapmpYTOB [, H [, Ecam BepmEHEa z* moMedeHa 3HAKOM %, TO
yIacToK oT z* 10 I;, MApmPpyTa W; AOMKeH OHTb YeTHHM, a YYaCTOK

OT z* .10 Z;, MAPMPYTa WU, NOTKeH OHTh HeveTHHM. EciH e pepmuara

z* DoMedeHa 3HAKOM «—», TO YJaCTOK MapmpyTa pu, Oymer HedeTHRHIM,
a MapmpyTa p, — TeTHHM. Clej0BaTebHO, HAKT, COCTOAIMANR A3 yIa-
CTKA MapmpyTa p,, oT ¥ 0 Z;,, A COOTBETCTBYIOIEro0 yIacTKa Map-

mpyTa WU,, OT Z;, RO z*, EMEET HEYeTHYH JIHHY. ITO IPOTHBOPETHT

OpPeRnoJIOKeHn0, 9T0 rpad G He CONepPIKET LUKJIOB HEIETHOH JIHHEI,
B, 3HAYAT, cayvai (ii) HeBoamosxeH.

Cayuai (iii) osHagaer, 970 Memqy LOMEeYEHHOM M HE HOMEYEHHOH
BepmMEHAMA HE CylmecTeyer pebpa, T. e. 910 rpad G pacuajaercsa Ha
aBe muH Gosabume 9JacTed, W KaskAad H3 HEX MOJKET TOIJla paccMaTpH-
BaTbCA OTAeAbHO. MTaK, B KOHOE KOHIOB OPHXOMEM K ciayuamo (i).
Teopema pnokazamna.

Ecam BymHO DOAYEPKHYTH, 9TO rpad ABAAETCA MBYAOJBHLIM, TO
nna rpada upmmeraior oboamauvemme (X° || X°, A), mompasymesas,
9TO BHUOONHAKTCA Takke coorHomenms (1.13).

IeynonpEnit rpad G = (X® |J X® A) Ha3WBAOT NOAHHM, €CIH
ans nobux AByXx BepmEH I; € X° m z; € X° cymectsyer pe6po
(z;, z;) B G = (X, A). Ecam | X® | — 9Aca0 BepmMH MHOKECTBA
X* —pasno r m | X° | = s, To MONBHE HeOPHeHTHPOBAHHK XBY-
noasEmE rpad G = (X* |J X°, A) obosmavaercs wepes K, ,.

I'pad G = (X, A) HasHBaAETCA NAAHAPHBM, €CIH OH MOKET OHITH
HapHCQBAH Ha mIockocTa (mau cdepe) Takam o6pa3oM, IT0 TPOABBOJIb-
HHE Be NyrHE rpada He mepecexarorca Apyr ¢ Apyrom 1). Ha pmc. 1.6(a)

1) To ectb ecn®m ToIKa mAOCKOCTH (EAR cepH) HPRHAANGKAT HECKOJNLKHM
RyraM rpada (qByM mam Goabmemy aucay), TO OHA He ABJAETCA BHYTpeHHeR TOT-
wolt mukaxoit gyrw rpada.— Tpux. ped.
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noxasaH moimkii rpad K, a ma pEc. 1.6(6) — monmmit ABymONBELIE
rpad K, 5, KOTOpPHE, RaK HBBECTHO, SABIANTCSA Mensanapnuau {1, 31.

(@) )
Puc. 1.6. Henaamapeue rpadpw Kyparoscroro. (a) K;. (6) Ky, s.

91e nBa rpada ErpaT BaXXHYKO POJAb B TEODHE IIaBAPHRX rpados
E mspecTHH Kak rpadm Hypartosckoro.

7. CampBo ceaA3ane rpadu ¥ ROMIOBEHTH rpada

OpueETEPOBaHHKI Irpad HASHBAGTCH CUALHO CARSHIM HITH CUALHEM,
eCJH AN MOGHX BYX PAasIHYHHX BOPNINH Z; H X3 CYHIECTBYOT IO Kpai-
Hell Mope OJIHH UyTh, COCAHAMEAN Z, C Z;. ITO OIPOACACHAe O3HAAET
TaRAke, YTo JA6He ABe BOPIIMHH TAKOTO rpada ssaumno docmucuxs.

OpmeHETHPOBAHENI rpad HASHBAEGTCA OOHOCMMOPONHE CAR3HBM WIH
odnocmoporKuM, 6CAE KA ANGHX ABYX DPasAHYHHX BOPIIMH Z; H I
CymecTByer IO Kpaimed Mepe ofME IyTh HS Z; B Z; HJIH H8 Iy B Iy
(mnm o6a ORHOBDPEMOHHO).

OpmeETHpPOBAHRHE rpad HASHBANT c4a60 CERsHWX HNH CAAOBM,
eCJNH 17 ANGHX [BYX PasIHIHKX BOPIIEH rpadga cymecTsyer no Kpaii-
Helt Mepe OJHE MADPMPYT, COONMBANIMME HX.

Ecam pna mexortopoit nmaps BepumsH oprpada He cymecTsyeT Mapm-
PYyTa, COONHHAIOmMEro HX, TO Takoif oprpad HasHBaercs kecssanum [2].

T'pad, npusenensnik Ba puc. 1.7(a), KaR Jerxo mpoBepHTh, CHAB~
Ho cBasEmii. I'pad, moxasamsnd ma pmc. 1.7(6), He ABNAercA CHIL~
HuM (TAK KaK B HOM HeT IYTH H3 I, B Z3), HO O{HOCTOPOHHO CBASHE.
I'pad, msobpamemsn#t Ha pmc. 1.7(B), He sABAAeTcA HH CHILHHNM,
HE ORHOCTOPOHHHM, IOCKOJBKY B HeM He CYIeCTByeT myTelt oT z,
K Z5 B OT Z5 K Z3. OB — cnabo ceasanii. Hakonen, rpad, npasenen-
Euit HA pEC. 1.7(r), ABAAETCA HOCBASHHM.

Iycts AaE0 HeKoTOpoe cBoiicTBO P, KoTOpHM MOryT of6namaTh
rpadu. Maxcuxasvhiin nodzpagom rpada G oTHOCHTENBLHO CBOMCTBA



24 I'7L. 1, BBENEHUE

P waswBaercs mopompessn# moarpad (X,) rpada G, o6mamarommit
3THM CBOHCTBOM M TAKOH, 9TO He CYIECTBYET APYTOro TOPOKNEHHOT'0
nogrpaga (X,), y koroporo X, > X, m KoTopuii Takme obaanaer
cBoiicteoM P. Tak, Hampamep, eCE B KadeCTBe cBoiicrBa P B3fTa

Xy X2 Xy X2
XS @XJ xs @ XS
Xq Xa xs Xa
(a) (6)
X X2 X, X,
X < i }
3 X
]
Xg X3
X A Xy Xy

(e (2)

Prc. 1.7. (a) Canbro cBaseui rpad. () OgrocToporRHe cBA3HuWit rpad. (8) Caabo
ceasani rpad. (r) Hecsaammit rpad.

CHJIbHAA CBA3HOCTH, TO MAKCEMaJBLHHM CHJIBLHHM moarpagom rpada G
ABJIAEGTCA CHJABHHE moarpad, KOTOpHA He CONEPKETCA B aioboM Apy-
rom caasHOM noarpade. Takoidl moarpad Ha3WBAETCA cUALHOU KoMmno-
nenmoli rpada G. AHaJIOTAYHO, 0JHOCMOPOHHAR KOMROHEHMA UpeX-
crasiasier co60d OQHOCTOpOHHEH MaKcEMalbHHEA moxarpad, a caabas
KOMNOHEHmMa — MAaKCEManbHEA ciaabuii moarpad.

Hanopamep, B rpade G, upmsemenHoM Ha pmc. 1.7(6), momrpad
{{z1, i x5, Zs}) ABAsIETCA CcEHABLHOHA KommoHeHTO# rpada G. C mpy-
roi cropoEH, moarpadu {{z,, ze}) ® {({z,, Zs, Z¢}) He sABAAIOTCA
CAJBHHME KOMIOHEHTAMH (XOTH H ABJAITCA CRILHHME HOArpadamm),
HOCKONBKY OHE comepxatca B rpade ({z,, Z,, s, Z¢}) ®, caenona-
TelbHO, He MaKcEMajbHHe. B rpade, moxasammom Ha pmc. 1.7(s),
moarpad ({z,, z,, Zs}) HABAAETCA ONHOCTOPOHHEH# KOMIOHEHTOIi.
B rpage, npapenerroM Ha pmc. 1.7(r), o6a momrpada ({z,, zs, ze})
u {{zy, z5, z.}) ABAAKTCA cnabHMBE KOMOOHEHTAMH, H Y 9TOTO rpada
TOJBKO JBE TAKHEe KOMIOHEHTH.



8, MATPHYHEIE NIPEJICTABJIERYS] %

Hs ompenenenwii cpasy me crexyer, 9T0 OJHOCTOPOHHAE KOMIIO-
HeHTH rpada Moryr mmerh o6mue BepmmHH. CHABLEAS KOMIIOHEHTA
JONIAHA CONEePRATECA IO KpaiHe# Mepe B ofHOM OXHOCTOPOHHEH KOM-
IIOH6HTEe, & ONHOCTOPOHHAA KOMIIOHOHTA COHNEDPRETCA B HEKOTOPOI)
ciabo KoMIDOHeHTe HaHHOTo rpaja G.

8. Marpununbie mpexcTABICHHA

Ins anreGpamueckoro samamms rpados yno6HO HCIONL30BATH
C/IeAYIOIHEe MATPHIH.

8.1. Marpana cmexEocTa

ITycrs nam rpad G, ero xampuya cmeacnocmu o6osHavaeTCH I€pEs
A = la;;) w onpemensierca caexyiommm o6Gpasom:

a;;=1, ecim B G cymectsyer Ayra (z;,Z,),
a;;=0, ecam B G mer myrm (2,,'z).

Taxkem o6pasom, marpEna CMeREOCTE Tpada, H30GpasKeHHOTO
Ha pmc. 1.8, mmeer BRI

Xy, X, Xy X, Xg Xg

xo0 1 1 0o o o
10 1 0 0 I O
A_®l0 0 0 0 o0 o
x]0 0 1 0 o o©
xx{1 0 0o 1 o0 o©
X1 0 0 0 1 1

MarpEna cmemHOCTE DONHOCTHIO omIpeneNseT CTPYRTYPY rpada.
Haopumep, cymma BCeX 9/eMEHTOB CTPOKE r; MATDHIK IA®T HONY-
CTemeHb MCXO[4 BOPIIMHH I;, & CyMMa SAeMeHTOB cToabma z; — moxmy-
CTemeHb 88 XO/l& BePMIMHH ;. MHEOKeCTBO cTON6O0B, EMeomEX 1 B CTpO-
Ke z;, ecTh MHOKecTBO I' (z;), a MHOKECTBO CTPOK, KOTOpHe mEMeloT 1
s cronbme z;, copmanaer ¢ MuomecTsoM I'-! (z;).

BossemeM MaTpEOY CMeKHOCTE B XBampat. Ilycrs oaemenr afy
marpunu A? onpemenserca mo ¢opmyne

afy) =’§‘ i (1.14)

Caaraemoe B ypaBmenwm (1.14) pasEo 1 TOorma m TOMBKO TOTHA,
xorna o6a 9mcxa a;; ¥ ay, paBEN 1, B npoTEBHOM ciyuae oro pasuo 0.
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ITockonbKy E3 paBeHCTB a;;=a;, = 1 cregyer cymecTBOBaHHe mMyTH
AJIAHH 2 ¥3 BePIIAHH Z; K BePIIHHE Zj, OPOXOAAMEr0 96pes BePIIAHY
Z;, TO af) paBHO YHCIY OyTed NAMHK 2, MAYIHEX H8 I; B Tj.

Pnc. 1.8.

AHaJI0THYHO ecIm aff) aBnfeTCA 3MeMEHTOM MaTpmOu AP, To
a{f) paBEO wACHy myTeil (He 06A3aTEeNLHO OpHemel MIM HPOCTHX OpIe-
Oei) NIAHK p, HAYIIEX OT T3 K The

8.2. Marpaua mEqEAeEnmk

ITycry nam rpad G ¢ n BepmmEHamm B m ayrama. Mampuya unyu-
denyuil rpada G o6osHavaercs wepes B = [b,;] m asnserca marpanei
PasMePHOCTE N X m, ompefelsAeMOd chepyommM o0pasoM:

byy = 1, ecnim z, ABNAeTCA HAaYaJbHOE BepMEHOE AYyrE ay,

byy = —1, ecam z, ABNAETCA KOHEYHOH BepmMHUHOK AYTH ay,

byy = 0, ecm z; He ABAAETCA KOHNEBOX BePMHEHON AYTA G; HIH
eCIIE a; ABIAETCA MeTHei.

Has rpada, nmpmeepennoro Ha pmc. 1.8, marpana mrOEReHNMIE
AMEeT BH]

a a aa a; 4 a, ag ay a

x| 1 1 00 0 0 0 -1 -10
;3 |-t 0 01 0 0 0 0 00
g% | 0 -1 00 -1 0 0 0 00
xx| 0 0 00 1 -1 0 0 00
x| 0 0 0-1 0 1 -1 1 00
x| 0 0 00 0 0 1 0 '10

Ilockonbky xampmaa Kyra EEOENGHTHA ABYM PASAATHHM BepIIHHAM,
3a HCKJIIOYOHHEM TOTO Caydas, KOTAA Ayra oOpasyeT meTHI0, TO KamK-
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auk cronbenm am6o comep/KET ORME dJeMeHT, paBRNH 1, B ogmm —
paBEnil —1, xm6o Bce snemeHTH cTonbma paBEH 0.

Ecam G aBaaercA HeOPHOHTHPOBAHHHM rpadoM, To ero MaTpHma
HEIEACHIEN OHmpeNeAAeTCA TAK K6, KAR H BHIe, 38 HCRINYCHHEM
TOTO, 9TO BCe DIIGMEHTH, paBHHe —1, samemsorca Ha +-1.

9. 3apaum

Xy

Xs e g—— lxz

X4‘ < x;

Pme. 1.9.

1. Ina rpada, npmeenemnoro ma pmc. 1.9, maiitm

(a) T (zy), (m) dy (z),
(6) Tl (zg), (o) dy (zy),
() I (z,), () MaTpEDy CMeRHOCTE A,

(r) T-* (z,), (8) Marpany mEmmgenmmix B.

2. Inn rpada G = (X, A), mso6paxennoro Ha puc. 1.9, ommcath
(a) mopomnpenmwnit moarpad ({z,, z,, i, zs5}),
(6) ocroBmmi moxrpad (X, A’), rae (z;, z;) € A’ Torma m Toan-
KO TOrma, Korfa i -+ j HedYeTHO,
(8) ocroBmmit moxrpad monrpada ms (a), onpeneneHHwil Tax e,
rak B mymkre (6).

3. lna meopmenTmpoBamHOro rpada AoKasaTh, ITO B HEM THCIO
BepmuH ¢ HeuerHo# cremenbio verHO. (Hyar — werHoe wmcxo.)

4. Jlorasath, wro aw6oit monmmi cmMmerpmueckmir rpad comep-
RET TAMEJBLTOHOB IHKI.
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5. Ilokasars, 9TO paHr MATPHIH HENEAeHNEHA B cBaAsHOro rpade
C n BepmEEaME paBeE n — 1; saTeM NoKasaTh, YTO pAaHT MATPHIL
nanunernEid B rpada ¢ P (cna6umm) KoMImoHemramMm paBeH n — P.

6. JlokasaTh, 9YTO HEOPHEHTHPOBAHHHH CBASHHE rpad ocTaercs
CBASHKIM IOCJe yRaJeEHsA Bekoroporo pefpa TOorma m TOABKO TOrAa,
KOTMa 310 pe6po NpEEALNERET KAKOMY-BEHGYAb NUKAY RaHHOrO rpada.

7. JlokasaTh, 4TO HEODHEHTHPOBAHEHI rpad C n BepmMAHAME
(a) comepsxmr no Kpakmed mepe n — 1 pebep,
(6) ecnim comepxmr Goaee, wem n — 1 pebep, TO mMeeT mo
KpaliHell Mepe OHH IWKJI.

10. Cnucor marTepaTypni

. Bepx K. (1962), Teoprsa rpados = ee mpemernerma, UJI, M.
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. Kuratowski K. (1930), Sur le probléme des courbes gauches en topologie,
Fund, Math., 15—16, p. 271.

. Roy B. (1969, 1970), Afgébre moderne et théorie des graphes, Vol. 1 (1969),
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AOCTUXUMOCTb U CBA3HOCTDL

1. Beegenme

B npegmpmymeit ramaBe oTMegasoch, YTO CHCTeMY CBAsH Ji06Gol
OpraHASAOAHE MOKHO HHTEPIPeTHPOBATH KAaK rpaf, B KOTOpOM JiOnH
OPeRCTABJIGHN BepIIMHAMH, & KAHAJH CBASH AyraMa. EcTecrBemHO
UpH PACCMOTPeHHE TaKO# CHCTEMH HNOCTABHTH BOOPOC, MOMKeT Jn
napopmanas OT ogHOre JENA r; GHTHL mepeRaHa APYroMy JHNY 2z,
1. 8. CymMeCTByeT JH OyTh, HAYMHE OT BEPIEHH I; K BepIIEHe I
Ecxm rakoli myTh cymecTByeT, TO rOBOPAT, ITO BepmHUHA Iy docmu-
awuma 48 r;. MoKEO EHTEpECOBATHCA ROCTHKEMOCTHIO BOPIIHHN I,
48 BEPIIHHH Z; TOJIHKO HA TAKHX NYTAX, AJHHH KOTOPHX He IPEBOC-
xopar sagaEEOHd BeamimAH. Ilennio aroif raaBu aABaserca obcy:me-
HHe HOKOTOPHX (QyHAaMOHTAJBHNX NOHATHH, KACAIOMEAXCSA AOCTHIKH-
MOCTH H CBOMCTB CBASHOCTH rpadioB, a TaKiKe BBE[GHREe PsANa BeCHMA
S&KHHX aJTOPATMOB.

Ha sasuke rpagos, mpefcTraBasiomeEXx OPraHHSANHHE, B HACTOAMeil
€1aBé PACCMATPHBAIOTCHA CJAERYIOMEEe BONOPOCH:

(i) KaxoBo mamMeRbmee 9dCIO COTPYAHHKOB, AJAA KOTOPHX KAaK-
au#l {pyroii COTPyIHHK B 3TOH OPraHHSANHE MOMeT GHTL JoCTHREM?

(ii) KaxoBo mamGonbmee 9HCIO COTPYXHHKOB, KOTOPHO BSAHMHO
AOCTHKHAMH?

(iii) Kak memxny coGoit cBssamm Bompocw (i) m (ii)?

2. Marpugst pocTH:KMMOCTEM M KOHTPANOCTH:KEMOCTEil

Marpuna pocrmmmmocreii R = [ry;] onpepmenserca caemyiomm
oGpasom:

{ 1, echim BepmEHA z, JOCTHKEMA W3 I,
r
Y 0 B DporEBHOM Ciayuae

MnoskectBo BepmER R (2;) rpada G, HOCTHKEMBLIX N3 3aganHOIil
BOPIMUHL I;, COCTOMT M3 TAKHX 3JIEMENTOB Z;, AJMA KOTOpHIX (I, j)-it
3/I6MEHT B MATPHI® JocTHKEMOCTeil paBen 1. Ouesngno, uaro. Bce
AuaroHaJbHHE 3JeMeHTH B marpune R paBuul 1, nockoanky xamnmasi
BepIMHHA NOCTHKEMA M3 ce0sa caMoif ¢ moMompio myTh AnuaH 0,



X IJ1. 2. JOCTIHIMOCTDb H CBA3BHOCTD

Iockonsky I (z;) ABAsieTCA MHOKECTBOM TAKHEX BEPHIEH Iy,
KOTODHE JOCTH;KEME H3 I; C HCUOJb30BaHmeM nyTed AnmEH 1 (T. e.
I (z;) — Takoe MHOXeCTBO BEePHIAH, MJA KOTOpDHX B rpade cyme-
CTBYIOT AYTE (Z;, Z;)) B DocKoasky I (z;) ABIsAETCA MHOKECTBOM Bep-
MHEH, JOCTRKEMHX B3 Z; C DOMOmMBIO OyTell ANEBH 1, TO MHOKECTBO
I (T (z;)) = I? (z;) cOCTORT 23 BepmMEH, JOCTHKEMKX H3 I; C HCIOJIb-
30BaHEEM NyTeA NIEBHN 2. ABasormuno I'P (z;) ABJIsAETCA MHOKECTBOM
BepIINH, KOTOPHE JOCTHKAMH H3 I; C OIOMOIBIO UyTeHd JJIAHH p.

Tak kak aobasg BepmmEBa rpaga G, Kotopas JOCTH;KEMA H3 Z;,
AomKEA GHTH MOCTH;KEMA C HCIOJL30BAHHEM NYTH (RJIE myTed) puam-
BEu O, mam 1, muam 2, .. ., mIE p (c BEKOTOPHM KOHEYHHIM, HO, BO3-
MOKHO, J0CTaTOYHO GOJBITEM 3HAYEHHEM p), TO MHOKECTBO BEpIIHH,
NOCTH;KEMHX H3 I;, MO;KHO LIDPENCTABHTH B BHJE

R(z)={zUT(z)UT?(z;) U ... UTP(zs)s (2.1)

Taxam oGpasom, MEoKECTBO R (r;) MOMkeT GHTH HOJYIeHO HOCJIEROBA-
TENHLERIM BHIOOJHEeHHeM (cleBa HanmpaBo) ounepanmii o6beqAHEHHEA
B cooTHOmeHHH (2.1), Ko Tex mop, HOKA «TeKymee» MHOKECTBO He Lepe-
CTAHET YBEJHUYMBATHCA IO pasmepy IpH OYepeRHOA omepanme o6be-
napeRrs. C aToro MoMeHTa mocjieyiolEe onepanEdE He GyAyT OaBaTh
HOBHX WICHOB MHOKECTBY H, TaKmM o6Gpasom, Gynmer obGpasoBamHo
nocTE;REMO0e MHOkecTBO R (z;). Urcio o6memEEeHAA, KOTOPO® HYKHO
BHIIOJHNMTh, 3ABHACHT OT rpada, HO, OYEBHJHO, ITO IHCIO P MEHbIIE
g@cjia BepmEH B rpade.

MaTprny gocTE;KEMOCTEH MOKHO IOCTpORTH TAK. Haxomem mocre-
sxaMue mHOkecTsa R (r;) ana Bcex Bepmmd z; € X coocobom, npmBe-
nenENM Bume. Iloxoxem ry; = 1, ecam z; € R (z,;), m ry; = 0 B mpo-
TEBHOM ciaydae. IlonyusenBas takmM ofpasomM marpmua R sBusercs
MaTpHRIEeH JOCTHKHEMOCTEH.

Marprna koBTpapocTE:kEMocTed ') Q = lg,;] ompemenserca ciae-
ayromem obpasom:

1, ecim W3 BOPMMEHN I; MOKHO JOCTATHYTh BEepmEHY I,
9= 1 0 » npormeHOM cayuae.

KonTpapoctmskemum mHOxkecTBOM @ (r;) rpada G sABIAeTCA MHOKe-
CTBO TAKHX BepIIMH, 9TO H3 JMI060H BePIIMHK 3TOr0 MHOKECTBA MOFK-
HO JOCTETHYTh BEPIIMHY Z;. ABAJOTEYHO LOCTPOSHHID NOCTHKEMOTO
muomxecrBa R (r;) Ba ocHoBe coorHomenma (2.1) mommuO «cdopmmpo-
BaTL®» MHOMeCTBO ( (z;), HCHOABBYA CJeQYIOmee BHpaKeHHE:

Q) ={z}UT ' (z,)UT2(z)U ... UTP (), (2.2)
rae I'2(z))=T"1(T"!(z;)) = T. &.

1) B opmrumaie DpEMEHAGTCHA TOPMEH Sreaching matrizs. Mu Gyaem mcmons-
80B&Th TAKIKe TEDMWH «sampuya oSpamnuzr Jdocmuxumocmeiy.— lpum. ped.



2. MATPHIIBI JOCTHIXKAMOCTER M KOHTPAIOCTHIXKHMOCTER 3

OnepanEy BHIOJHAKTCA CleBa HANPABO [0 TEX IOP, HOKA OYePeJHAS
omepanus 00beMHHOHHEA He NEPECTAHET HBMEHATL (TERYIIEE» MHOMK)-
ctBo Q (x;)-

Hs ompenenenmit oweBmnHO, aTo cTONGen z; MaTpEnm Q (B KoTO-
poM g;; = 1, ecam z; € Q (zy), ¥ ¢4y = O B DpoTEBHOM CAyuae) coBma-
maer co crpoxoii z; marpanu R, 1. 6. Q = R’, rne R* — MaTpmna,
TPAHCIOHHPOBARHHAS K MATPHN® xocTEkEMocred R.

2.1. Ilpamep

Haitte maTpunu pocTmKEMocTe M 0OGpaTHHMX ROCTEXEMOCTOl
nas rpada G, npaeefienroro Ha puc. 2.1. MaTpuna cMesuocTm rpade

Pme. 24.

G mMeeT BHJ

x [0 1 0o 0o 1 o o]
x23 {0 1 0 1 o o0 o
x, {0 0 0 1 o0 o0 o
A=x, |lo 0o o o 1 o0 o
x, {0 0 0 0 1 o0 o
x [0 0 1 0o o o 1
x L0 0 0 1 0 1 o]

MHuo:xecTBa HOCTEKEMOCTEH HAXORATCA C HOMONIHI COOTHOMIE-
Hug (2.1):

R (x4) = {z4} U {z2, z5} U {z3, T, 2} U {z2) Tiy 75} =
= Iy, Z3y T4, T5},
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R (2) = {22} U {22, T} U {22, 24, 2} U {22, 205 75} =
= {IZ’ Iy I.’a}’

R (zg) ={zs} U {z} U {zs} U {z:} =
= {Z3s Zi» Zo}s

R(z)={z}U{zs}U{zs} =
= {Ih Is}o

R (z5) = {z5} U {25} ==
={zs},

R (z6) = {Zs} U {23, 27} U {24, Zs} U {23, 25, 1} U {2, T3, Ze} =
={zs, 2., Zs, Zo, Z7},

R(z;) = {1} U {24, Zo} U {Z3, Zs5, 21} U {Z0, T3, 25} =
= {3, 24, Zs, Zo, Z7}

(nenoBaTeJbHO, MATPHIA NOCTAKHEMOCTEH mMeeT BHJ

« X5 Xg Xq

- -0 o —~ 0o o
_ e o e
- - 0o 0o 0o o
- - 0 0 O 0 o

—_ e O o e e

© O ©C O O = =

=
w

© — — O — =' X
oo —~— 0 — o
=R -
oo~ -0 o o
oo —~o0ooc oo
I =)
—_ e e - O O

x
~1
=)

Crenyer OTMETHTH, 9TO IOCKOJLKY Bce anemeHTn mMaTpmiy R n Q
pasan 1 mam 0, TO KaKAYI0 CTPOKY MOIKHO ¥PaHHT: B IBORYIOII
jpopme, Hcnonndya opHo (mrm Goasme) MamMHAWX ciaoB. Takam
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o6pasoM, HaxoxmeEme MaTpul R m Q ¢ BHYMCAHTENBHOH TOUKH Bpe-
HHA ABJAGTCA NOBOJBLHO HPOCTOH 3afaveil, NOCKOJIBLKY o6neXmHenme
MHO)KECTB B COOTBETCTBEE ¢ BHpaskemmama (2.1) m (2.2) m cpasrenme
«TeKYITHX» MHOKECTB IIOCJe KAMKAOro o6beHHEHAN, NPOBONHEMOE NI
BHAICHOHAA He0GXOEMOCTH NPOOIKEHHA NPONECCA HOCTPOCHHS COOT-
BETCTBYIOIMEX MHOKECTB,— BC® 3TO MO)KHO OCYmMeECTBHTL Ha IBM
¢ HDOMOIBI0O ONHOH JOrmdYecKodl omepamum ').

Tak kak R (z;) ABAAeTCA MHOXKECTBOM BEDNIHH, NOCTH:KEMHX
48 z;, & Q (z;) — MHOMeCTBOM BODIIHH, H3 KOTOPHX MOKHO NOCTHI-
HyTb Z;, T0 R (z;) N Q (z;) — MHOMeCTBO TAKHX BEepIIEH, KasKAAS
03 KOTOPHX NPHHAJIEKAT IO KpaiiHeir Mepe OXHOMY IyTH, HAYMEMY
OT Z; K Z;. OTH BePIIAHK HASHBAITCH CYMECTBOHHKMHA HIIH HEOM'beX-
AEMBMU OTHOCHTEIBHO [BYX KOHINEBHX BepmEH z; u Z; [7]. Bce
ocrannHNe BepmEHEH I ¢ R (z;) N Q (z;) Ha3WBAKOTCA HeCymecTBeH-
HHEMH BIH U30BMOYHEMY, IOCKOJNBKY AX yAajJeHHe He BIHAET Ha HyTH
0T Z; K Zj.

Marprou mocTmxmmocTeli M OGpPATHHX KOCTHKEMOCTeH, ompese-
JeHHHO BHINe, ABIAKITCA HOJHHMH B TOM CMHCJe, YTO HAa JIHHH
myTel OT z; K Z; He HAKJa[HBAJIACH HAKAKAe orpanmdenns. C npyroi
CTOPOHH, MOJKHO ONPONOIATE MATPHNHN 02DAGHUNEHHHT NOCTHRAMOCTEMH
H KOHTPANOCTIKAMOCTeH — HaJ0 noTpe6oBaTh, YTOOH NIMHW myTei
He LpeBHINAJH HEKOTODOTO 3AaJAHHOI0 YACAA. ITH OrpaHHIeHHNE
MATPHAIH TOXKe MOTYT GHTh NOCTPOEHH C OMOIBIO COOTHOmeH i (2.1)
7 (2.2) — Hajo NeiicTBOBATL TOYHO TaK, KAK PAHLINE, IPH HAXOMKAE-
HHH «HEOTDAHHIGHHHX» MATPHL, HO TOJBKO Temepsr p Gymer Bepxmeit
rpaHANed AAAHH RONYCTEMHIX NYTei.

I'pad masuBaloT MmpansumMuUsH®M, €CIH H3 CYIIeCTBOBAHHA XYT
(x4, z5) B (24, z;) cnenyer cymecrsoBamme xyrm (z;, z). Tpansu-
musnbtix samwunaruem rpada G = (X, A) sasaserca rpadp Gy, =
=(X, AU4’), rme A’ ABIAETCA MAHEMAJLHO BO3MOKHHM MHOMKe-
CTBOM NIyT, HeOOXOMEMHX AJA TOro, wrobu rpad G, Gua TpamsETHB-
HHM. Tak Kak OyTh OT Z; K z; B rpade G 10/KeH COOTBETCTBOBATD IyTe
(zs, z;) B Gy, TO COBOPIIEHHO OYEBHAHO, YTO MATPHIA NOCTHIKEMO-
creit k rpaga G mOYTH HONHOCTHI0O COBHAAET C MATPHNOEH CMEK-
HOCTH A rpada Gy, — HaJ0 TOJBLKO B MATpHIE A NIOCTABHTH HAa IJIaB-
HOH [HATOHAJNH €NMHHENH,

3. Haxoxjenme CHILHHIX KOMIOHEHT

Crmasnan xommomenra (CH) rpada G 6mia onpememens B mpemu-
Aymeil ri1aBe KAK MAKCHMAJIBHKI CHJIBHO CBASHHI moarpad rpada G.
[Tockoasky B CmABHO cBASHOM rpade mpoHsBONLHAA BepmIAHA I
TOCTE)RMMA H3 J1060if ApYro#f BepMEEHH Z;, TO B OPHEHTHPOBAHHOM

1) B ra. 7, nocBAmenHO# H3YIOHAK depesves, TPABONATCA NPYIHE CHOCOBH
mocTpoenns muomecTs R (r;) m Q (2;). 9Tr cmoco6H Gasmpymrea Ha mpomefype
PAacCTAHOBKH HOMETOK B BepITEEAX rpada (HOMETKE CTABAT HAYKHASA C BOPIIMEN z;).
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rpade cymecTByeTr ogHa u Toibko ogHa CH, comepxamas nammyio
BepmHURBY z;. B camMoM fedie, ecau 61 BepmMHA Z; IPHHAMIEKATA IBYM
uad GoapmeMy 4YHCJIY CHJIBHBIX KOMIOOHEHT, TO CYIECTBOBAJ On
nyTs u3 Ji060if BepmmEH oxmoii CH B mpoussoabEyo Bepmumy
apyrod CH wu, ciremoBaTenbHO, 06BbeIHHEHME 3THX CHIABHHX KOMIO-
HeHT 60 6b CHIBHO CBA3HEIM TrpadoM, 9TO OPOTHBOPEYMT OIpe-
nexeanio CH.

Ecaun BepmuHEA z; OTHOBPEMEHHO ABJAETCH HAYaAbHOM M KOHEYHOMH
BEepPIIMHOH IyTH, TO MHOKECTBO BEPIIMH, CYMECTBEHHHX OTHOCHTEIb-
HO 3THX ABYX HAEHTHYHHX KOHIOB (T. €. MHOKECTBO BEDPIIMH HEKO-
TOPOTO LMKJA, CONePKAIEro z;), coBmagaer ¢ mepecederueM R (z;) N
N Q (z;). llockoabKy BCe BTH CymECTBEHHbIE BEPUIMHE JOCTHKHMEI
M3 z; 4, KPOMe TOTG, M3 KaKIOH TAaKOH BepIIMHEI JOCTH}KEMA Bep-
IMHA T;, TO BCE OHM B3aMMHO JOCTH}KUMH. bBoJee TOro, ecim HeT
Apyroil BepIIHHH, CYMECTBEHHOH OTHOCHTEJIbHO KOHIOB I; M I,
to MHOMecTBO R (z;) | Q (z;), xoTopoe MoKeT 6HTH HOCTPOEHO
¢ ucmoas3doBaHueM cooTHomerH# (2.1) u (2.2), ogHOo3HAawHO ompepe-
aser CH rpaga G, comepmamyo BepmHHY ZI;.

Ecau atu BepmuBH ypaanTte u3 rpada G = (X, I'), To B ocras-
memcs nopoaeHERoM moarpade G' = (X — R (z;) N Q (z;)) MoxHO
TakEM ke cmocob6om Benuts HoBylo CK, comepxamyro z; € X —
— R (z;) N Q (z;). 9Ty mpouenaypy MOKHO HOBTOPATb [0 TeX mop,
noka Bce BepmuHH rpada G He 6yAyT CIPYNOHMPOBAHH B COOTBETCTBYIO-
mue CH. Iocne 3aBepmerns aroil mpouenypu rpad G 6yner pasbum
Ha CBOHM CHJILHEE KOMOOHEHTH [3].

I'vad G* = (X*, I'*) onpenexnsiercs TaK: KasKaas ero BepUIMHA
OpefiCTaBIsgeT MHOKECTBO BePUINHE HEKOTOPOH CHIBHOH KOMIOOHEHTH 1)
rpada G, gyra (zf, z¥) cymecrByer B G* TOorga u TOJIBKO TOrpa,
Korja B G cymecTByeT gyra (z;, Z;), TaKas, 9TO I; OPHHALIEKHT KOM-
HOOHEHTe, COOTBETCTBYIOIeHd BepmmuEe I}, a Z; — KOMIOOHEHTe, COOT-
BercTBylomei Bepmuee z}. I'pad G* masmBawT kondencayueii rpa-
da G.

CoBepmeHHO 04YeBHIHO, YTO KOHAeHCAuUA G* He CONEPKHT IHUK-
10B, DOCKOJBKY HAJHINE MUKJIA 03HAYAET, 9TO J06HE BEPUIMHKE 3TOTO
[HKJIa B3aMMHO NOCTHIKHEMEI, 3 [O3TOMY COBOKYIHOCTEL BCeX BEepPIIHH
muKIa npuHagie;kutr Hexkoropoit CH B G* u, caegoBaTteanHO, comep-
xurca B CH rpada G, 910 npoTHBOpEYNT ONpeNeeHHI0 KOHAEHCAHH,
B cuay Koroporo sepmuan 3 G* coorsercreyior CH B G.

3.1. Tipnmep

Aaa rpajga G, npuseneEHOro Ha puc. 2.2, HaWTH CHJIBHHE KOM-
NOHEHTH M NOCTPOMTH KOHAeHcamuio G*.
Haiinem CH B G, comepskamyio Bepuimay Zz,.

1) PasHnM KOMIIOHEHTAM H3 G COOTBOTCTBYIOT pasHhe BePMHHW B rpade
G*.— IIpux. ped.
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X3

Pmec. 2.2. Ipad G.

{l"‘{xn X2, Xs» xi x$={xg, X1}

' ‘ X3={Xy, Xy3+ X3}
L - BN

x3={xs} X§={Xa: X7, X}

Pmc. 2.3. G* — xwompeHcamua rpada G.

N3 coorsomenmi (2.1) m (2.2) momyuaem

R (z)) = {x1, 2y, 24y Ty T, 27, T4, Ty, z30}

Q (zl) = {zl’ Zgy T3y Tp ze}-
Caenosarensno, CK, comepsxaman Bepmmry z,, ABIAeTCA IOPOKACH-
HHM noparpadom
(R (zi) n Q (zi» = ({zh Ty Tsy ze})-
Anmanormuro, CH, conmepxamas BepmmEy g, ecTh MOPOKReHHKIR
noxrpad ({zs, z;0}),CH comepmaman z; — momrpad ({z, z;, zs}),
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CH, conepxaman z,,,— noarpad {{z,;, £,,, z,3}) B CK, comepmamasn
z3,—unonarpad {({z;}). Cueayer ormerHETH, wro nocaemaaa CK co-
CTOMT M3 e[HMHCTBEHHOH BepmuHH rpada G.

Kongenacamua G* npmeemeHa Ha pmc. 2.3.

[Iponeaypy, onmcaHHYH BHIIE M CBA3aHHYIO ¢ Haxo;kgemmem CH
rpada, MOKHO ceaaTth Gosee yqo6HOH, ec1n HENOCPEACTBEHHO HCIOb-
3oBath MaTpunH R m Q, onmpenesenHnie B npefmecTBylomes pasgerne.
[Iycrs sammce R® Q o3magaer mosnemeHTHOE YMHOMeHHE 3THX
MaTpHI; TOrJa cpa3y BHAHO, 4To CTPOKa x; MaTpHUK R ® Q conep:xnr
€IUHHIBI TOJBKO B TeX cT06UaX 7;, IJIA KOTOPHX BHIOOIHAETCA YCI10-
BUe: BePIIEHEH Z; A Z; B3aEMHO JOCTHKEMEI; B JPYTAX MECTaX CTPOKH
z; croar aynn. Taxmm ob6pa3oM, ABe BepmEHL HAXOXATCA B ONHOMN
u toit ke CH Torna ® ToapKO TOrga, KOrga COOTBETCTBYIONIEE HM CTPO-
ku (mam cronbme) B mMatpane R ® Q maeurwunn. Bepmumn, koto-
PHM COOTBETCTBYIOT CTPOKH, cofep:xamme 1 B croabme x;, o6pasyior
muo;xecTBo BepmmEH CH, comep:kameit z;. Otcioa MrHOBeHHO cJe-
ayer, gTo MatpEny R ® Q moxHO npeobpasoBaTh nyTeM TPaHCHOOHH-
POBAHEA CTPOK H CTOJNGIOB B 6JI09HO-IAATOHAIBHYIO ; Ka:KIasa U3 qAa-
roHAJBHHIX HOAMATpPHI 3TOH Matpumu coorBerctByer CH rpaga G
H COAEP:KAT TOJBKO €IMHMYHEIE JIEMEHTH; BCe OCTAJLHEIE 3JeMeHTH
67109HO-IHArOHANBHON MATPHUL pPAaBHH HYIK. [JAA npuUBeJeHHOTO
pamee mpmmepa Matpmua R ® Q, npeofpasoBamHaA COOTBETCTBYIO-
mam obpasoM, mmeeT BHJ

Xy X; X5 Xg Xg Xyg X4 X5 Xg Xyy Xyp Xyy Xy

x, | 1 1 1 1
;] 1 1 1 1
0 0 0 0

x| 1 1 1 1
x, |1 1 1 1

R®Q= ° bl 0 0 0

—xm 1 1

X, 1 1
X, 0 0 |1 1 1 0 0
X 1 1 1
x,, 1 1 1
X, 0 0 0 1 1 1}0
X1a 1 1 1
X, 0 0 0 0 1
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4. Basnl

Basa ') B rpada ecTh MHOMKECTBO BepIImH, M3 KOTOPOro NOCTH-
smuMa J106ag BepmmHA rpada B KOTOpoe ABIAETCA MHHEMAJbLHEM
B TOM CMEHCJ€, YTO He CYIeCTBYeT COGCTBeHHOro mOMMHOMKecTBa B B,
o6amanmero TaKAM CBOMCTBOM HOCTHAKEMOCTH. Ecam MH ofo3mavmm
yepes R (B) MHOKecTBO BEpPIIMH, AOCTH’KAMHX N3 BOPIIMH MHO-
mKectBa B, T. e.

R(B)= :,l'énR (ze)s (2.3)

170 B saBnaerca 6asofi Torma H TOABKO TOrAAa, KOTLAa
R(B)=X H VS < B (R (S) # X). (2.4)

Bropoe ycaosme (R (S) = X VS — B) B coormomennn (2.4) akBm-
BaJEeHTHO YTBep:kaeHHIO: Z; ¢ R (z7) Aasa mMOGHX ABYX pPasIHIHHX
z;, z; € B, T. . BepmmHa ¥3 B me moctmxkmma m3 awboit apyroi
BepmMEN B. JTa 9KBHBAJEHTHOCTH MOkeT GHTh 0GoCHOBaHA Cleyio-
mum o6pasom. Ilockoarky gaa aw06ux nByx mmokects H m H' = H
MH mneeM, YT0 R (H')= R (H), 10 ycaosme R (S)s= X VS c B
3KBHBAJeHTHO cooTHomeHmio R (B — {z;}) %+ X nmaa Bcex z; € B;
npyremME cloBamn, R (z;) ¢t R (B — {z;}). Tlocnenmee ycaopme
MokeT OHTP BHIONHEHO TOTAA H TOJBLKO TOrAa, Koraa r; ¢ R (B —
— {z;}), 1. e. Torna m TOABKO TOTHA, Koraa z; & R (z;) mas ao6mx
Iy Iy € B.

Nrak, Gasoii ABasercs Takoe MHoMkecTBo B BepmmH rpada G,
KOTOpO® YJOBJEeTBOPAST CASAYIOIHM ABYM YCIOBHAM:

(i) xa:xpnaa BepmmEa rpada G mocTMREMA XOTA OH M3 OfHOH Bep-
IEEH MHOXKecTBa B m

(ii) B B HeT BepmMMHH, KOTOPaA AOCTH/KEMA H3 NPYrod BepmMHHH
MHOKecTBa B.

N3 atax nByX ycaoBE{ MTHOBeHHO HOJYYAIOTCA CAeAyIOIde yTBep-
HACHHEA:

(a) B MBOecTBe B HeT gBYX BepmEH, KOTOpPHE HPHHANJICRAT
onmoi m ToiX ke CH rpada G,

(6) B m106oM rpage Ges mEKIOB cymecTByer eQWHCTBeHHas 6asa;
OHA COCTOHT H3 BCeX TAKEX BepmmuH rpada, HOJAYCTemeHH 3aXola
KoTopux paBEH 0.

JloxasaTeabCTBA 3THX ABYX YTBeP/RAEHHENM HPOCTHe B Hemocpep-
CTBeHHO CJeayioT #3 onpepenenmii. (Cm. sagasm 2.3 m 2.4.)

Taxem o6pasom, B cnay yrBep:ueHmd (a) m (6) 6asa B* xompmeH-
cauum G* rpada G cocTonT B3 TAKEX BepmHH rpada G*, mojaycTeneHn

1) Uam eepwunnas 6asa.— Mpum. ped.
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3axona kortopsix paBEH (. CnemoBarensHo, Gasm rpada G MOXKHO
crpouts Tak: m3 kKaxpod CH rpaga G, coorsercTByromeit Bepmume
6ass B* xompencanum G* Hajo B3ATH 10 OAHOH BepmHEEe, T. €. eCIH
B* ={S,, Sy, ..., Sm}, THe m — umcnO BepmEHE-MHOMeCTB S
B 6a3e B* rpada G*, 1o Gazoit B ABiasAerca mNpoM3BOJBHOE MHOMKECTBO
{zi, 21 ..., 24,), THE i, € Sy.

4.1. Tipamep

Hns rpaga G, npusenenHoro Ha puc. 2.2, xoppencauua G* moxa-
saBa Ha puc. 2.3. Basoi rpada G* amaserca MmOxectBO {z}, z3),
HOOCKONBKY I{ M Z% — eMHCTBEHHHE BEPMUHH B G* C mONyCTeNneHAME
saxona, paBaumE 0. Basamu rpada G apnawrca {z3, z,,}, {Z3, Z3)
u {z3 z3}.

IlomaTne, nBoficTBeHHOE MOHATHIO 06a3hl, MOXKHO JaTh CJIEJYIOMEM
obpazoM Ha A3BHKe KOHTPAJOCTH:KMMHIX MHOMkecTB Q (I,).

Anmubasa B ects mMBOKecTBo BepmuH rpada G = (X, T), rakmx,
9TO

QB)= U Qz)=X

xiEB

(2.5)
VS = B, Q(S)+ X,

T. e. B ecTp Takoe MUHHManbHO BO3MOXKHOe MHOKECTBO BepPIINH,
4T0 KaKoBa G Hm Gmia Bepmuna rpada G, M3 Hee JOCTHKAMA HEKO-

Topas BepmuHa B B. CBolicTBa aHTHGa3 aHAnOrHMYHH CBOBcTBaM 6a3,
HAJ0 TOJNBKO «OPAMbIE» INOHATHA 3aMeHHTh Ha ABOiCTBeHHHe. Hampn-
Mep, COOTHOmeRuA (2.5) 3KBHBAIEHTHH BYM YCIOBHAM, HOA0GHEM (i)

u (ii), npuBegeHEHM BHme, Heo6XOAMMO JHINb 3aMeHMTs B Ha B
H CHeiaTh APyrue «aBoficTBeHHHe» npeoGpasoBamms !).

Taxnm o6pasom, anTHGasa KoBaeHCanmu G* ecTh MHOMKECTBO Bep-
mnH B G*, monycrenenn ucxofa KoTopuix pasEe 0, m aHTHGa3H caMo-
ro rpaga G crpoArcA u3 agTuGasn rpadga G* myrem BrGOpa IO OfHOM

BepmMEHEe B K)KJIOH BepmuHe-MHOKecTBe aHTHGa3n B* — mono6-
HO TOMY, KaK 3TO AeJajochp paHbme AJaA 6as.

B npumepe ¢ rpajom G, nzobpaxkeEERM Ha puc. 2.2, KoEneHECcanus
G* (puc. 2.3) comepKHT TOABKO OfHY BepPIIMHY I C MOJYCTENEHBIO
mcxona, paBHo# 0. Taxmm obpasom, amrubasa rpada G* ects {z3},
a arTn6asamm rpada G ABasaoTcA MHO:kecTBa {z;}, {z;} u {zo}.

1) Venosue, peoficTsenHoe ycnosuio (i), $opmyampyercs, manpEMep, Tak:

u3 ao6oil BepmuEN rpaga G KOCTE:KEMA XOTA GH OJHA BEeDIIKHA MHOKeCTBa B.—
IIpum. ped.



4. BA3BI 39

4.2, llpumeneHne K MCCIEROBAHHI0 CTPYKTYPH OpraHmaanmil

Ecam rpa¢ G mpeacraBiaAeT CTPYKTYPY PYKOBONCTBA HJH BJIHSA-
HAH HEKOTOpO# OpraHM3ammyM, TO WIEHH KaKXOH CHJIbHOH KoMIIO-
HeATH rpada G HMMeT paBHYI BJIACTh MJIH paBHOe BIAAHHE JPYr
HA ApYyra, KaK 3TO MOKeT GHTH, Hampmmep; RJAA CIyIaA KOMHTOTA.
Baay rpada G M0KHO HATEPIPeTHPOBATh KAK ¢KOAJIHANHIO», BKII0IA10-
My HaMMeHbIIee 9HCJIO JHN, o6JajaomEx BrAacTHI0 HAX KarKahM
gjgesoM opraHmsanmu: (2, 3].

IlycTs Ha MHOXKECTBe BepIIMH, IPeJCTABIAIINAX YJCHOB TOH e
caMoii OpraEA3anuH, NOCTPoeH HOBLM rpad G', oTo6pakaomuil KaHa-
JIH CBA3H, TAK 9TO Ka)kaasA Ayra (z;, ;) 03HAUAeT, 9TO I; MOKET CBA-
suBaThCA C Z;. I'pad G', xomeuno, KaKAM-TO 06pasoM CBA3aH C rpa-
dom G, HO coBcen He oueBHAHHM oGpasoM. Hammenbmee wmcio Jm,
KOTOpHE 3HAIOT HJIH MOTYT IOJYYATH BCe CBefeHHsA 06 opraHH3ammd,
obpasyer onmy u3 amrtm6as rpada G'. Moxkmo yTBepMKEaTH, 9TO
s¢PexTHBHAA AJA yOpaBJeHHA 3TOM oprammaanmedl Koaamnusa Gymer
MHOKeCTBOM JHN H, onpemeilseMHM CIeAYIOIMAM COOTHOMOHHOM:

H=B(G)YB (G, (2.6)

rae B (G) u B (G') — onna ua 6a3 rpada G m onua m3 anTHGas rpada
G', sufpagane Tak, 9T06H | H | —wamcao mopeir B H —G6uao MAHE-
MaJBbHHDM,

IlpnBefieHHOe BHIIe ONHMCAHAE OPraHH3AUWH C HCIOJb30BAHHOM
ASHKA TeopmH rpadoB ABAAETCA, KOHEYHO, CHILHO YIPOIEHHHM.
OnmE H3 HEJOCTATKOB, KOTOPHI cpady 6Gpocaerca B riasa, COCTOMT
B TOM, 9TO HekeJlaTejJbHO, 9TOOH JHUO, He BXoxaamee B B, ameno 6H
BJACTh Hap JHnoM H3 B.

CneoBaTeJbHO, MOKHO OHPENeJHTh CU4bHYl0 6asy ') Kaxk Taroe
MHOKeCTBO BepmmH B,= X, uTO

R(B) =X, Q(B,) =B, (2.7a)
H
R(S)#<X  VScB,. (2.76)

Bropaa gacth ycaoema (2.7a) BupakaeT TOT QaKT, UTO TOJNBKO
aana #3 B, Moryr mMeTh BJAacTh Haj APYI'HMH JHIAMH, TAKKe IpH-
HaJIeKamMuMA By, B MoKeT GHTh 3aMEHOHO IKBHBAJICHTHHM YC/IOBHEM
R(X —Bp)N é’p = . 910 YCAOBHE 03HATAeT, UTO €CAH BEPIIAHA
n3 CH rpaga G Bxonut B B;, T0 B Kayk[adA BepIIMHA H3 TOH Ke caMoil
CH nomrna BxonETh B Bp. Ilockonbky 6asa B G* ecTh MHOMKECTBO
TAKAX BePIIHH, OJYCTEIeHH 3aX0fla KOTOPHX paBHH 0, T. . HE offHA
W3 3THX BepIIAH He AOCTHKEMA HH M3 KaKoil Apyroi BepmuHH rpada,
To cuabHas Gasa B G ecTh o6peIHHEHHA® MHOKECTB BepmuH (a3w rpa-

1) B opmruraie spower-basiss.— Hpux. ped.
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da G*, T. e.
B,= { §;. (2.8)

Has rpada, npusenennoro B mpumepe 4.1 (pme. 2.2 m 2.3), cuab-
Haa 6a3a G ects {T3, Ty, Zyy Iy3). MOMKHO OTMETHTH, 4TO, €CIH ITOT
rpad mpeAcTaBAAeT OPraHM3allMIO, TO Iy MOKHO PaCCMATPUMBATH KaK
pyKoBoauTeJA, 06Jafalomero BJACTHI0 HaJX BCEMH MHOMKECTBAMII JIHIJ
z%, 2% u %, B To BpeMA Kak {I,;, Z,,, T,3} MOKHO pPacCMATPHBATDH
KAaK KOMHTET, MMEIOMmMH BJACThb HAal ABYMA MHOKECTBAMM JHI I3
u x3.

5. 3anaun, cBA3aHHKIC C OrPaHMYEHHOR ROCTH;KMMOCTBIO

B npegmaymem pasfexe npu ompefeneHuM 6ashl MB ICXONUIH
A3 HeOorPAaHUYEHHHX JOCTHKMMHEX MHoecTB. Eciau paccMaTpmBath
OTPAaHMYEHHYI0 ROCTHKMMOCTH, T. €. UCHOJBb30BAaTh OYTH OTpaHHNYEH-
HOM IVIMHH (KaK yIOMHMHAJOCh paHee B pa3f. 2), H OmpeIEJATI orpa-
HUYeHHYyl0 6a3y, omupasich Ha OTPAHUYEHHYIO JOCTH:KHMOCTb, TO BO3-
HHEKAlOT OCJOKHEHMA [ByX THOOB.

(a) IloHATAA CHJIBHOI KOMIIOHEHTH M KOHJEHCAlMM, KOTOpbe
yOpomaloT pemeHue 3ajayM onpefeleHdas 6a3 B cJaydae HeorpaHI-
9eHHOH MOCTHKMMOCTH, Temepb MCIOJb3OBAaTHCA He MOryT. Pacmpo-
CTpaHeHUE ITHX HOHATHH Ha CJydall OTpaHMYEHHON MOCTMIIMOCTH
He [aeT CYHIeCTBEHHOr0 ympomeHHsA 3aJadu.

B cnyuae Korjga JOCTHKMMOCTH OTPaHMYeHA HYTAMHM €INHHYHON
ATMHH (OpocTo AyraMu), orpaHMYeHHHEe (ashl HA3BIBAWT MUHUMAAL-
HOMU OoMunupyrouumu muoxecmeamu. Mun moapobHo paccmatpn-
BaeM uX B ra. 3. B cayuae xorjga goCTH;HMMOCTE OTPAaHHYEHA, CKa:KeM,
g nyramm '), rpad G' Momer 6WTH ompefeiseH Kak rpad, MHOMKECTBO
BePMIUH KOTOPOTO TO e camoe, uTo u y rpada G, a ayra (z;, z)
cymecTByer B G’ TOrla M TOJbKO TOTHa, Korja B G HalifeTcs nyTh
MeKAYy BepIMHAMHU Z; M I; JJIMHH, He Goabme deM g (CM. COOTHome-
Hue 2.1). OrpanuveHHas MaTpuua gOCTHRUMOCTe# rpaga G cooT-
BETCTBYET TOr[a MaTpuile cMemHocTu rpada G'; rpad G’ Momer 6HTH
Ha3BaH OrpaHMYeHHHM TPAH3MUTUBHKM 3ambhkaHueMm rpada G (B cooT-
BETCTBAM C OIpeJejieHWeM TPaH3MTHBHOIO 3aMHKAHHA, NPUBEIEHHBIM
B pa3n. 2). 3ajava ompefeneHAsA OrpaHAYeHHbIX 6a3 rpada G akBu-
BaJIeHTHA 3aJlade HaXOKIEHHA MAHMMAJbHHX IOMMHUPYIOHIMX MHO-
aects rpada G'.

(6) B HeorpanudYeHHOM cJaydYae pa3iuYHHE 6a3nl UMEWT OfHO
H TO 7K€ YMCJO 3JIEMEHTOB; OHO PaBHO YHCJY TAKUX BEDIINH B KOHJIEH-
canuyu rpada, KOTOpHe EMEOT HyJleBbe mo.JycTenexu 3axofa. B orpa-

1 To ecTb pacCMATPHBAIOTCA TONLKO HYTH, TJMHH KOTOPHX He OPEBOCXOIAT
q.— ITpum. ped.
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HAYCHHOM CJIyJae, OJHAKO, PasHWe 0a3H MOTyT HMETh pAasIATHOe
9HECJO 3JIOMEHTOB, M TOTJA BOSHAKAET, B YACTHOCTH, 3ajaua HAXOMK-
AeEns 0a3H ¢ HaEMEHBIDHM YHCJIOM 37eMeHToB. Eme ommm moaxon:
€CJIE He HAJOKeHO OrPAHAYCHHE Ha NOCTH/KHMOCTH, TO MOMKHO HCKATH
TAKYI0 OTpaHHICHHYI0 (asy, KoTOpas CONep:KHT, HAIPEMEp, POBHO
p BepIIHH H, KPOMe TOT0, A3 BEPIIMH 3TO# $a3H Bce OCTAJbHHE Bep-
muEEH rpada G MOryr GHTh JOCTATHYTH ¢ MHHAMAJBHO BO3MOMKEOM
OTPaHHYeHHOCTHIO ROCTHKMMOCTH. JTH 3aJa4H TECHO CBA3AHH C 3aja-
gei nazomnelmx p-yenmpa ® Gojee JeTaJBHO paCcCMATPHBAIOTCA
B . 4.

6. 3agaum

1. Ilna rpada, npuBeferHOr0 HA pAC. 2.4, HANTA MATPHLH XOCTH-
FKEMOCTEH M KOHTPAZOCTHKHMOCTEH.

2. lan rpada, mpuBegenHoro Ha pEc. 2.4, HAATA CHABHHE KOM-
IOHeHTH, HAYEPTHTh KOHJASHCANMIO M HOCTPOHTH BCe €ro Gas.

3. Hlokxasatsh, uro B miobom rpade G Kamxnaa ero Gasa comepmmr
BCe BePIIMHH, HMeOIMHEe HYJEBHe MOJYCTeIeHH 3aX0fa.

4. JloxasaTth, 910 B awbom rpage 6es HAKIOB HMeeTCA TOJBKO
onma Gasa. OHa COCTOHT M3 BCeX BEPIIMH C HYJEBHMH HOJYCTICHAMH
3axofa.

5. IloxasaTs, uTo Ji00He ABe Gasn rpaga G EMEIOT ONHO M TO e
9HECJ0 BepPIIMH.

6. loxasaTh, uTO BepmHMHA I; OPHHAJJEKHAT OXHOBPEMEHHO

6aze B m antTubase B rpada G Torma m TOJBKO TOINA, KOINMAa CHJIbHAA
KOMIIOHEHTa, COfep/Kamas Z;, COOTBETCTBYeT H30JMDOBAHHOH Bep-
mmEe B KOHAeHcauuu G*.

Xy x2

Xg

Xg X

Pmc. 2.4.
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7. IlokasaTp, 4TO ecim z; ecThb TaKasa Bepmmuua rpada (X, A),
Ha KOTODOI1 JOCTUTAETCSA

max | R (z;)],
xiex

TO r; OpUHAOJEKHUT 6a3ze.

8. Ilycte Bce apudmeTHuecKue omepanum, pacCcMaTpPHBAaeMEIe
Huxe, aABamoTca GyaeBckumu (t.e. 040 =0, 041 =14+0=1,
1+1=1, 00=01=0 u 1-1 =1). Ilokasars, uro ecam
paccMaTpuBaTh JOCTHKMMOCTh TOJbKO HA OYTAX [JIHHHE He GOJbIIe
weM g, To MATpHna R, orpanmuenHmx gocTwkmmocreil maerca ¢op-
MYI0it

Roy=T4A+A24 ... + A= (I+A),
rne I — eguamgnan (r X n)-maTpuna.

9. Ilokazarb, 4ro amement ri? matpuunt R? pasen uncay sepmuu
B CIIbHON KOMIIOHEHTe, CONEp)KaIeil BepIIMHY Z;.
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Fnasa 3

HE3ABUCUMDBIE U QOMUHUPYIOLLIUE

MHOXECTBA. 3A0AYA
O MNOKPLIBAIOWUX MHOXXECTBAX

1. Beenenne

Hycrs gan rpad G = (X, T). JoBoanHO wacTo BO3HAKaeT 3amaya
DOHCKA TAKHAX HNOAMHOKECTB MHOKecTBa BepmmH X rpada G, koropue
o6iamaloT onpeReNeHHLHM, Hamepen safaHEHLM cBoicTBoM. Hampmmep,
KaKOBa MAKCHMAJbHO BO3MOKHAS MOIIHOCTH TAKOTO IOJMHOKECTBA
S = X, nasa Koroporo mopokaeHHEHE moarpad (S) ABIAACTCA MONHEM?
Nnm KakoBa MaKCEMaJbHAA MOIMMHOCT, HONMHOKECTBA S, TAKOIO, ITO
rpad (S) — smosHe HecBA3HWH? OTBeT Ha DepBHIl BOIpPOC MHaeT
TaK HA3HBAEMOe KAUKOgoe uucso rpada G, a Ha BTOPOH — UucA0 Heda-
sucumocmu ). Eme onma 3agaua. OHa COCTOAT B HAXOKISHHH MHHA-
MaJbHO BO3MOKHOH MOIMHOCTH TAKHX HOAMHOKECTB S MHOMKectBa X,
410 Ai06an BepumHEa B3 X — S JOoCTHXKEMA H3 S ¢ IOMOMBIO IyTei
eqMHEEIHOA NamEH. Pemenme 3Tod 3agaum RaeTCA TAK HA3HBAGMEIM
yucaom domunupocanus rpada G.

OTH 9HC/a B CBA3AHHKNE C HAMHA MOMHOKECTBA BePIIMH ONACHBAIOT
Ba)KHHE CTPYKTYpPHHE CBOicTBAa rpada @ EMeIOT pa3HOOGpasHKHEe Hemo-
CpPeACTBeHHHE NPHJIOKeHHS IPH BefeHHH IPOeKTHOTO HJIAHAPOBAHHASA
mccaenosatensckax pabor [3], B kiacTepEHOM aHanH3e M UACIOHHHX
meronax TakcoHommm [36, 2], mapannensEnx BHumcaenmax Ha IBM
[17], npr pasmemenm: mpeAnpEsATAN 06CIYyKHABAHESA, & TAKKE HCTOY-
HAKOB H motpefureneil B sHeprocmcremax [66, 56].

B Bacroameii TiaBe HPHEBONATCA &JTOPHTMH ONPefeJeHAS YKa-
3aHHHX BHme 9YuCeJa B OOCY/RAAIOTCA HEKOTOpHe HX IPHJIOKeHHS.
Kpome Toro, paccMaTpHBaeTcA 3adaia 0 HAaUMEKbULEM NOKDHMUL,
KoTopas saBiaserca o6o6menneM 3ajad® 0 HAXOKOCHHH YHCJA JOMH-
HApOBaHHEA rpada, ® HBJIAraeTci HEKOTOPHH MeTOA €e PpemeHHs.
Hocnenasaa sagaua o9eHs Ba)kKHA HO TOJBKO MOTOMY, 9TO OHA HMEeT
6onbmoe YMCIO0 MPAMHX IPAIOKeHHWH, HO H B CBA3HA C TeM, YTO OHA
9acTO BO3HHKACT KAK IOf3afaia B psAfe pasfenos Teopa: rpados,
KOTOpHE 3aTPOHYTH B 2TOH KHETe. B wacTHocTm, GoNBmYI0 POABL OHA
ATpaeT NpPH BHYHCICHAA XPOMATHYECKAX uymcea (Ti. 4), HAXQKAeHAH
neATpos rpada (ra. 5) m mapocouerammiéi (ra. 12).

1) IIpuMeBANTCA TAKKE U APY rHe HABBARHA: 466D WL HKOE Y1LCAO KEBRELUCUNOCIUY
H &NUCcA0 GHympenrneil yemotnusocmus.— Ipux, ped.
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2. HeszaBncumblie MHO;KecTBa

Paccmotpny HeopuenTupoBaunmii rpad G = (X, T). Hesasucumoe
MHONECTE0 6epuiuK (MBBECTHOE TAKIKE KAK GHYMPEHHE YCImoldusoe
mroxcecmeo [11]) ecTh MHoecTBO BepmuH rpada G, Takoe, uTo JAH6HE
ABe BEPIINHH B HEM He CMEKHH, T. €. HUKaKad I1apa BepIIMH He COBNII-
Hena pebGpoym. CaeioBatenbno, jw6Goe MHOKecTBo S <= X, KoTopoe
VAOBIETBOPAET YCJOBHIO

SNrS)=w, (3.1)

ABJIAETCA HE3aBHCHMHIM MHOecTBOM BepmuH. Hanpumep, nns rpada,
IpABEJEHHOro Ha puc. 3.1, MHOKECTBa BepWHE {T7, Zg, I}, {T3 Z;},
{7, zs, Z,, 25} — weaaBucumbie. Korma me MoryT Bo3HMKHYTH Helo-
pasyMennsd, 3TH MHOeCTBa 6yAyT Ha3WBATHCA NPOCTO HE3ABUCHMBIMA
MHOKECTBaMM (BMECTO He3aBMCHMbE MHOJKECTBA BEepIIMH).

HesaBucumoe MHOKECTBO HAa3WBACTCHA MAKCUMAAbHHM, KOTAA HET
Opy2020 HE3aBHCHMOTO MHOJKECTBA, B KOTOPOE OHO OB BXOAN.TIO.
Tarum 06pazom, MHOKECTBO S ABIACTCA MAKCUMANLHEM HE3AUCUMBIM
MHOXMCECEOM, €CIM OHO yIoB1eTBopsieT ycaoenwo (3.1) u eme Takomy
YCI0BHIO:

HNT(H)+# & VH = S. (3.2)

CnepomatearHo, nasa rpaga, npusegenHoro Ha pmc. 3.1, MHoMkecTBo
{z:, Zs, T, Zs} ABIACTCA MAKCHMANBHHM, a {Z;, Ts, Z,} He ABIAeTCH
TakoBuM. MHuomecTBa {zy, 73, z;} u {z;, Ze} TaKKe ABIAOTCA MaKcu-
MAaJThRHEMH HE3aBHCHMBLIMM MHOMKECTBAMM, 11, 3HAYNT, B JaHHOM
rpage Oojpme OZHOTO He3aBMCHMOTO MHOkecTBa. ClenyeT Tarske
OTMETHTh, 4TO 9HCJO 3JeMEeHTOB (BEepINMH) B Pa3HEX MAKCHMAIbHBIX
MHOKECTBAaX, KaK CJIeAYeT N3 NpPHBeJeHHOIo BHINe IpHMepa, He 06:-
3aTEIBHO OJMHAKOBOE.

Xy Xy X3

Xa

Xy Xs

Pnc. 3.1.
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Ecam Q saBnaAeTcA COMOHCTBOM BCOX HOSABHCHMHX MHOMKOCTB
rpada G, To wmcaO
a[G]=max|S | (3.3)
8¢Q

HA3HBAOTCA HUCAOM Hesasucumocmu rpada G, a MEOKecTBO S*, HA
KOTODOM 3TOT MAKCHMYM HOCTHTAOTCA, HABWBAOTCH HAULOALULUM
He3QBUCUMBLN MHOIKOCTBOM.

Hns rpada, npaBenerroro Ha puc. 3.1, ceMeACTBO MAKCEMAABERX
HO3ABHCHMEIX MHOKECTB TAKOBO:

{331 X7, Xy, 35}1 {31, X3, 37}1 {321 Ty 33}1 {361 36}1
{er z3}, {x7, 50 21}, {21, T} {%3r 27, 76}

Ham6oxpmee A3 3TEX MHOKECTB BMMeOT 4 2JIOMOHTA H, CIOMOBATEJBHO,
a [G] = 4. MuoectBo {25, 7, Z,, T} ABIAGTCA HAHGONBIIEM HE3A-
BHCAMHM MHOKE6CTBOM.

2.1. Ipamep: subop npoexra

NmeeTcA n NpOGKTOB, KOTOPHE XOJKHH OHTH BEIONHOHH, H AONY-
CTHM, YTO JJIA BHIIOJHOHHA NPO6KTA Z; TpeGyeTcA HOKOTOPO® IOXMHO-
s#ecTBo R; mammuHnx pecypcoB W3 Mmo)kectBa {1, ..., p}. Hanee
OpenmoNOKEM, YTO KEKAHIA IPOOKT, 3aXABA6MEIA COBOKYIHOCTHIO
CpencTB, HOOOXOMAMHNX A 6r0 PeANASANHHA, MOKOT OHTH BHIOJHEH
33 OWH H TOT K6 NPOMe;KYTOK Bpemenn. Ilocrpomm rpad G, xampmasa
BOPIIHHA KOTOPOTO COOTBOTCTBYeT HOKOTOPOMY IpOeKTYy, a pelpo
(24, z;) — HanmEImIO OGHEX CpOACTB 0GeCIOYeHAS y IpPOGKTOB Z;
H Z; T.6. ycaosmw R; (| R; #+ . MakcAMaibHOe HE3aBHCHMO®
MHOKeCTBO rpadja G NpefCTABIAAET TOTNA MAKCHMAJBHOO MHOKECTBO
IIPOGKTOB, KOTOPO® MOYKXHO BHIIOJHATh OXHOBPOMOHHO 33 ONHH H TOT
e IPOMOKYTOK BPOMOHH.

B nmEaMmueckodi CHCTeM6 HpPOHCXOAHT NOCTOAHHO® OGHOBIJIGHHE
IOPOEKTOB 9663 ONPefeJeHHHA MPOMOKYTOK BPEMEHH, TAK UTO Ka’K-
[N pas HY)KHO 3aHOBO IOBTOPATHL HPONENyPY IOCTPOOHHS MAKCH-
MaJbHOTO HO3aBHCHMOT'O MHO?KOCTBA B COOTBeTCTBylomeM rpade G.
B npakrmueckmx cmryammax GHBaeT BechMa He IPOCTO BHIOJHHTH
MHOKOCTBO IIPO6KTOB, COOTBOTCTBYIONIAX MAKCHMAJHHOMY HO3aBHCH-
MOMY MHOKOCTBY HA JAHHOM OTPE3Ke BPOMEHH, DOCKOJABKY HCIOJHe-
HHO HOKOTODHX IPOOKTOB MOKOT GHTh IO KAKHM-TO OPAYHHAM OTJ]O-
skeHo. Torma nayymmid cnoco6 MReHACTBAA COCTORT B NPHACBOSGHHHA
KAaKAOMY NpPOGKTY (BepmImHe) x; HeKOTOporo mrpada p;, KOTOpHIX
YBOJIAYABAETCA C POCTOM BPEMOHH OTCPOYKH B HCIOJHEHHH IPOEKTA,
# B KQKI[EIA PacUeTHHI MOMOHT BpOMOHH HANO0 BHOHpATH B3 ceMOMCTBa
MAKCHMAJbHHX HO3aBACHMHX MHOQKOCTB TAK0® MHOKOCTBO, KOTOPO®
MAKCAMM3HDPYeT HOKOTOpPYo PyRKImio mrpadoB Ha BepmHHAX, COAED-
MHANHEXCA B BHOGDARHOM MHOJKOCTBO.
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2.2, Maxcomanbanie nonasie noarpadim (KAuKw)

IlonATHEe, NPOTIBONOJOKHOE MAKCHMAILHOMY HE3aBHCHMOMY MHO-
sKeCTBY, €CTh MAaKCHMAJbHHIE nDodHHit Doarpad. Taxkmm oGpasoMm,
Maxcumarohuli noannt nodepap (kauxa) rpada G ecTh NOPOMKACHHKIA
noarpag, NOCTPOEHHHIH Ha NOAMHO}KeCTBe S BepPIIMH rpada U ABIAO-
mMUACA DOJHRIM M MAaKCHMAJbHRIM B TOM CMEIC]E, 9TO JIOG0# ApyTroi
noarpag rpada G, DoCTPOeHHHI Ha MHOMecTBe BepmuH H, cofep:ka-
mem S, 1. e. > §, e aBaserca monunm. CrenosarenpsHo, B Opo-
THBOIOJIO}KHOCTh MAKCHMAJbHOMY HE3aBHCHMOMY MHOKECTBY, B KOTO-
POM He MOTYT BCTDETHTBCA [Be CMEFKHhIE BEpPIINHE, B KJHKe BCe
BePIIMHK mONapHO cMekHK. CoBEpmEHHO 0YeBUAHO, 9TO MAaKCHMAJb-

HOE HEe3aBHCHMOE MHO;KecTBO rpada G cooTBeTCTBYyeT Kiamke rpada G

m Haobopor, rae G — pmomonHeHme rpada G.

Boonre ogeBmaHO Tak:ke, 9TO HOHATHE KIWKH [JIA HEOPHEHTHPO-
BaHHOTO rpaga nofo6HO NOHATHIO KJIHMKH AJAA Trpada; OJHAKO 3Ta
anajorus Gonlee T1y6oKasA, 9eM Ta, KOTOPas CYMECTBYET MEKAY LOHA-
THAMHA KJIAKA A CAIbHOH KoMmoHeHTH (cM. ra. 2). Humky B pelicTBm-
TEJTbHOCTH MOKHO PAaCCMATPHMBATEL KAK TAKYIO CHJIILHYI0O KOMOOHEHTY,
B KOTOPOH JOCTH;KHMOCTL OTPAHMIEHA OYTAMH EIMWHHYHON JJIMHE
(cm. pasa. 5 B 1. 2).

AHanormuHo ToMy, Kak OBUIO ONIpefeseH0 9IWCIO He3aBUCHMOCTH
rpaga, ¢ DOMOmMbI0 coOoTHOmeHHA (3.3) MBI MOKeM OLPENeNHTh KAUKO-
6oe wucso rpada (H3BECTHOE TAKIKE KaK 2ycmoma WIW naomHocms 1)).
JT0 — MaKCHMaJbHOe YMCJI0 BEPIIUH B KIAKAaX fanHoro rpada. Tor-
na, obpasHo roBopsA, y «mJOTHOTO» rpada KIHKOBoe dmcio Oyper,
BEepOATHO, GoJbmle, a YHCJI0 HE3aBUCHMOCTH MeHbIE, B TO BPeMA KakK
y «pa3speskenHOro» rpada, mo Bceil BepPOATHOCTH, OyaeT HMeTb MeCTo
OPOTUBOIOJIOKHO® COOTHOUNIEHHWE MEKIY ODTHMH UYHCIAMH,

2.3. Hocrpoerre BCEX MaKCAMANbLHLIX HE3ABNCHMBIX MHOKECTB

BenencTeue ynmoMaHyTOH BHImE CBA3H MEMKAY KJIMKAMH M MAKCE-
MAJbHEIMM HE3aBMCHMEIMA MHOXKECTBAMH METOJHl, pacCMaTpHBAaeMHe
B IaHHOM pa3fle]le M OONACHIBAeMEle HA «A3KHKEe MAaKCHMAJbLHHX He3a-
BHCHMHKIX MHOKECTB», MOTYT OHITH HeHOCPEACTBEHHO HCIOJL30BaHM
AN DOCTPOeHHA KJAuWK. Ha mepBHIH B3TJIAN KameTcs, 9T0 HAXOKIAEHUE
BCEX MaKCHMAJIbHRIX He3aBHCHMBIX MHOMECTB rpaga — O4eHL Hpo-
CTad 3afja’a, KOTOPYIO MOKHO PEIIMTh IOCJe0BaTeJbHEIM mepebGoponm
HEe3aBHCHMLIX MHOKECTB C OXHOBDEMEHHOH HPOBEPKOM KaKAOTO MHO-
JKECTBA HA MAaKCHMAaJBLHOCTh (HOCJEelHEee OCYMECTBJIAETCH HNYTeM
nobapieEHA K HCCIeIyeMOMY MHOKeCTBY AOIOJHHTEJbHOH, HE OpH-
HajJeKameit eMy, BeDIIMHH M BHIACHEHHA TOTO, COXPAaHAETCA Ju

1 B opurmEane — «density».— Ipux. ped.
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HO3aBHACAMOCTb) H 3aNOMHHAHHEM MAKCHMAJBHHX MHOmecTB. IIpen-
CTABJIGHHe O IIPOCTOT® 3aJa9d AeHCTBATENLHO COIPABENJIHBO, HO TOJIBKO
nisa meGoapmux rpadop, HaOmpEMep ¢ YACJIOM BepIIMH, He IPEBOCXO-
namum 20. OMEAKO ¢ yBeJHYCHHOM YHCJA BePIIMH 3TOT MOTOX HOMCKa
CTAHOBHATCA ¢ BHYACJIATEJbHOM TOUKE 3peHHA rpomosaruM. Ho Bce e
IPOMOSAKOCTD 376Ch HE CTOJb BOJIHKA, KAK KaKeTCA € IePBOTO BBTJA-
na. UHCHO0 MAKCHMAJbHHX HE3aBHCHMHX MHOKECTB yBOIHUMBAETCH,
HO B IIPONECCe BHIOOJHOHHA OPONeXYPH 6oJbmoe YACIO He3aBHCHMHX
MHOKecTB GopMBpyeTcs, a 3aTeM BHYOPKHBAOTCA, TAK KaK 00GHADPYKH-
BAETCA, YTO OHH COAEPIKATCA B APYTHX, PAHE® HOJYYOHHHX MHOMKO-
CTBAX H IO3TOMY HE ABJIAIOTCA MAKCHMAJBLHHMH.

B atoM paspese GymeT omECAH cECTeMaTHIeCKHid meron mepeGopa
Bpona m Kap6oma [14], KoTopwii mosBonsieTr 0GXONATE YKa3aHHHE
BHIe TPYRHOCTH. B 3ToM Merome He HY)KHO 3aIIOMHHATH TeHepApYye-
MHe He3ABACHMHEe MHOKECTBA AJA OPOBEPKH HX HA MAaKCHMAJbHOCTH
oyreM CpaBHeHHMA ¢ paHee CHOPMAPOBAHHHMEA MHOMKOCTBAMH.

2.3.1. O6ocmonanne axropETMa. JTOT AJNTOPHTM ABJAACTCA Cyme-
CTBeHHO YOPOMEHHHM mepe6opoM, HCHOJB3YIOIMEM NEPEeBO IMOHCKA.
B npomecce momcKa — Ha HEKOTOPOM 3Tame X — HO3ABACHMO® MHOKe-
CTBO BepmuH S, pacmHpseTcA myreM RoGaBleHEA K HeMY IOXXONA-
muaM o6pasoM BHOpaHHON BepIEMEH (YTo6H mOJAYYRIOCH HOBO® He3a-
BHCHMO0® MHOKECTBO Sj.4) Ha atame k + 1, m Tak mocTymalor Ko Tex
mop, moka nobaBiieHEe BepIIAH CTAHOT HOBOSMOKHHM, 8 HODOMKIae-
M0© MHOXOCTBO HE CTAHET MAKCHMAJHLHKHM HO38BHCHMHM MHOKECTBOM.
Iycts Q) Gyner Ha aTame k HamGoJbmMM MHOKECTBOM BepIIMH, NJIA
Koroporo Sy | Qr = &, T. e. mocae nobapiaenEA M060if BepIHEHH
n3 Q) K S) NOTYydaeTCs HO3AaBHCHMOE MHOMKOCTBO Sy B HeroTopmik
OPOMSBOJBLHEKIE MOMEHT PafoTH aJTOpHTMa MHOMXKECTBO (), COCTOHT
Boo6me rosops, W3 BepIIEH BYX THIOB: IOAMEHOKecTBa (i Tex Bep-
IIAH, KOTOPHEe Y;Ke HCIOJIH30BAJHCh B Ipomecce MOMCKA JJA pacimm-
PeHHA MHOKECTB S, H HOAMHOKecTBa ()} TAKHX BEDMHH, KOTODH®
eme He HCIOJH30BAJHCH. Torna fajbpHeimee BeTBJIGHHe B JIepPeBe
IOHCKA BRJIIOYAET OPONeAyPy BHGOpa BOPIMHH Z;, € 0%, noGaBaenne

ee K S, NAA IDOCTPOGHHA MHOMECTBA

Skra=5xU {21,} (3.4)
H NOPO’KIeHH® HOBHX MHOMKECTB:
Q1 =0 —T (24,) (3.9)
. {
Qi1 = Q% — (T (z4) U{z1,})- (3.6)

Ilar BosBpameHHEsI aATOPATMA COCTOMT B YAaJeHHH BOPIIMHH Z;
#3 Sj+4, TTOOH BOPHYTHCA K Sy, HIBATHH Z;, H3 CTAPOT0 MHOMKECTBA
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Qi ® nobasieEdd z;, K CTapoMy MHOMecTBY Qf mis GopMEDPOBaHEA

HOBHX MHOxects QF m Or.

Jlerko 3aMeTHTH, 9TO MHOKECTBO S, ABIACTCH MAKCHMAJIbHBIM
He3aBHCHMKIM MHOKECTBOM TOJBKO TOTJd, KOIJla HEBO3MOKHO €ro
JanbHelmee pacmupeHde, T. e. Korga Qf = ¢¥. Ecam Qf # &, 1o
HeMeJIeHHO 3aKJII09aeM, 9TO TeKymee MHOKeCTBO S GHIo pacmm-
PEHO HAa HEKOTODOM NpeAmecTBYIOIEeM 3Tame paGOTH aJropHETMA
nyTeM fo6aBIeHAs BeDMEHK B3 (, W DO3TOMY OHO He SBJIAETCH MAK-
CHMAJIbHEIM HE3aBHCHMHM MHO;kecTBOM. Taxkmm ofpasom, meoGxomm-
MHM H JOCTATOYHHM YCJOBHEM TOro, 9T0 S, -— MaKCHMAJbHOe He3a-
BHCHMOE MHOJKECTBO, ABJAETCH BHIOJHOHAe PABEHCTH

Oi=0i=g. (3.7)

Temepsp cOBepIIEHHO 0YeBHIHO, 9TO €CJIH odepenHo#l aran paboTm
aJAropuTMa HACTymaeT TOIAa, KOTJA CYMECTBYeT HEKOTOpasA BepIInHA
z € Qk, ana woropoit T' (z) N Qf = J, To GesapaanmuHo, Kakasm u3
BepIIMH, OpHHA[IeKamux (i, HCHO;Ib3yeTcs AJIA pacmHpeHHs Sy,
4 3TO CIpaBeJIMBO UPH J060M ducie JaabHeAIIMX BeTBJIEHHH; Bep-
IIMHA T He MOKeT GHTh ypmaiaeHa u3 Qp Ha m060M cleAylomeM Imare
p >k. Tarkum o6pasom, ycaosie

3z € Qx, Takas, a0 ['(2)N 0t =g, (3.8)

ABJAETCA JOCTATOYHHM [JA OCYMECTBJIEHHs INara BO3BPANMEHHA,
HOCKOJbKY H3 Sy OPH BCAKOM AajJbHEINeM BeTBJICHHH y:e He I0:1Y-
9ATCA MAaKCHMaJbHOE HE3aBHCHMOE MHOKECTBO.

Kak m Bo BecsikOM MeTofie, MCHOMB3YIOmEM iepeBO HOMCKA, 3/eCh
BHITOTHO CTPEMHATHCH HAYAaTh IMIATH BO3BPAIEHUS KAK MOKHO paHBIIe,
OOCKOJBKY 3TO OrPaHMYHT «pPa3Meph» «HEHYKHOH» 9YacTH JlepeBa
nomcka. CremoBartennHo, nemecooGpa3HO COCPEOTOYRTh YCHIHA Ha
TOM, 9TOGH BO3MOKHO paHbIe JOGHTHCHA BHIOJHEHHA ycaoBma (3.8)
C OOMOMBIO MOAXOAAMEro BHGOpa BepIIMH, HCHOJB3YEMHX OPH pac-
mEpeHAr MHOKeCTB Sp. Ha KaskmoM clegyiolieM mare mpouneiypsl
MO3KHO BHOWpaTh AnA gobGamneHns kK S, a6y BepmmHy zi, € or;

Ha Imare BO3BpameHHA r;, GymeT yhanesa w3 (} @ BKT0UeHa B Q.
Ecam Bepmuny z), BuGpaTh TaK, 9T06H 0OHa OTPHHAMIEKATA MHOKECTBY

I' (x) opm mexoropoil BepmuHe = u3 Qf, TO Ha COOTBETCTBYIOMEM IAare
BO3BPAaMIeHAA BeJNYIHHA

A(z)=|T () N Qk] (3-9)

YMEHbIIATCH HA efHHENY (IO CPaBHEHHIO C TeM 3HAYeHHEM, KOTOpOe
6B710 10 BHIDOJHEHWA OPAMOIO IMAra W MATa BO3BPAMmEeHHAA), TAK 4TO
ycaosne (3.8) Temepsr CTaHOT BHIONHATHLCH paHbIIE.

Taxum o6pasom, onuH U3 BO3MOMHEX cmoco6oB BHGOpa BEePIIAHE
Z;, AJA pacIIMpeHHs MHOKecTBa S, COCTOHT, BO-IEPBHX, B HaXOie-

HAA BepmmEH z* € () ¢ BO3MOKHO MEHBLIIAM 3HAYEHHEM BOJHIHHEL



2. HEBABHCHMEBIE MHOKECTBA 49

A (z*) ®, Kpome Toro, B BuGope BepmHEEN Zj, H3 MHOMKECTBA
T (z*) N Q%. Taroit BHGop BepmEHEW z;, Gyner npuBoaMTb Ha mare
BO3BpANmeHHEA K YMEHBIICHHI0 BenwIMHH A (z%) — Kamanid pas ma
eJHHANY — JI0 TéX IOp, IOKa BepmHHA r* He CTAHET YAOBIETBOPATH
ycaoBuio (3.8) mpm BHOONHEHHH IIAara BO3BPAMEHHA.

Cnenyer oTMETHTH, YTO IIOCKOJBKY HA IIATE BO3BPAIMEHNS BEPIIHHA
z;, momafaer B (i, TO MOMKET OKA3ATHCA, UTO IPH 3TOM HOBOM BXOJIe
3Ha4YeHHe BeJIHYAHH A MeHbIIe, 9eM [JIA paHee PEKCHPOBAHHOA Bep-
mMEEH z*. 3HAYNT, HAJI0 IPOBEPHTH, HE YCKOPHT JIA 3TA HOBAd BEpPIIA-
HA BHOoOXHEeHHE ycaoBEA (3.8). 3T0 0co6eHHO Ba/KHO B Hadaje BeTBJIe-
HOA, KOoTRa Qr = (.

2.3.2. Onncanme aaropmrma

Havaavnas ycmanoexa

Maz 1. Mlycte Sy = Q7 = &, Q7 = X, k= 0.

HOpamoii waz

lllaz 2. BuGpare BepmuEy zi, € Qf, KAk yHDOMHHAJXOCH paHee,

n chopMEpOBATE Sy 14, Ort+q B Qk+4, ocTaBAAA O} B Qf HETPOHYTHME.
Ilonoxkmts k =k + 1.

Ilpoeepra

Ilfaz 3. Ecam ynosnersopsierca yciaosme (3.8), To mepeiiTe K ma-
ry 5, HHaYe K mary 4.

ITaz 4. Ecan Qf = Q3 = J, To HameIaTaATh MAKCHMAJBLHO® He3a-
BHCHMOE MHOKECTBO S, H nepeilte k mary 5. Ecam Qf = &, a Qf %
%= @, To mepeiiTe k mary 5. Mmave mepeirrm k mary 2.

Ilaz eosspauenus

ITaz 5. llonomurs k =k — 1. Ynanate i, 13 Sy, TTOOH mOMY-
anth S,. Heopaeats Qf ¥ Qf, yaaaus BepmmBy zi, #3 Q} B noGaBuB
eek Uz. Ecnmk = 01 Q; = &, 10 ocramoBEThCA. (K 3TOMY MOMEHTY
6ynyT yme HAameYaTAaHH BCe MAKCHMAJBLHHE HE3ABHCHMHE MHOKe-
crBa.) Nmave mepeiiTm k mary 3.

KommeHTapEii DO NpEMEHEHHI0 ONHMCAHHOTO BHING AJTOPHTMA
nopuasenen B [14] BMecTe ¢ mporpammoii, HamEcamnoit Ha Anromxe. Ira
mporpaMMa GuiTa ompoGoBama Ansa Goabmoro ymcaa rpados (B gacTHO-
ctH, Ana rpados Myna—Mosepa, cu. 3anagy 10) n 6uno ycramosiaeno,
49T0 BpeMs, HeoGXoqEMoe AAS NOCTPOGHHA MAKCHMAJLHOTO HE3aBH-
CHMOTO MHO;KeCTBA, IIOYTH IIOCTOAHHO K He 3aBHCHT OT paamepa rpada.
Bce aTo ‘TOBOpDHT 0 TOM, UTO JAHHHA AATOPHTM SABAAETCA ONHEM H3
N y9mAx.



50 IJ1. 3. HEBABACHMHEIE ‘M JOMIHAPYIOUINE MHOMECTBA

3. JloMuHApylOnmMe MHO}KECTBa

HOaa rpada G = (X, I') domurupyrouee mHoxecmeo eepuiun
(nasniBaeMoe TaKKe 6HewtHe ycmolinusum Muoxcecmson [11]) ects
MHoecTBo BepmuH S = X, BuGpaHHOe TaK, 9TO AJA Ka)A0#H Bep-
MEHH Z;, He BXOAAMEX B S, cymecTBYeT Ayra, EAYMAA B3 HEKOTOPOR
BepIAHH MHOXKeCTBa S B BepMHEHY I;.

Taxkmm o6pasom, S ecTh JOMEHHEDYIOMEe MHOKECTBO BepmEH (MR
npoCcTO JoMUKUDYHOUlEe MHOXcECME0, KOTAA HET OUACHOCTH BO3HHK-
HOBEHHA NOYTAHANH), ECJIH

SUT(S)=X (3.10)

Iaa rpada, npmBegeHHOro Ha pHC. 3.2, MHOKECTBA BepIIHH
{zy, zi, T}, {z1, za}, {3, Z5, Tg} ABAANTICA ROMEHADPYOIIEMA MHO-
/KeCTBaMH.

JloMmEnpyOImMEee MHOMECTBO HA3HBACTCH MUHUMAADHBEM, eCIH
HeT APYroro ZOMHHHDPYIOMEro MHOKECTBA, COAEPKAIerocs B HeM.

X

X4

Prc. 3.2.

Taxmm o0pasoM, MHOKecTBO S ABIAAETCA MAHEMAJBHEM JOMHHHA-
pPYyIOMEM MHOMKECTBOM, €CJH OHO yROBIeTBopser cooTHomeHm (3.10)
® HeT COOCTBEHHOr0 HORMHOMKECTBA B S, KOTOpOe YIOBJIETBODPAET
ycaoBulo, aHanormanomy (3.10). Tak, manpmmep, aaa rpada, npuse-
MIeHHOTO Ha pHC. 3.2, MHOKECTBO {Z,, T4} — MAHEMAJBHOE, a {Zy, Z4,
Zg} HeT. MEHHMAJBHEIM JOMAHMDYIOMAM MHOMECTBOM ABJAETCA TaK-
e MHOMKECTBO {Z3, Ts, Tg}, M €IMe CYMEeCTBYeT HECKOJbKO TAKHX
MHOkecTB B 3TOM rpade. CiaefoBaTeNbHO, KAK M B CIydYae MAKCHMAJb-
HEIX HE3aBHCAMHIX MHO;KeCTB, B rpajge MomeT OHTHL HECKOJBKO
MM HAMAJbHEX AOMHAHEPYIOIEX MHOKECTB, W OHH He o0o6A3aTe;bHO
cofepsKaT OJAMHAKOBOE YHMCJIO BepIIWH.
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Ecam P — ceMeiicTBO BceXx MHHEMAJIBHHX AOMEHEDPYIOITEX MHO~
skecTB rpada, T0 4HCIO

=minlS
BIGI ;g;nl ! (3.11)

HABLHBAGTCA “UCAOM OoMunuposanus ') rpada G, a mmomecrso S*,
Ha KOTODPOM ROCTHTAeTCA MWHEMYM, HaSHBASTCH HAUMEHLWLUM NOMA-
HAPYOIGAM MHOKECTBOM.

Hasa rpada, npusenensoro Ba pmc. 3.2, HARMEHBIIAM AOMHHERDYIO-

ImMEAM MHOKECTBOM ABJIACTCA MHOKECTBO {Z;, Z;} H, CJef0BATeJIbHO,
plGl =2

3.1. Ilpamep. PasMemenne «meBETpOB»,
NOEPHBANITAX SAJAEHYI 0of1acT

3apau Takoro TAma BecbMa MHOro. K HEM oTHOCATCA:

(a) PasMemeHMe TeJleBEBMOHHHX HJIH PAagHONEPENAIIIAX CTAHIEN
Ha HEKOTOpO# TeppHTOPHH,

(6) PasMemenme BOeHHLHX (a3, KOHTPOJRPYWIIHX RAHHYI Tep-
PRTOPHIO.

(») PasMemeHnHe NEHTPOB TOProBAH, OGCAYKRBAIIAX HEKOTO-
puwit paioH.

ITpeanososxmM, ¥T0 TePPATOPHSA, UIPEACTABIGHEAA GOJLIIAM KBaA-
paToM Ha pmc. 3.3(a), paspeseEa Ha 16 pafioEoB, Kak mOKasaHO

(2)
Pme.  3.3.

Ba pmcynke. IIpemmomaraercs, gro BoemHas 6asa, PacmoJOKeHHAS
B KaKkoM-1m60 paiioHe, MOKET KOETPOJMPOBATH HE TOJBKO 8TOT pailioH,
HO B COCefiHMe, rpaHHvYamue ¢ HAM palioEn. Tpe6yerca HalTE Ham-

1) B oprrmnane —¢dominance numbers.— IIpux. ped.
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@345@7

1
:
®
- |eol]e| 7
@ [s [= ]« [«|@®

36 |37 | 38 a | a1 | a2
a3 a5 | a7 | as a9

Puc. 3.4.

MeHbIIee BO3MOHOE THCJIO0 BOGHHKX 6a3 U MecTa [ HX pasMelleHus,
9TO6H GHJI 06ecmedeH KOHTPOAb BCeill TEPPHTOPHH.

Ecam MH mpencraBEM KaXAHA pailoH Bepmunou rpada m pebpamm
COeIAHAM TOJBKO Te IapH BepIIAH, KOTODPHE COOTBETCTBYIOT COCE.-
HEM paiioHaM, To moayumTcA rpad, mokasamHHi Ha puc. 3.3(6). Torna
3afada CBORHUTCA K ONDEleJeHAX HAWUMEHBIIEr0 NOMHMHHPYIOMETO
mHo:xecTBa B atom rpade. Yucao B [G] apnserca mapMeHpIIAM TAC.IOM
6a3, «mokpmBajomuax» Bco Tepparopmw. [na rpada, mpmeBegeHEHOro
ga puc. 3.3(6), B [G] = 4 m Gasum ciemyer pasmemaTh B KBajpaTax,
HOMEpa KOTODHX NpHHAjIe:xkaT MHOKecTBY {3, 5, 12, 14} mam M=HO-
wectsy {2, 9, 15, 8}.

ABaJOrAYHO, AJA TePPHTOPHHA, IOKAa3aHHOM HA puc. 3.4, YHCIO
AOMHHEDOBaHAA COOTBeTCTBYIomero rpada pasuo 12 u 6asm caemyer
pasmemaTts B padomax 2, 6, 11, 15, 21, 24, 26, 29, 35, 39, 44, 48.
Tonbko Tpm 3aITPEXOBAHHHX KBaXpaTa «3amumieHE» OJHOBPEMEHHO
TpeMa Gasamd.

CBA3p MeKNy NOHATAAME MHHEMAJIBHOTO AOMMHHDYIOMET0 MHO-
sKecTBa B 6a3oit rpada mOYTH OYEBHRHA, TAK Ke.KAK MEXAYy MUHH-
MAaJbHHM [OMHHHDYIONAM MHOKECTBOM H p-IEHTPOM (CM. Ia. 9).
Itr B3amMOCBA3W OfCYKIAANCH B pasfg. O . 2, a B V1. O aJropaT™
HaXOK/IeHAA HAMMEHbINEr0 NOMHHHUDYIOMEr0 MHOKECTBA HMCIOJb~
3yeTcs B KadecTBe OCHOBHOI0 mara 6oiee obumiero aaropmrmMa mocTpoe-
HAA p-TEHTPOB.

Jdasa caydas MaKCEMaJbHHX HE3aBHCHMEIX MHOKECTB MH IPHBeIH
aJrOpUTM, KOTOPHA BHJ3eT IOJHHEA CIOACOK BCEX TAKAX MIIOKECTB.
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CpesaHo 5TO GHJIO IOTOMY, UTO TAKHe COHCKH HY/KHH BO MHOTHEX
npakTEdeckax sapgadax [36, 3, 2]. [aa noMmHEpYIOIEX MHOMKECTB,
oflHaKO, TpeGyerca oGHYHO HaHTH NPOCTO HaWMEHbINEe NOMHHHPYIO-
mee MHOJKeCTBO, H MOBTOMY MH OTDAHHIAMCA 3[6Ch ONHCAHHEM aJIro-
PHTMA NOCTPOGHHA TAKOTO MHOKeCTBa. B cuaeayiomem pasmene MH
PacCMOTPHEM 3afad9y O HAXOKJCHHH HAHMOHbIIEr0 AOMHHHDYIOMEro
MHOKECTBA C HECKOJbKO Gojee oOmMHEX NmOBHNEI; 3TO IOMOMKET HaM
ray6ae pasoGpaThCA B BSAaHMOCBASAX MEKAY NOHATHAMHE, paccMaT-
PEBaeMHMH B JAPYIHEX YacTAX KHHTH,

4. 3apavya 0 HaEMeHBINEM INOKPHLITHR

Ilycrs A' — TPaHCHOHRPOBAHHAA MATPHEIA CMEKHOCTE rpada G
C eIHRMYENMH [MATOHANBHKME 9SJEMEHTAMH. 3afaua ONpeAeJeHHSM
HAHMOHBIIEr0 ANOMHHHPYIOMEro MHOKecTBa rpada G SKBEBAJEHTHA
safade HAXOKNEGHHA TAKOTO0 HAEMEHBIIET0 MHOMeCTBa CToaGmoB
B MaTpEne A’, 9TO KaMpgaf CTPOKA MATPHIM CONEDKHT eIEEHLY
xoTA OH B OQHOM H3 BHOpDAaEHHX cTON6MOB. OTa MOCIEAHAA 3ajada
0 NOHCKe HAHMEHbIIer0 MHOKECTBAa CTOAGIOB, (IOKPHBAKOIIHEX» BCE
CTPOKH, H3yuajach [OBOJBHO HHTEHCHBHO DNOJ HAsBaHAEM 3sadavu
o naumenbvwenm noxpwmuu (SHII).

B o6meit 3HII matprna, cocrosman 3 0 m 1, He o6AsareapHO
ABNAeTCA KBajpaTHOH. Kpome Toro, xammomy croabmy j (B Hamem
C1yuae Ka)oi BePIEHEe ;) CONOCTABAACTCA HEKOTOPAsA CTOEMOCTH ')
¢; B TpebyercA BHOpaTh NOKPHTHE (BJIH, B APYTO# TePMEHOJOTHH —
Ans cilyuas rpadoB — NOMAHHPYIONMEe MHOKECTBO BEpIINH) ¢ Ham-
MeHpme# o6meit cromMocTrio 2). Ilockoabky safava mocrpoeHms Ham-
MEHBIIOr0 AOMEHHDYKHIET0 MHOKECTBA BEPINMH MABJAAETCA BeChMa
9acTHOH sajavedd 0 NOKpHTHE ¢ ¢; = 1 1A Bcex j=1, ..., n,
TO Ha NePBHIf B3IAAN KayKeTCA, 9T0 HAXOKACHHe TAKOI0O MHOKECTBA
OCYIIECTBJIAETCA Ha [ejié 3HAYHTE;IbHO IpOme, IeM pemeHnHe obmei
3HII. Opnako aTo, BooGme roBops, He Tak. [losToMy B naHHOM pas-
Rene MH HayHeM C pemeHEA obmeit 3HII.

4.1. TlocTanoBRAa Bajagnm

SHII cBomm HasBamuem ofssaHa caepylmell TEOPeTHKO-MHOMKe-

CTBeHHOE mHTepnperamme. J[laEn MHOMecTBO R = {ry, ..., Iy}
n cemeiicteo & = {§y, ..., Sy} mEokecTB §; = R. Jlw6oe mon-
cemeficreo &’ = {S;, Sj,, ..., S;} cemelicTra &, Takoe, drO
k
U S;, =R, (3.12)

i=1

1 Ham, B ngyroi TepMHHOIOTHH, ¢Becy.— ITpum. ped.
%) B mpyrolt TepMUHOIOIEA —¢NOKPHTHe HAERMOHBIMEro Becas.— [Ipum. ped.
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HAa3HBAGTCA NOKPHMUEM MHOINHCECMEA R, a MHOHeCTBa Sjl Ha3bhIBAKOTCA

noxpusanuwuMu Muoxecmeamu. Eciu B [JonolHEHMe K COOTHOIIe-
g (3.12) &' ymoBieTBOpAET YCIOBHUIO

SinNSi, =B, Vh, Le{l, ..., k), hl, (3.13)

T. . MHOKecTBa S"z (i=1, ..., k) nomapao He mepeceKawTCH, TO

F' HasmBaercA pasbuenuem muoxmcecmsa R.
Ecam xampmomy S; € & mocraBleHa B COOTBETCTBHE (IOJOMHTENb-
Has) cromMocTh ¢;, To 3HII dopMyrmpyerca Tak: HallTH mOKpHTHE

MHOKECTBaA R, AMepIee HaMMEeHbIMYI0 CTOMMOCTH, IPAYEM CTOMMOCTH
3

cemeiicrea o’ = {§;, ..., §;} ompenmenserca kax _Zlc,-i. Amnauno-
1ws

ragHo GopMyrHpyeTcA H 3adaia 0 HauMenbwem pasbuenuu (3HP).

B MaTpmuHO# fopMe, yIOMAHYTOH paHee, KOTAa cTPoKH (M X N)-

MaTpams [¢;;], cocrosmel ¥3 Eyled M eQUHHN, NOKPHBATCA CTOJO-

nama, 3HII Mosker GuTh cdopMynApoBaHa KaK 3apmada JHHEITHOTO

I pOr pAMMHAPOBAHHASA :
N

MHHMMHA3APOBATE Z = 2 ;&

j=

OpH OrpaHAYeHAAX

N
D>, i=1,2, ..., M, (3.14)
i=1
rae c; > 0,
1, ecam S,¢ Y,
E’Z{O, ectm S, ¢ F’
n

{1, ectm ry €Sy,
‘=10, ectm ri¢s,
HOna 3HP nepasercrsa (3.14) of6pamarprca B paBeHCTBa

N
D otk=1, i=1,2,..., M. (3.15)
=1

4.2. Yopomenne sagaum

Bcnencreme ocoGoit mpupoast 3HII wacTo ypaerca caenaTs npHd ee
HCCJIe[OBAHMH ONpeJeJE€HHEE, XOPOMO H3BECTHHE 3apaHee BHIBOXH

m yopomenma [6, 26, 27, 28, 30, 50, 51l.

Hanpamep:
(1) ecnm guA HekoTOpOTO 3M€MEHTA r; M3 R CIpaBeAJHBEL COOTHO-
wmenaa r; § S; Vi =1, ..., N, To r; DIOKpHTH HelAp3A H, CJIEJOBA-

TE.JIbHO, 3ajadYa He HMMEET PEemeEeHHH;
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(2) ecnm 3r; €ER, Takoe, uwro r; €S, m r;§S,;, Vis+=k, 10
S) RONKHO HPHCYTCTBOBATH BO BCeX pEINIEHHMAX M 387]a9y MOKHO
CBECTH K «MeHbMei», monommB R =R — {r;} m & = & — {S»});

(3) myers V, = {j [r; € S;}; Torna ecnm 3p, g€ {1, ..., M}
TaKme, ¥r0 V, = Vg, T0 ry MoKHO yAanmTh 3 R, DOCKOALKY Jio6oe
MHOKECTBO, KOTOPO® HOKDPHIBAET Ip, NMONKHO TAKKe IOKPHBATEH Iy,
T. 6. I MOMHHHpPYeT Haj Tg; _

(4) ecan aAA HEKOTOPOro cemeiicTBA MHOKECTB o < o cuopa-
Se[IMBH cooTHOmeEHEA || S; =S5, m O ¢; < c¢p AxA ao6HX

_ 546 5,edf
Sy —F, 10 S) MOKeT GHTP BHUYCPKHYTO N8 of, IOCKOJIBKY
U S; mosmmmpyer Hag Sp.
8P

IIpeanono:kEM, YTO BCe 3TM YNPOmMEHAA BHIOJHEHH (€CIH OHH
B03MOKEH) H uro mcxoanas 3HII y:xe mepedopmynmpoBama B cooT-
BETCTBYIOmell HenmpHBOMEMOH ¢opme.

4.3. Anropaty pemenrs 3HP, ucnoassyomuli fepeBo nomcka

Kar ormeuanocy pamee, 3HP Ttecmo csasama ¢ 3HII, asnascs
no cymecrsy 3HII ¢ momonmmTennEnmM (HemepeKpHBaeMOCTh) Orpa-
HUYEeHHE). JTO OrPAHMYEHHe BHIONHO, €CAH MH OHTAEMCA PeIETH
3afiayy ¢ OOMOIMBI0 HEKOTOPOT0 METOAAa, HCHOJL3YIOmMEro AepeBo
OOHMCKA: NPH TAKOM OrDAHAYEHWHA MOKET pPAHO BHACHHTLCHA, 9YTO
HOKOTOPHe BO3MO/KHHE BeTBJISHHS AePeBA PACCMATPHBAThL He HAMO.
YYnTHBaA BHIMECKABAHHOS, MH CHAYAJIA 3ai{MEMCA AATOPHTMOM pelle-
gusa SHP (mcoonbsyiommaM fepeso momcKa), & 3aTeM IOKAaKeM, Kak
ero MoRHO mpaEcnoco6mTs k pemermio 3HII.

ITpoctre Meroan pemenns 3HP, mcooansyiomume gepeso momcka,
[6;711111 npeanomxern Ilmpcom [48) m Tapdmmxenmem m Hemxaysepom

CymHOCTh 3THX METOOB TaKOBa. DBHavalde cTpoAaTcs «6I0KH»
¢ToN6IOB, IO OMHOMY HA KAKAKIA 3JIeMeHT Iy 3 R, T. e. Bcero M Gio-
KOB. k-ii GJIOK COCTOHMT M8 TAKHAX MHOKeCTB ceMmeiicTBa & (upeacras-
JIeEHHX CTOA6OaMH), B KOTOPHX COAED/KHTCA DJIEMEHT Iy, HO OTCYT-
CTBYIOT 9JI6MEHTH ¢ MOHLIIAMH WHACKCAMH — Iy, . . ., Ix_s. Chemo-
BATEJIBHO, KAKA0e MHOMKeCTBO (CTonGen) MOSABIAETCA TOYHO B OJHOM
onpefieleHHOM 6JI0Ke B COBOKYIHOCTH GIOKOB MOKeT GHTEL IpefcTaB-
JeHa B BEpe Tabimnon, xak noxasamo Ha pmc. 3.1, B komkpermmx
8a{a9aX HEKOTOPHe M3 GJOKOB MOTYT OTCYTCTBOBATD.

B mpomecce paGoTH anaropmT™Ma GAOKH OTHCKHBAIOTCA IOCJENOBA-
TeNbHO W (popMEpoOBaHME k-ro GIOKA HAYMHAGTCA HOCAE TOTO, KAK
RaAuE aaeMenT 7y, 1 < i < k— 1, Gyfler HOKPHT YacTHHM peme-
gmep. Taxam o6pasoM, eciiE KaKoe-TO MHOKECTBO B GiIoKe k comepruT
JIIeMeHTH ¢ HHAGKCAMH, MCHLITAME Kk, TO OHO RAOMKHO GHTL 0TGpO-
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meHo (Ha 3TOM 3Tame) B COOTBeTCTBMM ¢ TpeGoBaHNEM HemepeKphl-
BAEMOCTH.

MHosxecTBa B mpefesaX Kaskaoro 6ijoka pasMemalwTCA B IOPANKe
BO3PAacCTAHMA MX CTONMOCTEH M [EpeHYMEeDOBHIBAIOTCA TaK, 410 S;
Tenephb y#e 0003HATaeT MHOKECTBO, COOTBETCTBYIOmee j-My cToabmy
TabIAIK.

Tabauya 3.1
Hexomuaa tabauua
L ox 1 Brox 2 Bnox 3 Brox 4
=T ™~ T Y
r, 1...1 J 0 ! E :
T i ;
T, 1...1 0 H !
|
ry 1...1 0 !
Ouaul
re Oum1 1.1
. Oumul
Ounvl
etc.
Ty

Texymee «Hamtyumee» pelmenne B co CTOEMOCTBIO z H3BECTHO

Ha miobom atame moucka (B o6oaHadgaer cemeilcTBO COOTBETCTBYIOIMAX
OOKPHBAalOMUX MHOKecTB). Eciu B u z — cooTsercTBylomue cemeii-
CTBO U CTOMMOCThL Ha MNAaHHON cTagum OOMCKAa, a FE — MHOMKecTBo,
IpefCcTAB/IAIMEe TE IEMEHTH (T. e. CTPOKM) T';, KOTOpKE NOKPHBAIOT-
CA MHOMKeCTBaMM M3 [, To oIME N3 OPOCTHIX AJTOPHUTMOB, ACIOJb-
3yIOMAX jepeBO [ONCKA, MOKHO OmICaTh CIeAylomuM ofpasom.

I puceoerue navasvhuzr 3nauenul

Ilaz 1. HocTponTts NcxXogHyIo TabauIly @ HAYaTh € JACTHOTO pemie
aaa: B= g, FE= g, 2z=0 1 z = oo,

Pacwupenue

Haz 2. Haittn p = min (i | r; § E]. Han 61oxkoM p mocraBETH
METKY (Haj ero mepBRM MHOMKECTBOM, KOTOpOe, KaK CJIeJyeT U3 IO-
CTpoeHMA TabARIE!, IMEeT HAEMEHBLIIYIO CTOMMOCTD).

Illaz 3. Hauunasa ¢ oTmedeHHoil mo3nnun B Gioke p, mepe6apaTsn
ero MHoecTBa S%, CKakeM, B IODAIKe BO3PACTAHNA WHIEKCA j.

(i) Ecin nakimeno wmoskectBo S, Ttakoe, uto SV N E = &
B z+ ¢} <z (rme ¢} — crommocts MuosectBa S7), TO mepeiitm
K mary 9.
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(ii) B nporwBHOM ciyvae, T. €. ecad a0k p mcuepmaH miH BHGpa-
HO MHOMKecTBo S}, Takoe, 4T0 2z + ¢} > 2, mepeitm k mary 4.

IMlaz eozspawyenus

Moz 4. B Be MoKeT NPHEBECTH K .1yumeMy pemennio. Ecie B = @&
(1. e. Gmox { mcuepmam), To ajaropuTM 3aKaHumBaeT paGory ® omTm-

MaJbHHM pemeHmeM saBasgerca B. B mpoTuBHOM cayvae YRamHTH

oocJiefHee MHOMKECTBO, CKaKeM, S;u no0aBHETL ero B B, OOJOXKHATE

= |, DOCTaBHETH METKY HAJ MHOMKeCTBOM S! ., yJaJHTh mpexme-
p R+t

CTBYIOIYI0 MeTKY B Gioke ! m mepedtE K mary 3.

Hposepra nosoco pewenus

MMaz 5. O6uoBETL mamEwe: B =B |J {S§}, E=E | S}, z=
=z + ¢j. Ecim mafineno nyumee pemenme E = R, T0 mOJOKETH

B = B, z = z n mepeiite x mary 4. Hraue mepeiitr k mary 2.

Ecam momck oxaHYHBaeTcA ¢ mcyepnuBammeM (ioka 1 (cM. Bwme
mar 4), To mexecoo6pasHo mepecTaBHTh GJAOKM B mOpARKe BO3pacTa-
HAA YHECIA CTOAGIOB (MHOMKECTB) B Ka)KIOM Oaoke. dro Moker OHTH
ocymecTBieHO (mepel HDOCTpOeHEEM HCXORHOH TabaAMIOH) DepeHyMe-
panmeil 3J1eMEHTOB (CTPOK) I'y, . . ., T'y B NOPAAKEe YBEJINYCHAA THCIA&
MHOKeCTB ®3 S, COREp/RAIINX COOTBETCTBYIOIHE 3JEMEHTH.

ITpemxpe yem mokasaTts, Kak aaroparM Ausa 3HP pacnpocrpamserca
ga 3HII, kpaTko ymoMsHeM 0 HeKOTOPHX APYTHX METOAAX, IpMMe-
asaemux np® pemesnr 3HP. B [49] [Tupo m Jlackm manm pan Monmdn-
KaIuil IpABeleHHOr0 BHIIe OCHOBHOTO &JTOPATMA, HCOOJABL3YA B Kavye-
CTBe BCIOOMOTATEJILHOIO CpEeNCTBA JHHEHHOE INpOrpaMMAPOBAHHE;
B [45] Mrmo ommcan Apyroi aaroput™ HesBHOTO mepeGopa, KOTOPHIT
OCHOBAH Ha 3afiaye .JIMHEHAHOTO NPOrPAaMMHADPOBAHHA, COOTBETCTBYIO-
meix 3HP ¢ «6nounoii» cTpyKTypoil (paccMOTPEHHOH BHIIE H HIpaB--
mei BCIOMOTATENHLHYIO POJB).

ITpepnara;imes Take aJrOPHETMH, BKIKYAIOMHAE HTOPAIAH CHM-
IUIEKCHOTO THIA, Kak mpamue (4, 5], Tax m gsoiicrenmne (58, 37].
B [37] Nencen ycmemBo mpEMeEmJ METON AHHAMAYECKOTO IPOTpaM-
MEpOBaHESA K ompeneaensoMmy tany 3HP.

4.4. Aaropery pemennsn 3HII, mcnoassylompmii nepeBo momcka

B axropuTMe, OMECAHHOM BHIIE B Pa3fl. 4.3, EARHCTBEHHHM IIATOM,
xapakrepEuM Aua 3HP, aBiserca mar 3 (i). Ecam ypaamte B 3ronr
mare TpeGoBanme ¢HemepexpuBaemoctE» S5 ) E = ¢, To axnropmry
MoxeT 6uTh mcmoap3donan AnA 3HII. Onmako B 3ToMm caydae HCXORHas
tTabamEna GyaeT HecKoJAbKO oTamdaThea oT Taba. 3.2. Hrak, momoxms
S; = {Tiss Tips Tjpr - - :}y THE J) <j; <js <.... Temepr mHepo-
CTATOYHO BKJIOYHTH S; TOALKO B 610K f,, MOCKOALKY Ge3 TpeGoBanmm
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«HEmePEKPHLBAEMOCTHY HeAb3f HCKIOYUTh S; B3 pPacCMOTPEHHA, CKa-
#eM, B 6I0Ke j,, ecay rj, y:Ke HOKPHTO 9acTHHM pemenueM. Cregona-
TeJbHO, S JOMKHO BXOXATL B KAKAHI 6JIOK f,, f,, j3, - . . . COpyroit
CTOPOHHI, HOCKOIBKY JJEMEHT rj U3 §; cornacHo «mociegoBaTedbHOR
Opupone» IOMCKa LHOKPHBAETCA Iepel BETBIAEHMEM Ha MHOMKECTBAaX
610ka P (B >j,), TO Temeps BO3MOKHO YATHTL BCe 3.JIEMEHTH z,
u3 S; mepen BBeflermeM Sy B awboit 6nox P >j, 6es xakoro-anGo
BJILUAHOA Ha pe3yJbTaT PemMeHMA 3afadu. JTA TPUBHAJILHAA OHEPAIMA
YAAJeHMA C BRYUCIATEIBHON TOYKM 3PEHMA OKAa3HBAETCA OYeHb
BHTIOHOI, HOCKONBKY McxofHan Tabauna B 3HII Teneps MoxeT GRTH
COKpameHa ¢ IOMOINBIO NPABNN, YKA3AHHEIX B pasf. 4.2, 10 3HAYHTE b~
HO MEHBLIIMX pa3MepoB, UTO BO3MOKHO OCYmMecTBHThL 6e3 ymaaneHus
anementoB z;_(j, << P) m3 mHOmecTs Groxa B [48].

3meck ciaefyeT OTMeTHTH, YTO aJTOPUTM ®3 pasf. 4.3 aBngerca
NPAMOTUBHEIM IOMCKOBHIM AJTOPHTMOM, HCUOJb3YIOIHM JEPeBo
OOMCKA, M JAMeEeH KaKuX-Au60 TORKOCTe#, XO0TA IPH TIATEABbHOM Ipo-
rpaMMHpOBaHME MOKeT GHTH caenaH Becbma 3ddexTusHnm maa 3HP
[27]; a1o me Tak gasa 3HII, name npu A0BONBLHO CKPOMHEIX pasMepax.
Jlanee MB paccMOTpHM HEKOTOpPHE Baj;KHEE YCJIOBAA H BHYHCICHHE
HUKHAX TPAHMAIN, KOTOPHE MOrYT GHTh MCHOJb30BAHL! JJA OTpaHHYE-
HNA JlepeBa IOMCKAa M yayuymeHus 3PPeKTHBHOCTH OCHOBHOTO AJaT0-
pHTMA.

4.4.1. Hexoropue Bamasie ycnoBuA. IIpe:xae 4eM ycraHaBIMBaTh
ofmme pe3yabTAaTH, MK HPOMJIIIOCTPUPYEM 3TH Ba;kRHKE YCIOBHA HA
npumepe. Pacemorpuym carydait, xorga 610k 1 comepxur (cpequ Apyrux)
MHOKecTBa S, = {ry, ry, Te} m S, = {ry, r3, Ty} co crommoctamMm 3
B 4 COOTBeTCTBEHHO, a 60K 2 comep:KuUT MHOkecTBA S; = {ry, Iy, s}
a S, = {ry, Ty, s}, KaKAOE CO CTOMMOCTHIO, PaBHOIl 2,

B npomnecce BRIDONHEHUS ajropATMa M3 pasn. 4.3 Ha HEKOTOPOM
arane moaywmM B, = {Sy, S3}, Eo = {r;, ryy . .., Tg}, 24 = 5
satem BerBieHue GyleT mpofomkaTsCA A0 Tex mop, moka ambo Mu
He HaiileM pemeHme, KOTOpoe aydvme, gesm Tekymee B, nubo He ycra-
HOBINM, 910 S; ¥ S3; He MOTYT OHOBPEMEHHO HOABMTHCA B ONTHMA.IbL-
HOM peIeHnH.

Ilaaee, wepe3 MHOTO maroB, Mbl OCTHIHEM TAKOIl CATYaUMH, KOIJa

Bb = {S21 S3}1 Eb = {rl, “ e ey r,,}, 2y = 6

3pech CTAHOBATCA ACHBIM, 49TO [ajibHeAIIee BeTBJEHHME [eTaTh He
HYyxHO, nockonbKky Ey= E, u 2z, > z,. Ilomo6ras kapTmHa mmeer
MECTO TaKiKe IpH

B, ={8,, 8}, E.={ry, .... 15}, z,=286.

TaknM 06pa3oM, BO3MOMKHO, MMEET CMBICA XPAHHTh IJIA Ka:KXOTO
sHawenus 2z =1, 2, ..., z HeKoTOpHIi (OHTH MOKeT, HEIOJHHKIII)
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CIECOK MAKCHMAJBLHHX MHOMeCTB E, KOTOpHe yKe DOJYyYeHH s
RAHHHX z (TIe IOJ MaKCEMAJBHHM IOHAMAETCSA TaKoe MHOKeCTBO,
KOTOpOe He COJAEePKHTCA B APYroM MHOKECTB® H3 3TOr0 COHACKA). ITH
CIECKE MHOKeCTB E Mo;KHO 3aTeM HCHONB3OBATEH AAA OrpPaHUICHHS
HOHCKA WyTeM 3MAMAHALNMNA TeX BETBJEHWiI, KOTOPHE HO3Ke OKa3H-
parca GecnonesEnMa. Boobme HeMpaKTHYAO XpaHHATH 6 MAKCAMAJIb-
Hule MHOKecTBa E n1060ro ypoBHA cTomMocTd. Ecam 61 aro Grmo cpue-
J1aHO, TO MOAYYeHHHI MeTof Ghia GH mMOXO0K HA TAKOH mOAXOM K 3amave,
KOTODHIl XapaKTepeH 1A JEHAMHYECKOTO IPOrpaMMupPOBAHAA (ATH
Mor 6H paccMaTpHBATHCA KAK IOJHHIL IPEeBOBEXHHA HOHCK ¢ IPHOPH-
TeTOM IO IIMpHHE).

ITycte MH cOXpaHHANE HeKOTOpHil cmmcok L (z;) mMmEoMecTB E,
KOTOpHe OHAm monyYeHH B Oponecce BHIOJNHEHHS AJTOPATMA HA
HEKOTOPOM YPOBHE ¢ CyMMapHO# CTOEMOCTHIO Z;. Ilpegmono:xmM, 4TO
Ha naEHOM 3rane E = E', B = B’, 2 = z’ © MH 3aHATH HCCJIel0Ba-
HaeM Groka k (r@e k = min {i|r; ¢ E'} — cM. mar 2 B aaropurMe u3

pasf. 4.3) m BHGopoM MHOKeCTBAa S} CO CTOHMOCTBIO ¢; AAA CHOLYIO-

mero Bersiaennd. Ecam z' -+ c;‘ <<z, TO BeTBJGHHEe B pacCMaTpHBae~
MOM AJATOPHTMEe C 9TOTO 3TANA HPOAOJIKAETCA [aJblle H

E=E'\yS}, B=By{S!h z=z+¢},

He3aBHCAMO OT KaKHX-THGO NPYTEX c006pakeHmii.
OpHaKo MOKHO TaKKe TapaHTHpPOBaTH (Ha mare 3), ITO mepen
OPOAOJIKeHHeM BeTBICHHSA

E'US}EE, VE€L(z) m mpm Beex 3,
[N KOTOPHX 2’ <3, <<%’ +¢c). (3.16)

Ecim S} He yHOBIeTBOpAeT NpHBOEHHOMY BHIIE YCIOBHIO, TO OHO
0TGpPacHBAeTCA H PACCMATPHBACTCA CAOLYIOMEe MHOMECTBO Shyq 6ao0-
Ka k, u 1. 1. Ecnr S} ynoenersopser yenosmo (3.16), T0o MoskHO mpo-
NOJIKATH BeTBJGHHE JAJNbINe ¢ S; TAK ’Ke, KAK H paHBme, HO ¢ 0GHOB-
JeHHHM cOEcKOM L (2), moayuyeHEHM pRoGaBieHHeM MHOKECTBA
E'(YStsL@E ¢

ITockonpKy, KaK ymoOMWHAJNOCH paHee, HOBO3MOKHO IPaKTHIECKH
XpaHATHh NOJHHE cnucKE L (2;), TO AOKHH GHTH HCIOONB30BAHH
HEKOTOpHE 3IBPHCTWIECKH® KPHTEDHH A ONpefie/ieHAsA pPasMepoB
3THX CIHECKOB H CII0c0GOB HX 0GHOBIEHHA B IpoIecCe MOHCKA.

(A) Pasmepw cnucka. Jlyume, 07eBAJHO, HCKNIOYATH MHOKECTBA

S!, KOTOpHE MOTYT OKA3aThCA BETBIGHHAMH JepeBa Ha ©I0 HAYATH-
HHIX YPOBHAX, TAaK KaK 3T0 MOKeT IPABECTH K oTGpacwBaHAI0 Goabmux
gacTeil BO3MOKHOTO HepeBa momcKa. Takmm o6pasoM, HHTYHTHBHO
SICHO, YTO HMEET CMHCJ OCTaBIATH COACKHE Gonabmux pasmepoB L (z;),
COOTBeTCTBYIOIA® MEHBIIEM Z;. JTO IOATBEPIKAAETCA AOMOJHATENHHO
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Tem, 4to yciaosue (3.16) Bumoamserca ¢ Goapmell BEPOATHOCTBIO
TOrfa, KOTIJa MHo:ecTBa I COJepsKaT JIHMb HECKONBKO 3IeMEHTOB,
YTO MMEEeT MeCTO JIJA MAaJBIX 2;-ypOBHEH.

(B) O6nosaenue cnuckos. Ha onpefeleHHOM 2z;-ypOBHE TeKYINee
E-mmomecTBo (mycTh aT0 MHOKecTBo E') ABiaserca ¢ Gonpmeii BepoAT-
HOCTBIO IIOJMHOKECTBOM Takoro MmHoskectBa E” (u3 cmucka L (z;)),
KOTOpOE NoIydYeHo u3 Toii #e obme# JacTu qepeBa DOMCKA. JTO Cpa-
BeJInBO noTomy, 4To E’ 11 E” nmeror o6myw 6obpmylo 9acTs nens oT
HA9aJBHOTO Yy3J1a [10 COOTBETCTBYIONAX OTIM MHOMKECTBAM Y3I0B
nepesa. Mtak, kamercs 6oJee BHTOHEIM pacnodoXnTh coackn L (z;)
KaK CTEKH H 1CHo.1b30BaTh a1roput™ FIFO «nepsBrimM npmmen—mnep-
BHIM YHIEJN», COTIaCHO KOTOPOMY B CJaydae Depeno;JHeHHA cTeka orbpa-
CHIBAETCA MHOKECTBO, HaXOJAIeecsd BHU3Y.

4.4.2. Beruncnenue Hnskeeit rpanunsl. Ha Hekoropoy sTane noncka,
oupenensemom B’, E’, z’', n xoraa 610k k seaserca caegyiomnm 6ao-
KOM, HOJJE;KaliiM pacCMOTPeHNI0, HAKHAA rpaHAna h INA HaHMEHb-
Mero 3Ha49eHMA BEIWYNHE Z MOyKeT OHTH BHIYIICJEHA M MCHO.IH30BaHA
IJA OrpaHUYeHUA AepeBa NOECKA CIelylomuM obpa3aom.

PaccMoTpny HEemOKpPHTHE 3aemeHT r; € R — E’, koTopmil oTcyT-
CTBYeT B MHomecTBax 6ioxoB k, k -+ 1, ..., i — 1, coorBercTBYIO-
MHX 2JEMEHTaM, eme He NOKDPHTHM JYaCTHRIM pemeHmeM. Torjga axe-
MEHT I'; He MO;KeT OHITh HOKDHT, IIOKA HEKOTOPOe MHOKeCTBO S; 60Ka i
He Bubpano Ja1a nobGasienusa k B’ Ha caegylomem stane. Mrak, nns
KasyKIOTO TAKOTO 3JeMeHTa I'; CTPOMTCH CTPOKa AAA MaTpuubl D =
= [d,,] m crpoxa nasm Bropoii Matpmun D' = ldg), rne d,, pasmo
YHCAY 371€MEHTOB B MHOKeCTBe SY, @ dg, — CTOEMOCTb MHOKECTBa 3.

Kpome Toro, k xasknoit matpune D m D’ gobasaserca jJomoxHu-
TeJIBHAfg CTpPOKa, CcKamxeM 0, ¢ dg, = § a1s Bcex s =0, 1, ...
vo oy M —|E'|ndjy,=s-min[cj/| S;|], rne muBrmMyMOM Gepercsa mo BCeM
MHOMecTBaM S; TakmM, 9To r; ¢ E'. YUncio sneMeHTOB B CTPOKe ¢y
matpaun D (uam D') MoxeT OGHTH OTJIHYHO OT YHCIA DIEMEHTOB
B IPYroil CTPOKe ¢.. IloaTomy, AoGaBmB B kouue cTpok 0 (myam) n oo
(6eckoneanocTn) coorBercTBenHo Asa MaTpuu D u D', nobsemca roro,
910K YUCI0 3IEMEHTOB B Pa3HBIX CTPOKAX CTAjJ0 OJNHAKOBEIM, CKa-
3KeM, paBHBIM f, a MATPAIB CTAAH OPAMOYTOJIBLHBIMA.

Tenmepsr MomHO BHCKa3aTbh pAn yreep:kuennmii. Ilockoasky onrtn-
MaJbHOE pemeHHe TeKymeil mof3afadl [O.JT#HO NOKpHBaTh M —
— | E' | anemeHTOB. TO, BHOHMDPAaA DO OHOMY 3HAUEHHIO M3 KarKAOM
cTpokn MaTpuul D) ¢ TarkuM pacderoM, 4To6H YIOBIETBOPAIOCH
vcI0BHE

(dls’ ":“d232 + e +d959)>ﬂl— l E,I
¥ MEHIMH3APOBANach COOTEBETCTBYIOMAA CTOMMOCTH

v :(dlin’ + ... +d’939)y
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abl KAR Pa3 H OOJAYUHM HIGKHIOK MPAHANY IJIA ONTHMAABHON CTOMMO-
cTH B mofA3agade (0 MOKPHTHH) — rpaHENeHl ABAAeTcHd HaileHHOe
3HaYeHHe V. 37ech MH NpeNoJarajd, 970 MHO;KeCTBA, COOTBETCTBYIO-
Oiie ajeMeHTaM MaTpunu D, pacnoso:KeHHHM B PasHHX CTPOKax, He
mepeceKaloTCA; TAKAA CHTyanmdA, OYeBHIHO, ABJIAETCA Hamiaydmeir ua
po3MoKEHX. IlochaeaHsaa cTpoka 0 mpocTo rapaHTHpYeT, TTO eCiIH

0-1
‘Z‘ d{.‘<M—|E'l,

TO OCTABIIHECA JJIOMEHTH HOKPHBAIOTCA HamaAyummM ofpasoM, T. e.
¢ MAHHUMAJBHOH CTOHMOCTHIO MOKPHTHA MJIA Ka:KIOTO XONOJHATEIHHO
OOKPHBAaEMOIro 3JeMeHTa.

HauMeHrmee sHadeHme 1A

J 9
D di,, npr orparmuenHm X di, =M —|E'|
tei i=1

Jerko MoxeT GHThL mOAyYeHO ¢ IOMOmMBIO CIEAYIOMEro AaJTOPHTMA
AHHAMHAYECKOTO NPOrpaMMHEPOBAHAA.

Ilycte g, (v) — HanGonbmee 9YHCIO 3JEMEHTOB, KOTODHE MOTYT
OHTh DOKPHTH TOJBLKO C IOMOIBI0 IEPBHX O CTPOK MAaTpunou D
(7. e. ¢ ACHOJB30BaHAEM TONBKO o GIOKOB 3ajadm), mpHieM obmas
CTORMOCTH IOKPHTHA He mpeBrmaeT v. Torna g, (v) Moxer GuTh Haii-
AeHO HTePAIHOHHKM METONOM, TAK KaK

g (V) :fnax [dos+ 81 (V—dpgy)], (3.17)
rRe g, (V) mpERaeTca HavaibHoe 3HaYeHHe, pasHoe 0 [IsA Bcex v.

CrenoBaTesbHO, HANMEHbINE® 3 3HAYCHMIl BeJMYMHH U, RJIA KOTO-
PHX BHIOJHAETCA HepaBeHCTBO go (V) == M — | E’ |, xak pas Gygmer
TpeGyemoit HmxHell rpammmeil h; 0HO MoOKeT GHTH JErKO MOJY4YEHO
03 TaGaMOH pemeHEs 3aja9d NHHAMHIECKOTO IpPOrpaMMEpPOBAHHA,
COCTaBJIeHHOH C HCIIOJb30BAHHOM NPHBOJEHHOTO BHIIe HTEPAIEOHHOTO
ypaBHenmA. Crexyer oTMeTHTh, ITO HE0GXOQEMO PacCMOTPeTh TOJIBKO
TaKEe 3HATCHHA BETMIMHAH U, 1A KOTOPHX 0 < v << 2 — z’, IOCKOIB-
Ky eciam b >z —2' (T.e. 8o (V) <M — |E' | nna v >z — 2'),
TO MOKHO Cpa3y e CHeJaTh IAT BO3BPAIIEHHSA.

4.5. BuaucanTensHAS XAPAKTEPHCTHEA ANTOPHTMA
pemenna 3HII

BuunciuTeNsHHe ~ BOSMORHOCTH  QJITOPHTMA,  OINHCAHHOTO
B pasn. 4.4 u npennasnavennoro nua pemerns 3HII, npencraaens
B Tabn. 3.2. Bo Bropoit m Tperwheit rpadax rabammH maEH wACIa
CTPOK H CTOJNGHOB, mOJydYeHHHe UOCJHe NPAMEHOHHS YOpPOIIAOIEX
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npasna. JlanHLe BO Bcex 3ajauax 3ajaBajMCh CIy4adHBIM 006paaom,
a cTommocTH 6pasmch PaBHBIME efuwHHUNe, T. €. ¢; = 1, nuaA Kamporo
cToabua j.
Tabauya 3.2
Bpema Bwunciennsa npe pemenna 3HI

Yaurs1
Jadava Sucao cmpan | ,:0’3%’2 of | Homrecms MW‘Z‘; '::Z e 10 kpwil

noucka

1 15 20 0,22 0,08 0,02
2 15 25 0,25 0,04 0,01
3 15 25 0,30 0,06 0,02
4 20 60 0,18 0,25 0,07
5 20 50 0,20 0,11 0,02
6 20 75 0,23 0,35 0,05
7 25 110 0,17 0,60 0,06
8 25 120 0,19 1,30 0,16
9 25 170 0,22 1,50 0,11
10 30 80 0,12 1,00 0,20
11 30 180 0,15 10,50 1,60
12 30 250 0,17 6,00 0,52
13 30 340 0,21 9,20 0,30
14 30 475 0,20 11,00 0,09
15 30 500 0,23 22,00 040
16 30 700 0,23 105,50 3,02
17 30 725 0,25 32,50 0,12
18 30 875 0,26 57,20 0,18
19 30 1000 0,27 72,80 0,19
20 35 160 0,09 18,50 2,18
21 35 2% 0,13 28,00 2,03
22 35 460 0,16 75,50 295
23 35 585 0,18 129,50 3,96
24 35 780 0,19 141,20 5,03
25 35 1075 0,20 110,00 0,55

1) CIC—6600, B CEXyHnax.

2) Ygcno yaiioB B JepeBe NOHCKA (B TRICHYAX),
Jlemxe, Canxnn u Moras6epr [41] npennomunn Taxme MeTonE peme-
pusa 3HII, B KoTOpHX HCOONB3YIOTCA AepeBo moucka (MHOTO THOA),
a TaKKe JWHeiiHhe NMporpaMmHi. Pemenme COOTBETCTBYIOMEIl 3ajadm
NWHEHHOTO IpOorpaMMEpPOBaEEA GepeTcA B KadecTBe HHMKHEH IDAHHIIH
B Iponecce MOMCKA N1, KPOME TOrO0, ONpefelaseT XapakTep HOCIenyIo-
Iero BeTBJEHHA B TeKymem yaiae nepesa mnoucka. Ilogxonsr, Gasm-
pyoIuecs Ha PAcCMOTPEHEHM OTCEKAIOMEX NJOCKOocTed @ mopnobHbie,
B OpUHATEOE, TEM, KOTOPHe npuMensaioTcs B obmem O-—1-mporpammu-
posammn (32], mpencraBaenn B paGorax Xaysa, Heacoma m Pano
[35] m Beamopa u Patanda [9]. Cpasrenue sTux MeTONOB B HCCIE0Ba-
HMe WX BHYMCINTENbHBIX XaPAKTEPUCTHK AaeTcA B crathe Hpmero-
¢uneca u Kopmana [19].
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5. Ilpuno:;xesmsa 3aKauYR 0 IOKPHITHEH

5.1. Buop mepesogumkoB

IIpeamono:kuM, YTO OPraHM3aIUE HYKHO HaHATH IIePEBOIAKOB
¢ (¢paHIy3CKOro, HEMEOKOro, TrpeYecKOoro, HTAJBLAHCKOrO, HCIAH-
CKOI'0, PYCCKOro H KHTafiCKOTro ASHKOB HA AHIITHHCKHA H 4TO HMEETCA
naTh KaupEaatyp A, B, C, D m E. Kampaa kangmaaTypa BiajeeT
TOJBKO HEKOTOPHM COOCTBeHHHM NOAMHOKECTBOM H3 YKasaHHOTO
BHIIIe MHOKECTBA ASHKOB H TpeGyeT BIOJHEe ONpeREJCHHYIO 3apOJaTy.
Heo6xonumMo pemmaTh, KAKEX NePeBONIAKOB (C YKASAHEHX BHINe ASH-
KOB Ha aHIVIMACKHH) HaNO HAHATH, ITOGH SaTPATH Ha sapmiaTy OHJIH
papMeHsIMAME. OueBHAHO, YTO 5TO — 3aJaYa 0 HAMMEHHIIOM IOKPH-
THH.
Ecan, HanpuMep, TpeGoBaHHA Ha OOJATY TPYHa Y BCeX NpeTeHACH-
TOB ORAHAKOBHE M TPYINNH ASHKOB, HA KOTOPHX OHH IOBODAT, YKasa-
HEN HWKe B Marpmne 7', To pemeHHe 3afav® GyAeT TAKHM: HYAKHO
HaHATH mepeBofumkoB B, C m D.

Hepesoduur

~
-]
*
(9]
&
R

Asux

@panrnyscKmit
Hemenxmil
Tpeveckuit
Hranpaackuit
Hcnascknii
Pyccruli
Kerafickni

QOO O =
O OO =O
O = OO0 -
OO OO m
—_-—_-00000 txy

5.2. Hadopuanmonanii monck [21)

ITpennmonokEM, 9TO HEKOTOpPO® KOJIMYECTBO efWHEN HHPOpManmE
xpanutTca B N MaccmBax gamEH c¢;, j =1, 2, ..., N, opuuem Ha
KamAyo efuHNNy HEGOPMAIMHE OTBOAMTCA N0 MeHbmeHd Mepe OAMH
MaccwB. B HexoTopHil MOMEHT feaaercaA sampoc o M egmBEEnax mEdop-
samua. OHE MoryT OHTHL HOJYYeHH pasSANYHEHMH cHocobamMu IOpH
IOMOINM MOHCKA B MaccuBe. J[J1A TOro YTo6H moayuaTs Bce M eNMHHIL
nEdopMANAE M OPH 9TOM NPOH3BECTH NPOCMOTP MACCHBOB HAHMEHB-
meii AanEH, Hafgo pemuats 3HII, BKoTopoii anemenT ¢g; MaTpuns I’ paBeH
1, ecan wadopmanua i BaxopuTCA B MaccHBe, H 0 B IpoTHBHOM CiyYae.
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5.3. MapupyTa moneros camoneros [1, 55, 64, 65]

IIpeamonosxum, 94TO BepmIHE HEOPHEHTIPOBAHHOTO rpada G npel-
CTaBIAIT a3pomopTH, a AyTH rpada G — 3ranw mo.1etos (Gecmoca-
HOYHHE IepesieThl), KOTOPbie OCYIIECTBJISIOTCH B 3ajJaHHOe BpeMAd.
J1060ii MapmpyT B 3aTom rpade (yaoBIeTBOPAMEII PARY YCIOBHI,
KOTOphle MOTYT BCTPETHTBLCA HA HPAKTHKE) COOTBETCTBYET HEKOTOPOMY
pea;ibHO BLIDOJHNHMOMY MapmpyTy Hodera. Ilycts umeerca N Tanmx
BO3MOKHHX MapmIPYTOB H JIIA KaKAOTO H3 HINX KAKIM-TO CHOCOGOM
HDOJICYATaHA ero CTOMMOCTh (HampuMep, CTOMMOCThL j-IO MapmpyTa
paBHa ¢;). 3ajada HaXOKJeHHSA MHO/KECTBA MapmpPYyTOB, MMEIOMIEro
HaHMEHBIIYI0 CYMMapHYI0 CTOMMOCTB I TAaKOTO, 4TO K&Kl 3Tam
moJeTa cogepsRMTCA XOTA OW B 01HOM BHIOPaHHOM MapmpyTe, ABISET-
cA 3aja9eil 0 HaHMEeHbIIeM NOKPHTHU ¢ MaTpuneit T = [!;;], B KoTo-
poit aaemeHT !;; paBeH 1, -ecan /-if 3Tam cogepskUTCA B j-M MapmpyTe,
u paseH 0 B mpoTuBHOM cayuae.

YkasieM eme Ha OJHY Pa3HOBHAHOCTh pPAaCCMOTPEHHOH 3ajgadd
(Tak:;ke 9acTO BCTPEYAIOMYIOCH IpH Ha3HAYeHUM MAPmMPYTOB HOJETOB).
Ecan tpe6oBaTh, 4TOOH Ka)KAHI 3Tall COAEP;KAJCHA TOJLKO B ONHOM
mapmpyre, To npuxoaum kK SHP, coorBercTBylomeil cdopmyauposan-
ol Bume 3HII.

5.4. Yopomenne normgeckux (6yaeBCKHX) BbUpasKeHHii
[30, 50, 51, 67, 44, 43]

Ilpn ynpomeHnmn TOrH4eCKOTO BHpaKeHus (Jormueckoil ¢opmy-
an) E, KoTopoe, HampuMep, 3a1aHO B JU3BIHKTHBHON HOpMaJbHOLl
dopme '), MOCTATOYHO PACCMOTPETH TOJBLKO MHO€CTBO P HpoCTHX
uMnIaKaAToB gopmyan E. «Haunpocreiimas» ¢opma?) aaa E nmoay-

JaeTCA TOIZla C MOMOMBIO BhieJeHnss B P nmoamHO;KecTBa P HamMeHb-
meil MOIMHEOCTH, YAOBJIETBOPAIOIEro YCIOBHIO: KasKIad dJeMenTapHad
KoEpOHKnuA K u3 E «nokphiBaeTCA» DO KpaiiHefl Mepe OJHHM Hpo-

CTHIM HMMIUTMKaHTOM [ m3 P (t. e. unmmamkanua K —» J saBagercs
TO/JecTBeHHO ucTuHHOi). Od4eBUAHO, YTO 3a7a9a HAaXOKIEHHA «HAU-
npocreiimeity Gopme spaserca 3HII co croumocTamm ¢; = 1 naa seex
=1, ..., N.

Jdra 3ajgada, KpoMe TOr0, JKBUBAJEHTHAa 3ajade IOCTpPOEHUsA
«upocreiimei» nepexaiodaTesbHOIT (KOHTAKTHOH) CXeME, peaamsylo-
meil JaHHYI0 JOTHYECKYH (opmyry.

1) Yacto npmvenmalor cokpamenme — T.H.G.— Hpum. ped.

?) «Haunpocreiimas» ¢opma, paccMaTpupaemas ajiech, YaCTO HA3HBAETCA
xpamuatwel G.n.$. 1NpOKO M3BeCTHW U Jpyrue A.H.Q.— MUHUMALLHEE, mynu-
xogue, coxpawyennve.— [Ipum. ped.
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5.5. 3amaua o pasmoske (o mocramke) [7, 47, 24]

B samawe o pasBoske rpa mpeAcTaBAseT ceTh AOPOr, ONHA €ro
BepIIMHA IpPeACTaBIAET CKJIaX, a BCe OCTAJbHHe BepmHMHN H306pa-
maT morpebmreneii. Tpamcmopr, moxmmawmmit criax, cHabmkaer
TOBAPOM HEKOTODHX moTpefmrTenel, mocie 9ero BO3BpAIAeTCA HA
ckaaf. IIycTb «cTommocTs» MapmpyTa j paBHa ¢y (HaDpEMeEp, ¢; MOKET
6HTE KBmIOMETPa’keM MAPIIPYTa HJIH BpeMeHeM, HeOGXOMHMEM JIS ero
opoxokaennrsa). CopamuBaercs, CKONBKO MAMME CIEYeT HCIOJIb-
30BATHh HA Pa3sHHX MAPMPYTaX, Iro0H B OXMH H TOT Ke JeHb JOCTAB-
JAATH BCeM MOTPeGHTENAM TOBAPH (Ka/KAOMY IOTPeGETON0 mMOCTABIACT-
cs cpa3y Bce HeoGxoxmMoe) H YTOGH CyMMapHAasi CTOMMOCTH IPOXOIH-
MHX MApmMpYToB GHiIa HamMeHbmed. Ty 3afavTy, OUCBEAHO, MOKHO
paccMaTpmBaTth Kak 3HP, B xoTopoit cToa6mH npexcTaBAAnT BCEBOS-
MOKHHE OCymecTBHMHEe (C y9YOTOM NIPAaKTHIECKAX OrpaHHIeHmii)
3aMKHYTHEe MAPIMPYTH, HAYMHAIIEECA H KOHJAIOIIEECS HA CRIANe.
Crporm mpenctasasmT morpebmrejneii.

IToarm mpeRTEYHA paccMOTpeHHOR 3ajade 3ajada O IPOKIALKe
9JIORTPHIECKOT0 Kabensa MIA mONAaYd JIEeKTPOIHEPTHH OT NOACTAHIME
{cx.uana) R DOTpe6HTeqAM B ¢ROJBIEBHX CX6MAX JHeprocHaGReHmm»

15]. Opyrme npaxrraeckre npmaoxkerns 3HII u 3HP ceasanw ¢ cae-
xpoumsanmeil surmi c6opka [59, 25], rocynapcrsemEnM paioampoBa-
mrem [29], ¢ Buumenenmem rpammN B 3ajavax o6mero ne;I0YHCISHHOTO
nporpammeposanus [18], ¢ cerennm mrammposammem [20] n ¢ paspa-
6oTroit cxeM samuTH E Hamagemmsa [S, 10],

5.6. JIpyrue sanaym o moxpwTHE rpados

Boapmoe umcao 3amad TeopEE rpadoB MOKHO CHOPMYTHDPOBATH
rak 3HII, xora MBorme m3 HEX MOryT 6uThH pemenH Gonee apPerTHBHO
C IOMOmMBI0 HHHX TEOPeTHKO-rpafoBHX CpeACTB, pPacCMOTPEHHHX
B APYTAX YACTAX 370 KHATH. B 1amHOM pasgene MH XOTEM NOKA3aTh,
KaK HeKOTOpPHe H3 3THX 3afau cBasamH ¢ 3HII.

5.6.1. Haummensmee goMHAHMpylOmee MHOMecTBO. Har ymoMmma-
J0Ch B pasf. 4 HaCTOAMPH IIaBH, 3a[a9a 0 HAXOKACHHE HAHEMEHbLIIEro
ROMEHEpYIOmMero Muoxectsa rpaga G asaserca 3HII ¢ raxoit Marpm-
melt 7', RoTopas MOJyIAeTCA B Pe3yabTaTe TPAHCIOHHPOBAHHS MATPH-
0N cMeKHOCTH rpada G ¢ 6IHHANIHHME J6MEOHTAMH Ha rJaBHOK qma-
roHAJH,

5.6.2. Hamboapmee mezaBEcHMOe MHOMecTBo. ONmH H3 cmocoGoB
HAXO/KAGHAA HAaHGOJBmMeEro He3aBEHCHMOTO MHOKECTBA BepmmH rpada
G = (X, T) cocToHT B NOCTPOGHHH BCEX MaKCHMAJBHEX HE3aBHCHMHX
MHOKeCTB BepmAH H BHGope H3 HEX MHO;KecTBa ¢ HamGoJgpmed Momi-
HOCTBIO. J[pyroit cmoco6 TakoB: HCXOMHAS 3a7a9a HETEPIPETHPYETCS
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kak 3HII, B xotopoit cToaGuu MaTpEne I COOTBETCTBYIOT BEPHIMHAM
rpaga G, a crpokm — pebpam, npmueMm i;; = 1, ecam BepmmEa z;
EHOAEHTHA pebpy a;, ¥ t;; = 0 B npOTHBEOM Ciy4ae.

Torna oueBmpro [23], uT0 ecam X = X — muo0®ecTBO cronbuos
B (EamMenrmeM) pemenmm paccmaTpmpaemoir 3HII, To MEoMKecTBO

X — X saBasercs HamGOJbLIMIEM He3aBACEMHIM MHOKeCTBOM rpada G.
910 cHpaBelIEBO IOTOMY, 9TO €CAHM X — MHOJKECTBO, HOKPHBAIOMIee
pebpa rpada G, To Kaxaoe pebpo EHOEAEHTHO N0 KpaitHell Mepe OqHOK
BepmEEe u3 X W, Ce[0BATEAbHO, HAKAKEE J(BE BEPIIEHH MHOMKECTBA
X — X me moryr Ours cMexEnME, T. e. X — X — HesaBECEMOe

b 4
MHOKecTBo. Boaee Toro, ecim X — X ABISETCA HE3ABACHMEM, TO
Kaxkaoe pebpo rpada mEOANEHTHO camoe Gosbmmee OHOE BepIHEEE HB

X — X m, seaunr, X — MHOKECTBO, NOKpHBalpmee pe6pa rpada G.

OTcrona caenyer, 9T0 [JONOJHEHHE KaKAOTO MHOKECTBA BEePINIHH,

nokpuBalpmero pebpa rpada G, ABAAETCH HEBABECEMEM MHOMECTBOM,
w

a mockoasKy X HMMeeT HAWMEHBLIONYI0 BO3MOMKHYI0 MOMHOCTH, TO
X — X ecty HamboabImee HE3aBHCHMOE MHOMKECTBO.

5.6.3. HanMennmee nokpuiTae ® HauGoapmee napocodYeTaHme
(cm. ra. 12). To, 9To B AATEpATYpEe HABHBAKT HAUMEHLUUM (NOKDbI-
muem», npencraBaser coboit maoxectso E peGep rpaga G = (X, A),
TaKoe, 9T0 KaKfad BepmuEA rpada G MEOuUAeHTHA IO KpaiiHeil Mepe
oneoMy pebpy m3 F m Mommocts MHOKecTBa E — MEUHEMMaIBHO
po3mokHas. TaxmM o6pasoM, mockoasky E MOMKHO paccMaTpEBaTh
KaK «[[OMAHEpYyloIiee HaJ BepmuHamu» rpada G, T0 MHOKEeCTBO E* —
HAEMeHbIlee W3 TAKEX MHOMKECTB — MOKHO HAa3BaTh, COTJIACHO TEp-
MHHOJIOTHH, HCIOJH30BAHHOM B 3TOH TJaBe, HAUMEHbWUM OOMUHU-
pyowum mHoxecmeom pebep. VapecTHa HHasA 3ajada 0O HAXOMACHHH
HAEMEHBIETO NOKDHTHAA: HYKHO OTHCKATH «(CIENAAJBHOE» MHOMKe-
ctBo M pebep rpada G — B M He moMxHO OHTH cMeRHEX pebep.
MmuoxecTBo M HABHBAIOT NAPOCOYEMAHUEM, 8 MEO)KECTBO M* — ¢ Bam-
Gonpmeill MOIHOCTHIO — SBJISAETCHA HAUOOALWUM NADOCOYEMAHUEM, €TO
MOKHO HABHIBATH TAKIKE HOUGOABUWLUM HE3Q6UCUMHM MHONCECTEOM
pebep. DKBHBAIEHTHOCTH 3afad 0 HambGoabmeM NAPOCOYETARHE H O
HAHMEHbIIEM IOKDHTHH JE€MOHCTpApyeTca B ra. 12, moceamermnoit
U3Y9YEeHHI0 DNapocoueTaEmit. TaM ycTaHaBAEBAaeTCs, B YACTHOCTH,
clefyomee yTBep;KIeHHMe: NycTh B HamboabmeMm moxkputmu E* cre-
meHh BePMEHH I; ecTh dE* (z;) (paccMaTpEBalOTCA ToabKO pebpa
u3 E*), Torna, ecnm nas Kaxpoil sepmmnm z; ¢ dF* (z;) >1 ynanaTs
df* (z;) — 1 pebep, MHUBAEHTHHX Z;, TO OCTABIIEECA MHOMKECTBO
pebep ob6pasyer mamGoarmee mapocouetanme. O6partHO, ecam M*
ecTh HamGoJblee DNApOCOYETAHHE M [NA KasK[0H BEPIMHEI I; C
c dM* (z;) = 0 nobGaBnsierca pe6Gpo, FHNAAEHTHOE Z;, TO IOJYYJAIOMEECH
MHO;KeCcTBO pefep obpasyer HamMeHbIIee NOKDHITHE.
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3HN

HawmeHrbwee
NOMMHMPYLOWEe
MHOXECTED
BepwwH

3HN C eAWKHYHLIMIH CTONMOCTAMM

Hanéonpwee
He3aBnchmoe
MHOXECTBO

Hanbonbiwan
KAnKa

Hanmenviuee

onblee
AOoMMHMpYOLee E:::nucuuoe
MHOXKECTBO MHOXecTBo pebep
pedep oe (HaubonblIee
(';:?;:m:) NapocoveTanie)

Puc. 3.5. [marpamma BsaEmocBaselt ME/KAy 3ajauaMm.

Han6oarmme napocoueTaHHss H HAMMOHbIDHE MNOKPHTHA MOMKHO
onmcatp Ha ¢sasHke» SHII. B cayvae mokpHTRil cTON6NH MarpEmu T
npencTaBasioT pebpa rpaga G, a CTPOKH — €ro BEePIIMHH, OpHIEM
t;; = 1, eciu BepmuHa z; MHIWIEHTHA pe6py a;, a mmaue ¢;; = 0.
C.nenomge.nbno, marpuna T B 9TOM CAydYae eCTh MATPHIA MENAAEHIAH
rpada G.

Ha puc. 3.5 noxasana quarpaMMa B3amMOCBASEH MeMK/Y 8aJlauaMn,
rje Ayra OT 8a/lau¥ & K 8afiave f osHauaeT, YTO peIIeNme 3aflavH &
Brever sa coboit pemenne sanawm P [34, 39). Cease Memay HamGoap-
MHAMA HESABHCHMHMM MHOKECTBAMH BEeDIIMH M HamGoJpmEMM KIH-
KAMHA YCTAHABJIMBAETCA C NOMOIIBIO NONOJNHHETEABHKX I'PagoB, & MEKNY
HAHGOJPIIEMA HESaBHCHMHMM MHOKECTBAME BepmEE H Hamboas-
IMMA NIapOCOYETAHMAMH — ¢ IOMOmMBI0 peGepHEx rpador. (Ompene-
nenme peGepuoro rpada cm. B ra. 10).

5.6.4. TlokpurEe rpada moxarpadamm. HamecTHO menoe ceMeii-
CTBO 38jla4, CBASAHEHX C MOKPHTHeM (MAE pasGmeHHMeM) MHOKECTBA
BepMHE HJIM MHOMecTBa peGep rpada cmemmaipEEME mOArpadamMm
(na cnmemmaapENe moArpadu). Hanmpumep, MoKHO paccMaTpEBATH
HOPOKGHHKNE MOATpadH MaAM OCTOBHNe moprpadu rpada, mmenmmue
npenmacannne cpoiictea. Torma B MaTpEnmax 7' B3 COOTBETCTBYOIIHX
3HII (mam 3HP) croabum 6yayT DpeAcTAaBAATh BCe HOPOMNAEHHHE
noarpads MM OCTOBHEE HOATPadH ¢ 3aMaHHEIMA CBOACTBAMM, 8 CTPO-
KH MaTpur GynyT mpefcTaBAATh BepmMEHR Ham peGpa rpada. B ra. 4,
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BanpmEMep, 3ajada O HAaXOKAEHMM XPOMaTHIECKOro uuciaa rpada G
paccmarpuBaerca kak 3HII, B koTopoil cTpokm Matpunu 7 cooTBeT-
ctBylor BepmmBaM rpada G, a cToaboh — MaKCAMAABHEIM He3aBH-
cEMHIM MHOKecTBaM BepmEH rpada G (T. e. MAKCHMaJBERIM BIOJHC
BecBA3BHM moarpagam rpada G).

Jlpyrme 3ajadm CBA3aHH € HM3yJeHHMEM IOKDHITEA pebep rpada
MM ero OCTOBHHMHA HNOATPadaMu C QEaMeTpoM, He NPEBOCXOIAIIAM A
[13], man «3Be3namm» («3Be3nBEIMA NepeBbAMMY pada), HAM IPOCTHIME
mensAMya B nEkaamm (16, 42].

6. 3agaun

1. IlepeumcanTs BCE MaKCHMAJbHLE He3aBHCHAMEE MHOKECTBA
rpada G, nokasaBHOro Ha puc. 3.6, m, ciegoBaTelbHO, HAMTH TUCIO
pesasucamocta olGl.

2. Hcoonap3ya merom m3 pasp. 2.3.2, coCTaBMTL CIOHCOK BCeX
MaKCHMaJBEKWX HE3aBHCHAMHX MHOKecTB rpada, DpPHBEJEHHOI'0 Ha
prc. 3.7. (ObparnTs BHAMaBne Ha cmMMeTpmio rpada.)

%y Xg

Pac. 3.6.

Xq X2 X3 Xa Xs

o ‘o
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Puc. 3.8.

3. Iloxasats, 4wro Aaa AamHOro rpaga G = (X, I') mesammcuMoe
MEO:KecTBO A — X ABasercas HamGoAbmMMM TOTZla H TONBKO TOTJA,
KOTfla i HPOHMSBOJBLHOrO HE3AaBHCHMOTO MHOMxecTsa Bc X — A
COpapefJIABO HEPABEHCTBO:

B|T(B)U 4|
(cu. [63)).

4. IlokasaTh, 9TO B IOJIHOM HEOPHQHTEPOBaHHOM rpade K, kam-
noe pebpo mpHHANNEKAT POBHO n — 2 TPeYTOJLHEKAM (T. €. IMKJIaM
AMHEH J).

5. Jlerko mokasaTh, YTO yTBEpKJeHHe, 06paTHO® HpPHBEEHHOMY
BHINe B Bafiave 4, HEBEPHO, T. €. €CHH Kas;kAoe pe6po B rpade G conep-
KHTCA POBHO B n — 2 TpeyroJbHmKax, T0 rpad G He obsasaTenbHO
copnagaer ¢ K,. (Ha puc. 3.8 mpamener rpad, B KoTOpOM KaMkKm0e
pebpo mpEHAINEKHT TOJBKO ABYM TPeyroabHAKAaM, HO rpad oTamuen
ot K,.) Ho npuBenenHOe B 3ajjave 4 yTBepMKeHEe MOKHO HCHIOAB30-
BATh /I HAXOKEHHMA BODXHEll OIeHKW KAWMKOBOro wucia rpada G,
T. . TAKOro HamGoJpMIero 9uciaa r, 94r0 B rpage G CONepP:KATCA NIOA-
rpa¢ K,. CooTBeTcTByOmas OLEHKA KJIMKOBOro 4umcia rpadga G
moayvaercs CIeAymomEM 06GpasoM:

(i) Hauats co 3HaveHHMsA r, paBHOrO HEJKHEH I'DAHANE KJIHKOBOTO
9HCJIA PACCMATPHBAEMOTO Tpada.

(ii) YnanmTs Te pebpa, KoTopwe He cofepsKaTca XoTa 6w B r — 2
TPeYroJbHAKAX.

(iii) IToBropare (ii) paa r =r + 1, r + 2 u 1. A., KO Tex mop,
OoKa He ocraHercs pebep membme, deMm r (r — 1)/2. Texymee sHa-
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genme r 6yger Torga BepxHeil rpaHmneil kamkosoro umciaa. ITokasaTs,
9TO ONHCAHHKIM BHINE aJTOPUTM ABIAETCA KOPPEKTHHM, H IDHMEHHTD

ero K rpady G — pmomoameHmi0 rpada G, IPHBEJEHHOTO Ha pHC. 3.7.
Peayabprar CpaBHHATH CO 3HaYeHHeM o [G], HaileEEHM B 3amaue 2.

6. Insa nepenaum mEdopManME HCIOJB3YETCH N CAMBOJOB (6YKB)
m3 muOxectBa X = {z,, ..., z,}. Pacemorpum rpad G = (X, 4),
B KOTOpOM (Z;, z;) € A TOTHA H TOJBKO TOTAA, KOTHA CAMBOJ Z; MOKET
GHTb COyTaH C CAMBOJIOM I; Ha IIPHOMHOM KOEINle KaHaJa cBadm. Cmum-
BOJIH HCHOJB3YyWTCA B 610KaXx — k-6ykBeHHHX «ciaoBaxy». Ilokasats,
9T0 YHCJI0, paBHOe HamboJbIIEMY YHCIY CJIOB, KOTOPHE MOKHO HC-
monb30BaTh AaA 6GesommbG09HOH Nepefadym mEOpPMANUHA, COBIOAMAET
¢ umciom HesasmcmMoctH o [G'] rpada G*F =G X G X ... X G
(k pas), rme mpomasemenme G’ X G" gByx rpados G = (X', A')
2 G = (X", A") ects rpadp H = (Y, B), y Kotoporo

Y={Iin |Ii EX,, Ij EX”}

u
B={(-"31-"31s ) |z =25 ¥ (24, 7)) cA",
aa ry=2z; B (I, 7)€ A",
w1l (zy, 2,) €A’ ® (74, 7)€ A"}
(cu. [61]).

7. Ilokasats, 9ro maa aw6ux asyx rpados G' m G" copasegamso
HEPaBeHCTBO

a[G' X G"=a[G']-a[G].

8. (i) IIycts G — meopuerTHpoBamHHA rpad. OGocHoBaTH HEpa-
BeHCTBO o [G] = B [G], moxaaas, uTo Kaskmoe MaKCEMaJbHOE He3aBH-
CHMOE MHOKECTBO eCTh JOMAHHPYIOIEEe MHOKECTHO.

(ii) IIpmBenaTe mpEMep, NOKAa3HBAKOINANA, YTO HAHMOHBINEE AOMU-
HAPYIOmEe MHOKECTBO MOJKET He GHTH He3aBHCHMEIM.

9. Ilokazars, 9o Ba maxmaTHOI focke k X k npu 2<< k <4 neBo3s-
MOKHO paccTaBATh k ¢epaseit Tak, YTo6H OHA He aTaKOBAIH APYT
apyra. Haita pemenme nna k = 5.

10. Myr m Mosep [46] moxasanm, 9ro HambosapImee YHCIO KIHMK
(o603BaumM ero f (n)), KOTOpPHE MOr'yT BCTpeTHTHCA B rpade ¢ n Bep-
IDAHAMHA, JaeTCA COOTHOIMEHHAMH:

373, ecam n=0(mod 3),
4.3¢" 03, ecaim n=1(mod 3),

2.3 ecrm =2 (mod 3).

IToxasats, uTo omeHKa f (n) MOCTHraeTCA TOABKO IiA CAGLYIOMHX Tpa-
dos G:
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a) Ecim n = 0 (mod 3), To rpad G cocromr B8 n/3 KoOMHOHEHT
H Ka)Kgad KOMOOHOHTA ABJAETCA TPeYTOJbLHHKOM.

6) Ectk n = {1 (mod 3), To ambo rpad G mmeer (n — 4)/3+1
KOMIOOHEHT, IpEYeM ORHA M8 HAX — muKa C;, a Apyrae — TPeyroib-
gEKEA, aa60 B rpade G nBa ¢oTmeAbHEX» pebpa B (n — 4)/3 ¢oTmemn-
HHEX» TPeYTOJBHAKOB.

*s) Ecam n = 2 (mod 3), To rpad G cocTOBT B3 OXHOTO OTREABHOTO
pe6pa & (n — 2)/3 oTmeaBHHX TPEYTONILHAKOB. )
IlpoBepHTh HpEBefeHHO® BHMe YTBEPKNeHEHMe RAA n = 3,.4, 5.

11. Hcmonpsya ynpomeHnsa, 0 KOTOPHX muia pesb B pasy. 4.2,
ACKJIIOYETh MAKCHMAJBHO BOSMOJKHOe THCJIO CTPOK H CTOJNGIOB M8
3a/la9| 0 HOKPHTHA, ¥ KoTopoii MaTprnH [c;] 1 [¢;;] uMetor cremyrommit
BHJI:

1 2 3 4 5 6 7 8
1 1 1.1 0 0 1 0 1
2 1 0 1.0 0 1 0 1
[t,J=3]0 0 0 1 0 0 0 0
4 10 1 0 0 1 0 1 1
$s10 0 0 0 1 1 1 O
[ 1 1.0 0 0 0 1 O

[cJ] = [ 4' 71 51 8. 31 2’ 6’ 5 ]

(3aMeganme. Yupomenne 4 IPAMEHATH TOJBKO RJA CIYyIad [& | =1.)

12. Ucnonpsya Merox ms pasg. 4, pemmts 3HII, moaywemmyio
B3 safadu 11 mocne ocymecTBieHHA BCeX HeOGXOXHMHX YIPOICHHNA.
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PACKPACKH

1. Brepenme

PasnooGpasanie 3amad9d, BOSHHKAIOMMHEe IPH IJAHAPOBAHHEE IpO-
HBBOJICTBA, COCTAaBJCHHM rpadEKOB OCMOTPA, XPAHGeHEHE H TPAHCHOP-
THPOBKE TOBAPOB H T. A., MOTYT GHTH IpPeACTABICHH JACTO KaK 342K
TeopHE rpados, TecHO CBASaHHHe C TAK Ha3HBAEMOH «3afaveir pac-
kpackm. I'padu, paccMaTpuBaeMHe B 3Toil IiaBe, ABIANTCA HEOPHEH-
THPOBAHHHME H HE HMEIOT IeTeJb; eCJHd CIeqHAJbHO He Or0OBaPABAET-
CS MHOE, TO IIOX CIOBOM «rpad» MOHEMAETCA HMEHEO TaKo# rpad.

I'pad G HasHBaOT r-zpoMamuxeckuM, €CIH er0 BePHIMHH MO2Yym
6umbd packpauientt ¢ HCIOONL30BAHHEM I IBeTOB (KPACOK) TAK, dTO
He Hafiflercsa ABYX CMeRHHX BePIIMH ONHOrO usera. HamMensmee amc-
Jo r, Takoe, 4T0 rpad 7 ABAAETCA r-XPOMATHYECKAM, HASHBAOTCA
zpomamunecsux Yucsom rpada G m oGosuagaerca y (G). 3amaga HAXOXK-
ReHHA XPOMATHYECKOro YHcCIa rpada HasmBaeTcsa sadaxell o packpacke
(nnm sadavel packpacku) rpada. CooTBercTByIOmMAsn 9TOMY THCHY pac-
KpacKa BepIIHH pa3bmBaeT MHOKeCTBO BepIIHH rpada Ha r moaMHO-
/KECTB, KasKf0oe H3 KOTOPHX CONEP/RAT BePMIHHH ONHOTO IBETA. OTH
MHOKECTBA ABJANITCA He3aBHCHMHMH, IOCKOJbKY B IpefieilaX OXHOTO
MHOKEeCTBA HeT BYX CMeKHHX BepIIHH.

Boo6me rosopsa, xpomaTEweckoe wmcao rpada (Tak sKe Kax wmciaa
He3aBHCHMOCTH H NOMHHHDOBAHHA, PACCMOTPeHHHE B IpeAMeECTBYIO-
meii riaaBe) HeJAL3A HafiTH, 3HAA TOJNBKO YHCJIA BepmmEH H pebep rpada.
HepocraTrouHo TaksRe 8HATh CTeeHb KasKAOH BePIIAEH, 9TO6H BHYHC-
AATH XpoMaTHIeCKoe dmcio rpada. B asrom Momeo yGemmrhes, pac-
cMarpaBas rpadsl, npaBefeHHHe Ha pHC. 4.1(a) m 4.1(6). 3tr rpadu
BMeloT Mo n=12 Bepmmn, m = 16 pelep & ogEHAKOBHE pacHpefeIeHAS
cremeHeif Bepmen d;. OnHEAKO XpOMATHYeCKHe IACIA NAHHNX rpados
paBHH 4 H 2 coorBercTBenHO. IIpH H3BecTHHX Benmumrax n (ImCAO
sBepmeH), m (wmcxo peGep) m d,, ..., d, (cremerm BepmEH rpada)
MO/RHO IOJYYHTh BePXHIOI0 H HE/RHIOK ONEHKH [ XPOMATHYECKOIO
gmEcia rpada. 3TEM OmeHKaM HOCBAIIEH CHeNYIOIEE pasmed.

3anava HaXOKNEHAS XPOMATHYECKOTO TMCJIA TPOHSBOILHOTO rpada
ABHJIACH MPeAMETOM MHOTHX HcclefoBaHHit B KoHme XIX m B Texymem
croisetE. Celflyac O 3TOMY BOIPOCY HSBECTHO GOJBIMOe KOJIHYECTBO
BHTePeCHHX pesyiabTaToB. B aroit riase, ommaxo, Mm He mHTaeMcsa
OGCYIETEH 9TH PesyJbTATH HJIR XoTA 6H maTh EX KpaTkmit 0630p. Mu
BBOMEM TOJBKO TaKHe IOHATHA, KOTOPHE HYKHH I IOCTPOCHHS
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A o————08
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Puc. 4.1. Xsa rpada c ofaBAKOBHMHE n, m B pacOpe/leleEHAMA CTeleBeil BepIIAH,
HO ¢ pA3JMYHLIMA XpOoMATHIOCKEMEA Yncramu. (a) y (G) = 4. (6) v (G) = 2.

aJTOPHUTMOB pEemeHHEA 3afdad# o packpacke rpada. 3pmece MH pac-
cMaTpABaeM B OCHOBHOM aJITOPETMHI (KaK TOYHHe, Tak B «upmGam-
A{eHHHE)), N03B0JAI0NAe HAXOARTH (TOYHOe MR NPAGIRKEHHOE) 3Ha-
9eHME XPOMATHYIECKOTO UWCJa IPOU3BOJBHOTO rpada M COOTBETCTBYIO-
OIyI 3TOMY 3HAYEHWI0 PAaCKPACKY BeDIIMH.

2. HekoTopsie TeopeMbl M OWEHKH,
OTHOCAIMMECA K XPOMATAYCCKHM YHCAAM

B pasa. 4 ra. 3 Guulo BRENEHO HMOHATHE KJABKOBOTO dmcaa p (G)
rpaga G (kak HamGOJBImEro 9MC/Ia BEPHEH B IOJHOM IOPOMKAEHHOM
noprpade rpada G) m OHJIIO OTMEYEHO, UTO NOCKOJBKY MeHOAy KJH-
kaMe rpapa G ¥ MAKCEMaJpHRME HE3aBUCHMEIME MHOMKECTBAME
jomosEMTeNbHOTO rpada G CYMECTBYeT B3auMHO OJHO3HAYHO®
COOTBETCTBHAE, TO CIPaBeNJHMBH paBeHCTBa p (G) = a (5) " p (5) =
= a (G).

2.1. Haxune omenxn 1i1a y (G)
OueBmHO, NOCKOJNBKY IO KpaiiHeii Mepe p (G) nuseToB Tpebyercs nna

PacKpacKm COOTBerCTBYIOmeidl KJEKA rpada ( (Toit camoil KINKH,
KOTOpaA «olpefesAeT» KJIAMKoOBoOe gucio rpada ), uro o (G) ABaserca
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9 3

Puc. 4.2. Tpap ¢ p(®) =2 u y(G) = 5.

UMKHEH OLeHKOH XpOMaTHYECKOrO IMCHA, T. ©.

Y (G) = p (6). (4.1)
Bonee Toro, 3mxon [26] mowkasan, wTo aTa OmEHKA — TOYHAS H 9TO
pasHocTh Y (G) — p (G) Mosker GLITH CKOMBKO yrofHO Gonbmoii. B feii-
crearensHocTE Tarr [22] mokasan, wro MosEO moctpomts rpad G,
KOTOPHIf He CORXeP/KHT Jake MOJNHOTe moArpadga TpeTbero mopsagKa
(1. e. p (G) = 2) m KoTopHit GyxeT UMeTh OPOU3BOABEO GOJNBMOE 3a-
NaHHOe 3HAYeHHMe XpoMmarmyeckoro umcia. Ha pme. 4.2 umaobpamen
rpap ¢ p (G) =2 m v (G) = 5.

ITockonpky gmcao o (G) paBHO MOIMHOCTH HAHGOABIIEr0 MEOKECTBA
OoIapHO HeCMEKHKX BepmuH rpada G, To 0HO COBOAZAET TAK/KE ¢ MOMI-
HOCTHK HamboJbmero MHORECTBA BePHIEH B (G, KOTOpDHE MOTYT GHTH
OKpAImeHH B OAMH IBET, H, CJIGLOBATEJ]BHO,

YOz |- 4.2)

rne n—dgncnao sepmmH rpada G, a Tzl o6osmazaer HamGoiabmee
Oeoe 9HCIO, He IpPeBOCXogAmee Imcaa ') z.

1) Yucmo ™x 71 BABHBAGTCA tyesoll wacmbio yucaa x» W 9acTo obosHAUA-
erca qepes [z].— Ipux. ped.
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Ecam gepes y (G) 0603HaYlTh XPOMATHYECKOE YHCIO JONOJHOHHSA
rpaga G, TO MOMKHO 3aIMCaTh CJAENyOI(Ae ABA HEPABEHCTBA, HOJY-
gennne Hopaxaysom m Tagaymom [19]:

1@ >L2Vni1—3(@) (4-3)
A
V(O =5y (4.4)

rAe | Z_| 03HAYaeT HAHMEHBIIee IleJI0e THCI0, KOTOPoe He MeHbme 1) z,
Eme onea mHEKHAA oneHka 1sis y (G) npenno:xena ennepom [8]:

V(6) > . (4.5)

Maitepc 1 JImu [18] nokasanm, wr0 onmerka m3 (4.1) paBHOMepHO
Ma;KOPHPYeT NPHBE€HHYI) BHIIE, H, CIEJOBATENHHO, eMHCTBEHHO®
OPEeAMYMECTBO ONEHKHA (4.5) COCTOHT B TOM, YTO ee npome BHYIHCIAATH,
gem oneHry (4.1).

2.2. Bepxmme oneHKE jaA v (G)

Hnxxune oneEKE xpoMaTHdYeckoro ymciaa GeaycioBEOo Gonee HMHTe-
pecHH, YeM BepXHHe, NOCKOJBKY (6CIE OHH JOCTATOYHO OAA3KE
K HCTAHHOMY 3HAYEHHIO) OHH MOTYT GHTPH MCIOJIB30BAHK B IPOIEAYype
BuUHECIeHAA Y (G), BRIKNUYame# NepeBo NOHCKAa. B TO Ke BpeMmsa
BepXHHE OINEHKA XPOMATHYECKOr0 YHCIa NOAOOHOro IPMMEHEHHA He
HaxoaAT. TeM He MeHee B JIMTEpPAType HPHBOAATCA (OPMYIH AJA
BHYUCJIEHAA BEPXHHEX OIEHOK XPOMATHYECKOTr0 Y@CJIa; Tak Bpyk-
coM [3] npennoxkena cneylomaa JerKo BRYACAAEMAaA OLEHKA:

V(O 1+ max[d (z) +11. (4.6)
;€

Jdpyree nocTaTo9no TOYAKE BePXHHE ONEHKH, TAKKE HCIOJb3YIOIAe
cTenesn BepmmuH rpada, MoxHo HadTE Yy Yanma [23] 1 Brnda n Cexe-
pema [21].

Bepxnme oneekm, cBasmBaomue 3HaveHmAa y (G) u y (G), npuso-
narca y Hopaxaysa i Faggyma {19]:

YO <n+1—1v@ (4.7)

vo<[(*) )@ . (4.8)

Onenxn, naBaemue popmynamn (4.3), (4.4), (4.7) n (4.8), aABnsAwTCA
HARJTYYIIAMA B TOM CMEICJIE, YTO MOKHO IIOCTPOHUTh Ipadu, HA KOTOPHX
3TH OLEHKH AOCTHranTcA. B GoJBIIMECTBE CiywaeB, OfHAKO, OHH
CTOJb HETOYHH, YTO He MMET HMKAKOH NpaKTAYeCKOH 3HATUMOCTH.

n

1) 3To wmcno wacTo o6oaravaeTcs cuMBOAOM lz[.— ITpux. ped.
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2.3. TrnoTesa wYernpex KPacok

T'pad, KoTOpHil MOKHEO TaK H306pasHTh Ha INIOCKOCTH, 9TO HAKAKHE
IBa €ro peGpa He mepeCeKalTCA MEKAY co6oil 1), HasuBaeTcsa naanap-
nux. Ilnasapane rpadH BajKHH KaK C TEOPETHYECKOM, TAK M C OPaK-
THYECKOX TOUeK SPeHHA B 06XamaloT pANXOM TAKHX CBOMCTB, CBA3AHHEIX
¢ PacKpacKoi, 0 KOTODHX ClIeyeT YNOMAHYTb.

Teopexma o nsmu xpacxaz [13]

HKape mnapapHuili Tpad MOMKHO TaK PACKPACHMTh, HCHOILSYA
OATH IBETOB, 94T0 JI06He JMBe CMe;KHHEe BePIMHH GYAYT OKpameHH
B pasHHe NBeTa, T. €. eciE G — niaasapHH rpad, To y (G) <'5.

«Teopenar o vemupez xpacxaz (nedoxasannas %))

HKaxnpii onagapHEHE rpad MOKHO TAK PACKPACHTb, HCHOOIL3YA
4 neerta, 9T0 JI06HE NiBe CMO;KHHE BOPIMEH GYAYT OKpAINEHH B pas-
HHe nBera, T. €. y (G) < 4, ecim G — naanHapHNIl rpad.

Boepene mpmmepHO B 1850 r. o rumoTese 4eTHpex KpacoK pevh
maa B Gecenax Arrycta ne Moprama m ero yuenrka @. I'yrpm. 3atem
o Heli ropopmioch B mmchMe ne Moprama cepy Bmapamy Paysmy
Tammasrony, narspoBarnoM 23 okra6ps 1852 r. ITockoabky Torma
NOBOJIBHO GHCTPO HAPACTAN HOTOK ¢[OKA3ATENLCTBY, ¢KOBTPHOKASA-
TeJAbCTBY, THOOTE3 H TeOpeM, OTHOCATNEXCA K 9TOH TeMaTHKe, TO HAKO-
OBJach TPOMAJHASA JHTEPATYpa IO THIOTese YeTHpeX KPACOK, H 9Ta
«TeopeMa® CTAJNA, OO-BHAEMOMY, CaMOi SHAMEHHTOX HepemieHHOX
samavue B MaTeMarmke. Mu He GymeM spmech mofpo6HO oGCy:RmATH
TEOOTE3Y YeTHpeX KPACOK M HHETEpecyOmerocs €0 IATATeNAs OTCH-
naeM K samevaTeanHOY paGore Ope [2 ).

3. Tousme alropETMEI PaCKpacRH

B sT0M paspmene paccMATPHBAIOTCA HEKOTODHE AJTOPHTMH, KOTO-
pHe ABIAIOTCA TOYHHMHE B TOM CMHCJe, 9T0 OHH rapaHTAPYIOT HAXOK-
IeHHe OUTEMAJBHO# PACKPACKH M HCTHHHOTO 3HAYGHMs XPOMATHIO-
CcKOro umcaa gaA aioboro rpada.

1) Toumee, HERAKES JBe KPHBHe, mpejcTaBiaswmue pebpa rpada, me mepe.
CeKANTCA (reOMBTPHYOCKR) EETAP, KpOMe HENEACHTHOH AM ofoEM BepmEBH (T. -
mepeceKaThCA MOTYT TONBKO CMeKHEMWe pefpa m NPATOM IR B ¢KOHNEBHX TOU-
Kax».— ITpun. ped.

Fumoresy qemEx aCOR yJianoch 0GOCHOBATH ¢ mMCHOAB3OBaEEeM OBM
(cu. K. Appel, W. Haken, Every planar map is four,colorable, Bull. of Amer.
Math. Soc., 82, Ne 5 (Sept. 1976)).— Hpum. ped.
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3.1, MeTon SMHAMHAYECKOr0 IPOrpaMMHpPOBAHHA

3.1.1. Magcamansuste r-moarpafpel. llopoxpenmwit moarpad
(S, [G]) rpaga G = (X, T), rne S, [G] = X, HasuBaerca r-nodzpa-
fom, ecnm oH r-xpomataueckmii. Ecam He cymecTByer TaKOTO MHOMKe-
crBa H, ato H > S, (G) m moarpad (H) ABaserca r-xpoMaTHAYECKHM,
to moarpad (S, [G]) HazmBaerca maxcumasvrum r-nodepagom rpa-
¢a G. OueBHOHO, 9TO ANAA GUKCAPOBAHHOrO 3HaYeHHA I', BOOOmE roBO-
pA, CYMECTBYeT MHOTO0 pa3JIAYHHX MAaKCHMATbHHX r-moarpados
magHOTO Tpada G. Ilomrpad, y KOTOpPOTO MHOMKECTBO BEeDIIMH COBHa-
AaeT C HEKOTOPHM MAaKCAMAJbHHM HE3aBHCiMHM MHOKeCTBoM B G
A KoTopud He mmeer pebep (T. e. ABAAETCA BIOJHE HECBA3HEIM),
ecTb MakcmMaabHH#A 1-moarpa¢ rpada G, mockoabky B G Her 1-xpoma-
TAYECKOTO moAarpaga, AMenmero (oJbimee MHOMKECTBO BeDPIIHH, 9eM
y paccMmaTpmBaemoro mogrpada.

X poMatagyeckoe wdcao rpada G MOKHO OHpefeNdAThH KaK TaKoe
HamMeHbmee gucao r, aro S, [G] = X mo xkpaitmeil mepe gaa oxHOTO
U3 MakcAMaJabpHHX r-moarpagoB rpada G.

Teopema 1. Ecau cpag G seasemcsf T-TpOMAMUMECKUM, MO OH
Mmoxcem GHmb PACKDAWEH ¢ UCNOAb308aHUeM T (UAL MEHbULE20 HUCAR)
KDAcoK ¢ nomowblo caedywowell npoyedypu: craiasa 8 00un ysem oxpa-
LLUBAEMCA HEKOMOpoe MAKCUMAAbHOE He3asucumoe mHuoxcecmso S,y [G],
aamem oxpawusaemcs 6 caedyrouyuti ysem muoxcecmeo Sy [ (X—S,(GD)]
um. 3. 3o mex nop, noxa He 6ydym paAcKpAUEHB 6CE 8EPULLHYN.

Hoxazameavemso. Tor ¢akT, uro TaKasg pacKpacKa, HCHOJIb3YI0-
mas TOJBKO I IBETOB, BCeraa CyImeEcTByeT, MOKerT OHTh yCTaHOBJEH
cnenyromuM obpazom. IlycTs cymecTByer packpacka B I IBETOB,
TaKas, YT0 OfHO @ad GONbIIe MHO;KECTB, OKPAMEHHEKX B OfHH U TOT Ke
1BeT, He ABIAKTCHA MAKCAMAJbHHMA He3aBECHUMHIMA MHOKECTBaAMHA
B CMHICNE, ymoMAHYTOM BHme. IlepeHymepyem 1Beta OPOU3BOJBHEIM
cnoco6om. OweBEIHO, YTO MH MO:KeM BCerfa mOKpacHTb B IBer 1 Te
BepmHHE (OyCTH 3TO MHOKECTBO V,), KoTopHe He OHJIH OKpameHH
B 3TOT IBET W KOTOpHe 00pa3yloT MaKCHEMaJbHOe He3aBACHAMOE MHO-
’KECTBO BMECTe C MHOKecTBOM V), Bcex BepmuaH rpada, yKe OKpamen-
HHX B 1ser 1. JTa HoOBasg pacKpacKa BO3MOKHA HOTOMY, YTO HAKAaKasd
BepIIAHA M3 MHOKECTBA V, He ABIAETCA CME;KHOH HU C KAKOH Bepmd-
Hod w3 V, m, ciegoBaTenbHO, BCAKAA BepIIAHA, KOTOpadA CMEMXKHA

XoTA OH ¢ ogHOW BepmuaHOH ®W3 V', OKpameHa B IBeT, OTJIHYHHHA OT
nBeta 1, W mosToMy He 3aTparmsaercsa IpOmeAypoil mepeMeHH IBeTa
BepmuH u3 V,. PaccmarpmBas temepbr momgrpadp (X — V, U V,)
U IPOBOAA C HEM AHAJOTHYHHE MAHANYJAIMU, MEH OKpacdMm B IBer 2
Kakoe-To (HOBoe) MaKCHMAaJlbHOE HE3aBHCAMOE MHOMKECTBO H T. I.

Packpacky ykasaHHOTO B Teopeme Bujia OyneMm Ha3HBaTb ONMU-
MAALHOU HE3A6UCUMOL DACKPACKOW.
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3.1.2. PeeyppenTunie cooTHOmenHsA. BumenpuBefeHEYD TeopeMy
MOKHO HCIOJBSOBATH AJAA IOJYYSHHA DPEKYPPEHTHOIO COOTHONIGHHSA,
CBASHBAKIMEr0 MaKCHAMAJAbHHE r-moarpadu rpada ¢ ero MaKCHMANhH-
puma (r — 1)-moprpadamm.

Hycrs Q,_, [G] — cemelicTBo MaxcEManbumx (r — 1)-moarpados
rpaga G, a Si_; [G] — mHOxKECTBO BepmEH j-ro moarpada s coMeiicTBa
Qr_, [Gl. MuomectBo S* [G’] ABnserca TorAa MHOKECTBOM BepIIHH
k-ro maxcmmaabBOoro i-moprpada (mesaBmcEMoro MmosRecTBa) rpada
G’ = (X — §i_, [G]), o6pasoBannoro BepmmnaMe rpaga G, Be momas-
meme B (r — 1)-moarpad (Si_, [G]).

Torpa ciaepyromuM 06pasoM MOKHO OIHCATH COMEHCTBO BCOX MAK-
cEMAJHHHX r-moarpados rpada G.

CrpoEM MHOMECTBA

H'=5!_,[61U S} 167, (4.9)

i=1,2,...,¢.0k=1,2 ..., ¢, rae ¢g-_, u g§ — coorBer-
crBenno Iucao (r — 1)-moxarpados m wmesno 1-moarpados.

CeMe#CTBO MAKCHMAJBHHX r-IOArPadoB CONEPIKATCA B coMeiicTBe O
muomects H' (i =1, 2, ..., ¢{-g,-,), E OBO MoeT GHTH mOXyIEHO
H3 Her0 HCKJKOUCHHEM TAKHX MHOKECTB CeMeiCTBa, KOTODHe COMep-
#RATCA B APYTHX MHOKECTBAX.

Hrak, 6, [G] Moxuo ommcaTs caexyommm o6pasoM:

6,[Gl={H'|H'€c® u H'SSH paa awboro
H¢®,jt1). (4.10)

3.1.3. AaropeTM, OCHOBAHHLIE HA PACCMOTPEHHH MAKCHMANbLHBIX
r-noprpados. B mpenuaymem paspene GLI0 YKasaHO, 9TO XPOMATH-
gecKoe YACAO rpada G ABAACTCA TAKEM HAMMEHLIIEM SHAYCHHEM T,
npe KotopoM S, [G] — MHOMeCTBO BepIIEH HEKOTOPOTO MAKCEMAINb-
Horo r-moarpada — coBmapmaer ¢ X (MHORecTBOM BepmmEH rpada G).
IlosTomy pexyppenTHHe cooTHOomeHHMA (4.9) m (4.10) Moryr GHTH
HCIOJNb3OBAHH AJAA IOCAEROBATENHHOr0 IOCTPOGHWA MAKCHMAJLHHX
1-moprpadoB, 2-moxarpadoB E T. I. B HAXOKAGHHA XPOMATHIECKOTO
gmesa rpada G, HYRHO IPOCTO HA KARJOM INATe YKASAHHOH IPONERy-
PH IPOBepPATH, He COASPHMATCA JH MHOKECTBO BepmuH rpaga G B Ka-
KoM-HRGYIb H3 IOCTPOGHHHX HOArpados !).

Hmke OpHEBOAHTCA ONHMCAHAe AJTOPHTMA, IO3BOJAIMEro HaXO-

RETHYXPOMATHIECKOe YHCJIO rpada G B PaCKPaCKY, COOTBETCTBYIOIYIO
3TOMY YHCIY.

1) AIropHTM, ONHCAHHEI B STOM pasjeiie, MO)KHO TONKOBATH KAR AITOPATM
AEHAMAYECKOr0 NPOTPAMMHEDOBAHEA HAH Kax BOB TOHCK (¢ MpHOpHTe-
ToM) Do mupeue. Hemasro Bemom (J. ACM, 21, 1974, p. 385) 6ua npexsnoken
gnoﬁ. Goxtee BHTOAHEI, AJTOPHETM, BCHOILSYIOIHA NPOBOBHAHHIE IOHCK U0 IIy-

HHS.
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lllaz 1. Tloaoswnrs r = 1. Haijitm MHokectBa sepmmu Si [G],
j=1, ..., ¢, MakcumManbHEX r-mogrpados rpada G. (Cunraem, 9o
mmeerca ¢, Takax muomects.) Ilyers Q = {Si[Gl | j=1, ..., q,).
ITonosnty j = 1.

Illaz 2. Haiitn MakcumasNbHOEe He3aBHCHMOE MHOmMecTBO S, [G’]
rpada G’ = (X — S} [G]). Ecan Takoe MHOMeCTBO cymecTByeT, TO
nepeiitn k mary 3. Ecim Bce Takue mHOMecTBa yke HaiijeHH, TO
nepedTu K mary 6.

ez 3. Buamcomrs S = SilG] | S, [G7].

lllaz 4. Ecam § = X, To ocraHoButbca. Umeno r + 1 ecTh xpo-
MaTHdeckoe 4mc;10 rpada G. IlogMHOMKecTBa, BKIIOUEHHHE B MHOMKe-
ctBo §, nmaloT TpeGyeMyw packpacky. (JTW IOJMHOMKeCTBA HAKAILIA-
BAaOTCA IO MepPe MX BBeJeHMA M XPAaHATCA OTHAENBHO C COOTRETCTRYIO-
muaMu oTMeTKamu (Maprepamu)). Ecan S = X, 1o mepeiitn k mary 5.

ITaz 5. (i) Ectm S = 8’ aasa mexoroporo S’ € Q, 10 mepeiitTm
K mary 2.

(ii) Ecom § © §' maa mexoropux S’ € Q, to monomurs Q =
= Q — {S'} mo Bcem Takum S’ m3 Q. Ilosoxmrs Q = Q |J {S}
M mepedTH K mary 2.

(iii) Ecin ne Bhmonmserca Hu omno m3 yciosmit (i) m (ii), yka-
BaHHHX BHmE, To Hoxoxuth = Q |J {S} m mepeiitm k mary 2.

Illaz 6. Ecanj <<gq,, To mono:KuTs j = j + 1 m nepeiiTu k mary 2.

Ecnm j = g,, To nonoskmrs j = 1, r = r 4+ 1, q, = 9ACTY MHOMKe-
#ecTB B (J n mepeiiT K mary 2.

Ecnn pa6ory anropuTva He 3aBepmath IpM NEPBOM BRIIOTHEHHH
ycaosua § = X Ha mare 4, TO ajaropmrMunueckmii mpouecc Gyner
HPOJOJKATHCA 0 HOJYIeHHS PAaCKpacku B r -+ 1 mBeToB, eciu Takaa
packpacka cymectByer. Clegyer OoTMETHTB, OJHAKO, UTO ONHCAHHEIN
aJTOPUTM He JlaeT IOJHOTO mepeddcJeHNsA BCeX BO3MOKHEX pacKpa-
COK B 7 -+ 1 1BeTOB, a TOJBKO HOPOMKAAaeT OUTHMAJbHHE 11e3aBUCAMEIE
packpackn. Takme packpackum MOTyT OKasaThCH TOJNBKO He(O0.1bIIOIL
9acThiI0 BCeX BO3MOMKHHIX PacKpacox B r - 1 mBeros.

3.1.4. TIpamep. Paccmorpum cemuBepmmummii rpad G, u3o-
6paskeHunit Ha puc. 4.3.
ITaz 1. MuoxecTsaMn BepIIMH MaKCHMAJIbHHX 1-moxrpagos

apuawrea:  S{IGl = {4, 4, 6); STIG)l = {2, 3, 5); S?[G] =
=1{2, 5, 7}; S81IG] = {2, 6}. CaemoBarenvno, ¢, =4 m Q =
= {S8: 1G], S{[G], S3IGl, SiGl).

IIpavensem (neoGXommmoe 9Ymcio pa3) marm 2—5 aJroOpHTMA:

s StIG]
Mlaz 2. G = (X — STIGl) = ({2, 3, 5, T)% S, IGY] —{2, 3, 5.
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2 4

7 6
Puc. 4.3. Tpad ms npmmepa 3.1.4.

Maz 3. S =1{1, 4, 6142, 3, 5}.

ez 5. Q =[{1, 4, 6142, 3, 5}

Maz 2. S,1G"] = {2, 5, 7}.

Maz 3. S = {1, 4, 642, 5, 7).

Imaee 5. Q = {1, 4, 64 2, 3, 5}, {1, 4, 612 5, T}

Has S? 1G]

Maz 2. G* = ({1, 4, 6, 7}); S, 1G®*] = {4, 4, 6}.

Iilaz 3. S = {2, 3, 541, 4, 6}, mcrmoueHO B CoOTBeTCTBHH
¢ maroM 5 (i).

Mae 2. S, 1G* = {7}.

IMaz 3. S = {2, 3, 54 7).

*Maz 5. @ =1{1,4 642,3,5},{1,4,642,57)}, {2, 3,547)]-

Haz S} 1G]

Iaez 2. G* = ({1, 3, 4, 6}); S,[G®] = {4, 4, 6}.

Iaz 3. S = {2, 5,741, 4, 6}, mckaw4eHO B COOTBETCTBHE
¢ marom 5(i).

Maz 2. S, 1G% = {3}.

a2 3. § = {2,5,743}, HCKA0IEHO B COOTBETCTBHH C INA-
oM 5(i).

s St (G]

Mae 2. G* = {1, 3, 4,5,7}, S,1G6*] = {14, 4).

Iaz 3. § = {2, 641, 4}, mckawveHEo B coOTBETCTBHEM ¢ ma-
roar 5(i).
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Ma: 2. S, [G*] = {3, 5}.

Maz 3. § = {2, 643, 5}, MCKIO9€HO B COOTBETCTBIIM C IIa-
rom o(i).

Maz 2. S, [G*] = {5, T}.

Maz 3. § = {2, 645, 7}, HCKIWYEHO B COOTBeTCTBHH C IIa-
roMm o (i).

TaxuM o6pasoM, B KOHIle IePBOH MTepPaNUH, ACIOJb3YOMEHA Marm
2—5 aaroparMa, moJydaercA cemeiictBo @ MmoxecTB Sj (Gl, coor-
BETCTBYOIIEe MAKCHMAJIbHKM 2-moArpadaM M IOKasaHHoe Ha miare,
oTMeueHHOM 3Be3noukoi. Ciaenyer oOpaTHTs BHHMAaHHE HA TO, YTO D M3
BOCHMH IOJYIeHHKX MHOKECTB HCKJIIOYEHH B pe3yJbTaTe IpAMEeHeHHA
mepBoro IPaBHJAa M3 HIara O aJropHTMA.

JeiicTByA aHaJOTEIHKM 0Gpa3oM HAajdble, MOKHO IOCTPOHTH
MaKCEMaJbHEE 3-HOArpadu | T. . B MefCTBUTEALHOCTH YiKe CaeAyIo-
mee nopokneHHOe MHOiecTBO S [G]l = {1, 4,642, 5, 347} 6yner
ynoBiaersopaTs yeaoBmw S [G]l = X Ha mare 4. CrnemoBaTeanHo,
XpOMaTHIeCKoe THcJa0 rpaga paBHO 3 H ONTHMAJbHAA pacKpackKa
sajgaerca ciaenyommM pasbmemmem (mmoxectBa X) : {1, 4, 6},
{2, 5, 3}, {7}. Ecam npmMenATs, airopETM gajisme, To Gyaer nosay-
geHa eme OJHA BO3MOKHAH PacKpacKa:

S3(61={1,4,642,5,743} =X.

Bce npyrue muoxectsa S [G] 1mbo conep:xarca B AByX mpepmecTByIo-
I(EX MHOecTBaX, ambo He COfepKaT BCe BepmAHM H3 X.

damernMm, 4TO TaKme packpackH, Kak {5, 3}, {1, 4, 6}, {2, 7},
XOTA M BO3MOMKHH, HO He ABJAKTCA ONTHMAJbHWMH He3aBHCHMKIMH
2 He DOPOMKKAITCA ONHECAHHKIM BHIE aJIr0PUTMOM.

3.2. MopuyrApPOBKA 3Aa4YE O PACKpACKe
Ha sasmke 0O-1-nporpammmposanms

IIycts ¢ — Kaxkasa-HAGYQb BepXHAA OLEHKA XPOMATHYECKOTO JACIA
rpada G. 3Ta BepXHAA OLEHKA MOKET OHTH OJHOH M3 ONEHOK, JAHHKX
B pasg. 2 3TOA TJAaBH, HJIH MOKeT OWRTh paBHA YHCJIY LBETOB, IOJY-
Jal0MEMyCA B OHOM M3 T€X dBPHCTAYCCKHX METOJO0B PeIIeHHA 3ajadH
0 pacKpacKe, KOTOpHe mOApoOHO OyRyT omMCaHH mO3:Ke.

Iycrs B = [§;;] — maTpuna packpackm rpada (3ajanomas HEKoO-
TOPY0 KOHKPETHYI0 pacKpacky ') Bepmme rpada), Tak 9T0

: 1, ec1m BepmmEHA I; OKpameHa B IBeT j,
Y71 0 B mporBROM cayHae.
1) 3gecr He mpeamonaraercs, 4TO CMEXHWE BEPIAHH JOLKHNW OWTH OKpa-

meEN B pasHNe NpeTa. Ecinm Ke 2T0 ycloBre BHIOOJHAGTCH, TO PACKPACKA HAZH-
BaeTcA donycmumoli.— Ipum. ped.
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Ecan A = la;;] — MaTpanma cme:kEOCTR rpada G ¢ mmaroHAdL-
HHMH 9JIeMeHTAMH, paBEhME 0, TO CleAylmue ABa YCJIOBHA rapaHTH-
PYIOT OIYCTHMOCTh PacKpacku BepmmE rpada G (T. e. AOIYCTHMOCTD
MATPHIN pacKpackE [§]):

q
Z‘,},,: 1 (m1a Beex i=1,....,n), (411)
’-

s Beex i=1,...,n

H i=1,2,...,q. (4.12)

n
L-(1—E)— 3 sty >0 {

Ycnosme (4.11) oGecneamBaeT pacKpacKy BepIIHEN B OAHH H TOJIbKO
OfEH I{BET.

B ycaoBum (4.12) L — ouensr Goabmoe moouTeAbHOE THCIO
(m1060e nmenoe, Gonpmee 9eM n). Ecam BepmuHa 2, OKpameHa B nBer j
(. e. &4y = 1), T0 mepBmit wien B (4.12) paren 0. Toraa u BTOpOk AR
Roy:xeH 6HTH paBeH 0, 9T06H BHIOJHANOCH HOPABEHCTBO, HOCKOJABKY
gHCaa a4, B §,; HeorpmnaTenbHH. TaxkaM oGpasoM, ycaosme (4.12)
obecneunBaeT JONYCTHMOCTh PACKPACKH, T.€. €CAH BepmHEHA I,
OKpamIeHa B IBET j, T0 HET CME;KHOM ¢ 2; BePIIMHH TOTO ke IBeTa. Ecam
BepPMEHA r; OKpameHa B nser, orimuEui ot j (§,y = 0), To mepsmit
aneH B (4.12) pasen L. Ilockoasky Bropoit wier B (4.12) me Mosxer,
OYeBE/IHO, NOCTATHYTH 3HaueHMA L (ero HamGoabmee 3HAYEHHE PABHO
B fleiicTBATeNbHOCTH N — 1), TO Kakoe GH YACIO BepmME Z), CMEKHHX
¢ BepmmHO# r;, BE OHJ0 OKpameHO B nBer j, HepaBeHCTBO (4.12)
no-npekEeMy OyneT BHIOMHATBCA. 3aMeTHM, 9TO €CIAH BEPHIMEE
Zj M T}, CMEXKHH C Z;, & TAKIKe CMeKHN Me:KAY c06oii, To ycaoBme (4.12),
SammCaEHOe A BePMEEH Z;, He GyleT HPEmATCTBOBATL PACKpPAcCKe
Zy H Zy B OfHH H TOT ke mBer j. Opxmako, 3ammcas ycaosme (4.12) pas
zy (mam zj), Mu oGecmedmM TeM CAMHM PACKPACKY STHX [BYX BePIIHH
(zx m 2}) B pasHHe mBeTa.

IlycTs Temepsr Ka)KmOMy IBeTy j comoctaBieH mrpad p;, BHGpam-
HHH# TaK, 9TO

p;+';>h- p; (mrpad p, mpHEAT paBHHM emmEENE) (4.13)

u rae h ecTh BepXHAA ONCHKA AAA HauGOJIBIeEro YHCIA BEPIIMH B rpa-
¢e, KOTOpHe MOTyT GHTH OKpAIIeHH B OfEH IIBET, T. €. B — HPOH3BOJIL-
Hoe wHcJio, Goarmee weM @ (G) — wmcao HesaBmcmmoctH rpada. ITpm
OTCYTCTBHH JyTmeHl ONEHKE MOKHO HOJOKHETh R = n, He HPOBOAA
JMITHEX BHYUCACHHH,

dajaua pacKpacKE BepmuH rpada ¢ BCHOJB30BAHHEM HAEMEHD-
IIero YHCJa NBEeTOB MOKeT GHTL chopMyEpoBaHa caexyomam o6pasom:

MHHHUMHASHPOBATH

Z= 2‘,{ 21 Py (4.14)

E
opu orpaEmdenuax (4.11) m (4.12 .
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Munumn3anua BHpamenuda (4.14) ofecmedmBaeT BHIIOJHHEMOCTD
CITeAYI0Imero ycaosaa: IseT j + 1 me 6Gymer ACmonb30BaH B PACKPACKe
BEPIINH, ecJ# 0Beta OT 1 0 j MOCTATOYHH JJIA AOIYCTHMOMH packpackH.
Marpuna (packpackm rpaga) [E¥;], xoTopas naer pemenme npusenen-
HO# BHmeE 3agaddm JadHeidHOro O-1-mporpaMmMmpoBaHms, ompemeaseT
ONTHMAJbHYI0O PACKPACKY, a HCIOOJb3yeMoe IOPU 3ITOM UYMCJIO0 IIBETOB
PaBHO XpoMaTHIeCKOMY 9YHCaAy rpada.

Bepx (1] Bmecro ycmosua (4.12) mpepnomint clepyiomee:

naa scex k=1,2, ..., m

Elbih§i1<1 {H j:1121 e g, (415)

tne [b;,] — mMarpana wEnEmennmi, T. e. b;, = 1, ecam BepmuHA I,
HEOEAeHTHA pebpy ap, 4 b;; = 0 B mpormBHOM caydae. ¥YcJI0B-
Bme (4.15) oTpaskaer ToT PakKT, 9To He 60Jee geM onHA M3 ABYX KOHIE-
BHIX BepmuH J0foro pe6pa mMoxer GHTh OKpameHa B I(BET j.

Xora sro ycimosme Gonee ecrecrBenHoe, gem (4.12), HO maa ero
ONNCAHUA TPeGYIOTCA mg OTPAHAYEHNH, TOTA Kak AJaA ycaoBuA (4.12)
HY#HO TOJbKO ng orparmdennii. [lockonbky qucio pedep (m) cBa3HOTO
rpada o6nYHO 3HaTUTEIHLHO GOJbIIe YuCTa €ro BepmmuH (n), TO YCJI0-
Bae (4.12) ¢ BHYACAATENBHOX TOYKM 3DEHMA NpeNIOYTATE]bHee.
Hacko.1bK0 BeqHK IpH 3TOM BRIATPHII, MOKHO YBHAETDb Ha CJe[YIOIeM
upumepe: ecim B HekoropoM 100-sepmmmmOoM rpage umciao pebep
Gynert coctaBaaTs Toasko 20% ot amena pebep B moanom 100-Bepmuan-
HOM rpade, To maa 3agaEAA yciaosua (4.15) morpeGyerca 1000 orpa-
HWYeHNIt Ha KKKl [[BET, a JJIA onucaHma ycaosus (4.12) — toasko
100 orpanmdennit Ha KamKAHI IBerT.

3.3. Ceenénme sanaum o packpacke k 3HII

Ilockopky mpm mo6oit gomycTmMmoil packpacke rpada G MHOMe-
CTBO BEpPINH, OKPAIIABAEMHIX B ONHH M TOT ’Ke IBeT, AOJKHO OHTH
HE3aBACHMBIM MHOKECTBOM, TO BCAKYK [JONYCTHMYK pPAaCKpPacKy
MOKHO HHTEDPIPETHPOBATL KaK pa3buexue BceX BepmAH rpaga G
Ha TaKIe He3aBHCHMHIEe MHO;KecTBa. llalee, ecam Kamaoe He3aBHCHMOe
MHOKECTBO PaCIIAPHATL 0 MAKCAMAJbLHOTO (IyTeM A0GaBIeHAA K HEMY
Ipyrax BepmAH), TO packpacka rpafja G MoskeT OHTH TOTAA HCTOJI-
KOBaHa KaK nokpuwmue BepmuH rpafa G MaKCHMaJIbHHMH He3aBHCH-
MHIME MHO:KecTBamMu. O9eBHIHO, 4TO B HOCHEHEM clydae HEKOTOpPHE
BepMHUHH rpada G MOTYT mpuHANIEXKATH GoJiee deM OTHOMY MAaKCH-
MAaJTBHOMY HE3aBHCUMOMY MHOZKECTBY. JTO TOBODHT O BO3MOMKHOCTH
CYIECTBOBAHHA Pa3THYHHX AOOYCTHMHX PACKPACOK (ACHOIb3YIOIIAX
OJTHO I TO ;Xe YHCJO I[BETOB), TAK KAK BePIIMHY, NPHHAJIEKAILYI0
Pa3HBIM MAKCHMMAJBLHRIM MHOMKECTBAM, MOKHO OKPacHTh B J1000d H3
IBETOB, COOTBETCTBYIOIMMX TeM MAaKCHMAJBLHEM HE3aBHCHMEIM MHOKE-
CTBaM, KOTOPHM OHAa IPHHANJIEHKNT.
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Hrak, mycTh MOCTPOSGHH BCE MAKCHMAJBbHHE HO3aBACHMHE MHOMKO-
crBa rpada G, HampEMep C IOMOMBIO AJTOPHTMA, IPHBEJEHHOTO
B pasfa. 2.3 mpeamecTByomeil riaBH (IYCTh TAKAX MHOMECTB 1),
B oycrh 3afaEa (n X f)-Marpuma M = [m), y wotopoit m, = 1,
€CJIA BepIIHHEA Z; NPHHANJEKHAT j-My MAaKCHMAJIHHOMY HE3aBECHMOMY
MHOKeCTBY, B m;; = 0 B npoTEBHOM ciydae. Ecim Temepr Ka:RmoMy
MaKCHMAJbHOMY HE3aBHCHMOMY MHOKECTBY CONOCTABHTH eJAHHIBYIO
CTOHMOCTb, TO 38/ja9a PaCKPacKH CBeieTcA HPOCTO K 3ajiade HAXOMAE-
HHA HAaEMEHBINEro dmcia CTon6moB B MaTtpmme M, moxpHBaommx
Bce ee cTpokrm ). Kamnuit cronGen ma pemenma aroit 3HII coorBer-
CTBYeT ONpefie/IeHHOMY IBETY, KOTOPHH MOKeT GHTb HCHOJAB30BAH
IJIA OKpacKH BCeX BePIINH MAaKCHMAJBHOTO He3aBHCHMOTO MHOKECTBA,
OPEeACTABIGHHAOrO ITHM CTOJXGmOM.

XoTa t — 9mcao cToA6moB MaTpunH M — MokeT GHTHL BecbMa Be-
JIEKO flake i TpadoB cpexHAX pasMepoB, popMyanmpoBKa 3afjladl pac-
kpackn Kak 3HII mpemmowrmrenbnee, IeM HEHOCpeACTBEHHAS €€ IIO-
CTAaHOBKa Kak 3afadm o6mero O-1-mporpaMMEpoBaHEA, HOTOMY 9TO
3IIH moryr GHTH pemeHH AJA TAKHX pasMepoB (T. e. AJA THCIA
HepeMEeHHHX), KOTOPHE IO KpaiiHeii Mepe Ha mopAfAoK Goixbme, geMm
«IOAXOAAIEEe» pasMepH B ciayuae 3agad obmero 0-1-mporpammmpoBa-
mEg (eM. ra. 3).

3.3.1. Ilpnmep. [lna rpada, maobpamennoro ma pmc. 4.4, Imcao
BCeX MAaKCHMAJBHHX He3aBACHMHX MHOKECTB paBHO 15, m B MaTpmne,
NpHBOAIGHHON HE)Ke, OHH NPOACTABJEHH CTON6GNAMH; HA HYCTHX
MECTaxX B MATPHNE AOJIKHH CTOATH HYJIH.

MaxcaMaJbHEE HO3aBACHMEE MHOKECTBA

12345617 389101112131415

1) Hanouunaem, uTo i-if cronbery B O-1 -mampuye DOKpHBaeT Te H TOXBKO
Te CTPORH, B KOTOPHX HA HepecedeHHH ¢ {-M CTONGLOM CTOAT eXuHMIH.— Jpux.
ped.
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X7

Xg X3

e

X10

Xs X4

Puc. 4.4. Tpad u3 mpumepa 3.3.1.

Pemerme 3ajauu 0 DOKPHTHH IJdA 9TOH MATPHIH COCTOHT H3
4 cronbuos m He sBaserca eguHcTBeHHMM. Hanpmmep, pemernnsammu
Oymyr mmomxectBa cronbmor {4, 6, 10, 14}, {4, 6, 10, 12},
{4, 6, 10, 11}, {4, 6, 10, 8} u {4, 6, 10, 2}. Ecam Mu BuGepem
DoclefHee M3 3THX DeMeHHA (OTMEYeHHOE CTPEIKAMH) H CONOCTABHEM
nsera a, b, ¢, d cronbuam 4, 6, 10 u 2 coorBeTcTBEHHO, TO BEpmMUAY Z4
(npmEamneKkamyio ONMHOBPEMEHHO CTOAOHAM 2 H 4) MOKHO OKDACHTH
B IIBeT @ MJH B BeT d, 4 BEePMUHY Z; (DpHHALAEKAIMYIO 060nM CTONG-
namM 2 m 10) MoKkHO OKpacHTh B IBeT ¢ uaHu B NBeT d B TaKuM 06pa3om
DOJYYATH PA3IHYHEE ONTHMAJLHHE PACKPACKH.

HETepecHO OTMETHTH, 4TO B JaHHOM DPHMEPEe HIKHAA OINEHKA
mas y [G] paBra 4 (aT0 MOKHO mOAYYmTH M3 cooTHomeHns (4.2), Tak
Kak a [G] = 3 u n = 10) n, 3maunmT, coBmajaeT C HMCTHHHKIM 3HAaYe-
HueM y [G].

3.4. Aaropatv npsMoro HesBHOro mepeGopa,
HCHONB3YIONIAA 7epeB0 MOMCKA

Jlnsa ompexenerms XpoMaTHYecKoro wumciaa rpada Mo:xeT GHITH
HCIOJIb30BaH C NOPa3UTENbHON 3PHeKTHBHOCTLIO 0U€Hb IPOCTON METO
HeABHOro mepeGopa, He coxepskamuii HEKakmx Xxmrpocteir [4, 9].
MeTon COCTOMT B caegylome.
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IlpepmosiosREM, YT0 MHOKECTBO BEPHIEH KAK-TO YHOPAAOYCHO
H Z; — i-f BepIIAHA TOT0 MHOKeCTBa. TOrfa meppoHAYAJBLHAS AOLNY-
CTAMAA PACKPACKA MoOKeT GHTH HOJY9I6HA TAK:

(i) oxpacmrs z; B nBer 1.

(ii) xasKAy™ H3 OCTABIIMXCA BOPIHH OKDPAIMMBATH IOCJE/OBA-
TeJbHO !): BepmMHA Z; OKPAMEBAETCA B NBET ¢ HAMMEHBIIEM BO3MOK-
HEIM ¢HOMepoM» (T. e. BH6HpaeMHit nBeT NoMkeH GHTH NePBHM B AaH-
HOM YHOPAMOYEHRHE IIBETOM, HEe HCHOOJb30BAHHHM IPH OKpacKe
KaKoii-mn6o BePMIMEH, CMEKHOI C ;).

Ilycts ¢ — umcao nBeroB, Tpebyemoe [ BHIIEYOOMAHYTOX
packpacku. Ecim cymecTByeT packpacka, HCHOJNB3YHOIMAaA TOJBKO
g — 1 gBeroB, To BCe BepmMMHL, OKPAIIGHHLE B IBET ¢, NO/KHH OHTH
mepekpameBEN B nBer j <<g¢. IlycTb ;s — mepBasA BepmEEA IpA
3aJJaHHOM YIOPANOYeHHH, KoTopasa 6ua oxpamena B nset g. [lockons-
xy (cornacHo (ii)) oHa 6aTa TaK OKpaImIeHa IOTOMY, YTO He MOTIa GHTE
OKpaIleHa B IBET j <Cg, TO €6 MOKHO IEePeKpacuTb B OBeT j < ¢,
JHAMb HEPeKPACHB NPeABAPHTENBHO XOTA OH ONHY H3 CMEMHHX
¢ meii pepmuH. HTak, mar Bo3BpamieHHA H3 BEPIIAHH Zjs MOKHO
OCYIRECTBHTHL CleAyomuM 0Gpa3soM.

W3 cMeKHHX C Z;+ BePIIEH B MHOMKECTBE {Z;, . . ., Zy».;} HaliTR
mociefH0K0 (OPH 3aJARHOM YIOPAMOYCHHH), T. €. BepmMEHY ¢ HaH-
6onsmuM uapfexcoM. Ilycrs aro 6yner Bepmuna ;. Ecam ), okpamena
B IBET j, TO T NePEeKPAMMBAETCA B APYroil JOOYCTAMKA NBET ¢ HaH-
MOHBIIEM BO3MO/KHEIM ¢HOMEPOM» jr, TAKHM, 9TO jr, == jr + 1.

Ecau j; <<¢, TO Hafi0 IPOAOJIKATH IOCHAG0BATeNILHO IePOKpamIH-
BaTh BCe BOPIIHHN C Zp,; A0 Z,, OIPEMeHAA YKasaHHOe BHINe Ipa-
Buyo (ii)  IOMHA 0 TOM, ITO I{BET ¢ HCIOJAH30BATE Heab3A. Ecau Takasn
mpomeAypa OCyImecTBEMa, TO Gy/eT HaliffeHa HOBasd Jywmasa pacKpac-
Ka, HCOOAB3YNMAA MeHbINIe, YeM ¢ IBeTOB. B mpoTmBHOM ciydae,
T. ©. €CHAH BCTPETHTCA BEpPmMHEHA, «Tpebyomas» OBeT ¢, TO.MOKHO
CHOBA CAEJATH IIAT BO3BPAIEHAA — U3 TAKOU BePIIMHH.

Ecad j, = ¢ HAR HeT APYroro AOOYCTHMOrO mBeTa jp (CM. HEKE
samedanme (a)), TO MOKHO Cpa3y /Ke AeJaTh AT BO3BPAINCHHA HB
BOPIIMHH Z;. AJTOpHTM 3aKaHUmMBaeT paboTy, Korja Ha mMare BoO3-
BPaIeHHsA JOCTHTAETCA BOPUIMHA I,.

Cnegyomme 3aMe9aHHA MOrYT IOMOYh YCKOPHTH BHIICHIDRBENOH-
HYI0 OpONeAypy IpAMOro HeABHOro mepeGopa.

(a) Ilpm mob6oM yuopsAf0YeHME BepIMH JONYCTEMHE IBeTa F
AN BePIIMEH Z; YAOBJETBOPAIT ycioBmo j << i (ecam i < g). 3ro
0YeBH/HO, TAK KAK BeépmHAHE I; IPeAImecTBYRT (IpH JaHHOM YHOPAMRO-
9eHEH) TOAbKO { — 1 BepmEE H, CIefOBaTeJbHO, HHKAKOH IBET
j > i me mcomonnzopaaca. Takum o6pasoM, AJs BepHHEHN Z; AOLY-
CTHMHM ABJIAGTCA TOAbKO HBeT 1, 1asa zy — nper 1 m user 2 (ecnn z,
CM@KHA C I;, TO JUIA Z; AONYCTHM TOJBKO HBeT 2) W T. A.

1) B coOTBEeTCTBHE C 8aflaHHKM ynopapodesueM.— [Tpux. ped.
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(6) 13 aameganus (a) caenyer, 9T0 C BHYMCIHTEbHOH TOYKA 3pe-
HUA BHIOAHO pACIOJATaTh MNepeMeHHhle B TAKOM NOPAAKe, 9TO6H,
HampuMmep, nepBele @ BepmuH 006pa30BHBAMH HaubOIBIMYI KIAKY
rpaga G. 310 mpuBeneT K ToMmy, 4TO KaxJaA BepmuHa 2; (1 < i < p)
OyeT 1METh TOJBKO OJMH XONYCTHUMHI I[BET, T. €. UBeT i, A aJTOPHTM
MOieT 3aKOHYHTh paboTy paHbINE, KOIJa Ha mmare BO3BPAMEHHA
fyner [OCTHTHYTa BepImMHA I,,.

XotA nponenypa HeasHoro nepe6opa, OnMCAaHHAA B 3TOM pa3feie,
ABIAETCA NIPHMUTHBHEIM JPEBOBHIHEIM IOMCKOM (B KOTOPOM HE HYMHO
BHYMCIATH HUKAKHE OUEHKH JIJIA OTPaHAYEHHWs BETBJICHHHA), TEM HO
MeHee OHAa HACKOJBKO He XY Ke IPYTAX M3BECTHHIX METOXOB pacCKpa-
ckn rpadosn. Tak, Hanpamep, paa rpada ¢ 30 pepmmHamu, comepma-
mero NpaGIA3UTEIBHO TPETHI0 YaCTh MHOMKECTBa BCeX pebep moaHOro
30-pepmmHHOro rpada, HaXOKaeHHEe ONTHMAJBHOH PACKPACKH C IO-
MOIBI0 aaropuTMa HesaBHOro mepebBopa Tpebyer oxono 30 ¢ mamma-
HOT'O BpeMEeHM Ha BrIucAnTeapHoi mammue IBM 1130.

4. IlpudmxeHHnle aJropuTMBI PACKPALIUBAHMA

CymecTpyeT MHOro 3BPHCTWYECKHX NPOUEAYP PACKPAIIHBAHMA
rpagoB. IO3BOJIANIMHUX HAXOQUTH XOpomyue OPAGIMIKEHUA NJIA XPOMa-
THYeCKOro 4ucaa rpaga B TeX caIydadAX, KOTJa pasmepsl rpada ciamm-
KOM BEINKH M [OOJYYeHHe ONTHMAJBHOH PACKPACKH TOYHREIMH METO-
JaMH, YIOMHMHABIOUMMCA paHee, 3aTpyAHuTeabHO. B HacTosmem pas-
JeJe JaeTCA KPaTKoe ONuMCaHue OTHOH M3 TAKMX OPOUEAYp M pAda ee
pasHoBHOHOCTEH.

4.1. Ilocnenosarenrunie MeTOAMl,
OCHOBAHHBIE HA YOOpPAAOYHBAHAN MHOMXECTBA BEPIMAH

B sTom mpocTeiimmeM M3 METOXOB BepIIMHK BHAYaJe PAacloJaralTcs
B IOpAJKEe HEBO3PDACTAHHA HX CTeleHeil.

Ileppan BepmuHa oxpamuBaeTcd B UBeT 1; 3aTeM COMCOK BepmuH
npocMaTpPIBAeTCH CBepXy BHA3 (10 HEBO3PACTAHHUIO CTeneHel) u B et 1
OKpAININBAaeTCA BCAKAA BepPIINHA, KOTOPaA He CMEMHa C IPYroi, yxe
OKpameHHoii B 3ToT nBer. lloToM BO3BpamaeMca K IEPBOil B CIMCKE
HeOKPaIIeHHOii BepPIIHHe, OKPAIIUBAEM ee B [[BeT 2 u CHOBA OPOCMATPH-
BaeM CONCOK BepIIMH CBepXYy BHM3, OKDamuBas B uber 2 awbyio He-
OKDAINEHHYIO BEPIIAHY, KOTOpaA He coefmHeHa pe6poM ¢ Ipyroi, ymxe
OKpameHHOH B IBeT 2 BepIIMHOW. AHAJIOIHYIHO NelCTByeM C I(BeTa-
M 3,41 T. X., D0OKa He 6YAYT OKpameHu Bce BepmuHul. Ynca0 HCIOTb-
30BAHHBIX UBeTOB GymeT TOTAA NPUGIMKEHHHIM 3HAYEHNEM XpoMaTH-
weckoro guc:;a rpaga (23, 251.

[pocras moauduxanusa onuUCaHHOH Brille 3BPHCTUIECKOH NIpO-
Ielyps COCTONT B NEPEeyNOpPANOYMBAHIIA HEOKPAIMEHHHKX BepIIMH
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mocle OKPAaCKH Kaiod odYepefHOH BEePIHAH: OCTABMIHECA HEOKpa-
INeHHHEe BEePMHHH 3aIHCHBAIOTCA B NOPANKEe HEBO3PACTAHHA HX
<OTHOCHTEJNBHHX» CTeHeHeH, T. €. cTemeHeil B TakoM rpade, KOTOp.IH
TOJNIY9aeTCA M3 JaHHOTO IOCJe YAaleHHA OKPalmleHHHX BOpHIIAH (BMe-
cTe ¢ pe6paMu, HHOHIGHTHHMH YAaJIeHHHM BepIIHHAM).

B arofi mpomenype MOJ4aNHBO IPEANOJAratioch, 4TO €CIH [Be
BePIIEHH AMEKNT OfAHAKOBHE CTEIeHH, TO HX B3aWMHOE IOJOKEHHE
B COHCKe caydaiiHo. B Takmx CHTyamHAX yTOYHEHHEe B pa3MeMEHHH
BOPMAH MORHO OCYIECTBJIATH C IOMOMBI0 ABYXMIATOBHX CTEHmEHEH
d{® BepmmH zx;, HMEIOIMHUX OAHHAKOBHE CTeNeHH (OXHHAKOBHE
{-maroBue cremeHm), rae di* ompegenseTcA KaK 4ACIO MapmpyToB ')
AMAHH 2, HCXOMAINMX H3 Z;. JTH BePIMAHH MOr'YT OHTH pa3MemeHH
TOrAa B COOTBETCTBHH C BenmdwHAMH crememeit di¥. Ecam Bce-rakm
HaHAyTCA BOPMHHH, Y KOTOPHX COBHOANAlOT H CTemeHM d;, H CTeme-
HE di¥, TO MO’KHO BHIYMCIHTH TpeXmarosne cTemeHH dy® (ompefe-
JAeMHe aHAIOTHIHHM o06pasoM) H pasMeCTHTH BepIIHHH C yYeTOM
cremeneit di® m 1. ..

Mo:xxuO melicTBOBaTh HHAYE: pa3MemAaTh BEPIIHHH CpPa3y B COOT-
BETCTBHHE ¢ HX cremeHAMHE d{¥ mam crememsamME di¥ B OPHMEHATH
TOT Ke caMBii HOCJefoBaTEeNBHHE Merol packpackm [24]. Taxmm
o6pa3om, OnMACAaEHKIA BRI METON PACKPAIIABAHAS 096PIHBAET eI
KJIacc MOCIeNOBATEABHHX METOJO0B, Ka)KAHII H3 KOTOPDHX CBA3aH
C ompefieIeHHNM CmOocoGoM yNOpANOYHBAHHA BepmEH, 1A60 cTaTHYe-
CKmM, T. e. PEKCHPOBAaHHKWM CpPa3y AJda BCed mpomexyps, a1a6o AmHA-
MHIECKNM, T. €. H3MEHAIOIIMMCA B mpomecce packpacka. Cmoco6
YUOPANOINBAHAA MOKeT 6a3mpoBaTHCA Ha MHOTHX BO3MOKHHX KPHTe-
PHAX, 3aBHCAMHAX OT CTeIeHedl BepMHH HJAA OT KaKaHX-a1m6o apyrmx
POACTBEHHHX XAPAKTEPHCTHK. PeayJbTaTH BHYACHCHHA H CpPABHOHHE
ToclefoBaTeIbHHX METONOB PACKpAIIHBAHHA AaA rpados, BHOpaH-
HHX ciy4aiiEnM ofpa3oM, mpmBeseHH B paGorax Maryaw, Map6ae
u Hcaakcoma [16] m Bmawamca [24). 'pammnm npumerEMocTE 3THX
9BPHCTHYECKHX METONOB AeMOHCTpHpYIOTCA ¥ Mutaena [17], mokasas-
mero, 9T0 MORHO IOCTPOATH Ipadn, AJMA KOTOPHX mi06oit W3 aBpH-
CTAYECKAX METONOB AaeT HPOM3BOJBHO IIOXHE ONEHKH XpOMaTHYe-
CKOT0 YHCIA.

1) Ecax A — MaTpmROa cme;KHOCTH rpada G ¢ MUATOHAILHHEMH 3JIeMOHTAMI,
n

pasHuME 0, ToO d; = 2 a;y. AByxmaroBas CTemeHs OIpefensieTca Torxa mo ¢op-
=1

n
Myire &= E a;;d;, MBoOGmE k-IIATOBAA CTeNeHb OMPEleNACTCA NO PeKypPerT-
Holi Qopmyie:
n
dV = 3 ayydfth.

i=1
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5. OGoOnienns ¥ NPHIOKEHAA

3amaua pacKpacKE B TOM «JHCTOM» BHIE, B KaKOM OHa DacCMAaT-
pHBanach Bue B HAaCTOAMeEH IylaBe, PEKO BCTPEYaeTCA Ha IPAKTHKE.
Onsako ee 0600meHEs ¥ pPasHOBHNHOCTH (He3aYMTENbHO OTJIMYAI0-
muecs OT Hee) HAXOAAT MMPOKOEe IPEMeHeHMe B GONbIIOM YMCIE Pa3-
NAYHEHX NpEKIANHHX 3amgad. llenso maEHOTO pa3fena ABJIAETCH
03HAKOMJIEHME YETATEeNfA C HECKONBKMMH Hamboiee gacTo BCTpedalo-
mumecsa ob6obmenmamu. Cnucox DprioKeHMH, €CTECTBEHHO, STHMRP
opuMepaME He OTPAHHIMBAETCS.

5.1. Mpocran 3anasa pasmemenna (3arpyskm) [6]

PaccmoTpeM 3ajaqy pa3MelmeHHs (3aTPY3KH) N KAKUX-TO IpeiMe-
ToB no AmuKam. IlycTh Kakumii mpeaMeT COOTBETCTBYET onmpejelieH-
Hoit BepmmEHe rpada G. Beaxmit pa3, xorga nBsa mpegMera I; B Iy
HE MOTYT OHITH pasMeIeHH B ONHOM fuKe (HAaIDEMep, KOTAa Npen-
MeT I; MOKeT 3arpASHATH npeamer z;), B rpagd G BBopmtcA pe6po
(zs, z;). Ecim smuky EMeI0OT HEOTPAHMYEHHYIO BMECTHMOCTB, TAK YTO
B KAaM[IH# W3 HEX MOKHO NOMECTHTH CKOJBKO YTONHO NPEIMETOB,
TO 3ajaia HAXOKNEHHMA HaWMEHLIIEr0 YUClIa AMUKOB NJIA pa3Merme-
HEA OpeAMeTOB 3KBHBAJIEHTHA 3ajade HaX0MNEHHA XPOMaTH4eCKOTO
gucna rpaga G; npmyeM KasKIOMY SIIMKY COOTBETCTBYET ONpefleleH-
BHP ¢[BET», a NpeJMeTH, OKPAMEeHHKNe B OAMH IIBET, YKJAXHBAIOTCA
B ONMH W TOT K€ SAIIHUK.

(i) Amukn oquBEaKOBOH BMeCTUMOCTH. B melCTBHTENBRHOCTH AMMUKHA
obnamaroT OrpaHWYEeHHOM BMecTHMOCTHIO. llpenmono;kmM, 4TO BMe-
CTHMOCTH OMHAKOBA Yy BCeX SAMUKOB ¥ paBHa (. ITO MOKHO MHTEp-
OpeTEPOBATH TAK: B ONMH IBET OKpamuBawTca He Gonee weM (J Bep-
mpE. B repmmHax O-1-mporpamMmpopanms (cM. pasf. 3 HacToAmed
ITaBH) NaHHAasA 3afada 3arpyskum MokeT OuTh cdopmyampoBaHa
clenyomuM oGpasoM:

MMHEEMH3UPOBATh BHpaskenume (4.14)
npm orpanndenmax (4.11), (4.12) n

> &;<Q (masm Beex j=1,2, ...,q). (4.16)
i=1

Pemenuem sToit 3ajnaum sBasercsa Matpuua [E};], onucuBaomas onTm-
MalbHOE pasmeujerue (pacupenelienne) npedmemos no ayuram (AEa9e
TOBOPS, 2DPYnnuposka npedmemos no yéemy). Uucmo g ecTb Bepx-
HAS OmEHKAa J71A YHCJA AIAKOB.

(ii) Amuxx nMeror, BOOOmME TroBOps, Ppa3aMYHNIE BMECTHMOCTH,
M AEKAM OPHOHMCAHH CTOMMOCTH. IIycTh j-ii AMUK MMeeT BMeCTH-
MocThk (; M cTomMOCTh vs. [Ipennosnoskmy eme, 9To mpegMeTaM (BepmIu-
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gaM rpada) comocraBieHH Beca, CHa;keM, i-My IpeaMeTy COOTBeT-
cTByer Bec w; TpeGyercA Tak pasMecTHTh IpPeAMeTH IO AIAKAM,
qTo6H

(2) BHIOOJHAJACH YCAOBHA, ¢HARKJIANAKBaeMHe» rpadom G,

(6) ynosmeTBOpA/MHCh OrpaHHYGHWA HA BMOCTHMOCTh AIAKOB,

(B) 6una HamMeHbIIel 06MaA CTOMEMOCTD HCIOAb3YEMHX AMHEKOB,
Torna sajavya IOpHEMET CJHeAyIOIUA BHA:

q
MHEHEMHESEPOBATH QyHKIEIL 2 =52 b, (4.17)
-1

npr orpammdermax (4.11), (4.12) =

Eﬁ Eywi <Oy, (4.18)
n naa ecex j=1, ..., q,
2, <Ly (4.49)

rae mepeMeHHAS \); IPHHAMaeT 3HAUeHHe 1, eciim B AIEK j mOMemeH
Kakoi-1m6o mpemmer, m pasHa 0 B mpormBHOM cayuae.l — mpoms-
BOJbHOE IOJIORATEILHOE Iejoe IucIo, Goapmee, geM i, & ¢ — obmee
gucno mEMemmxcAa smmkosB. Orpammuenme (4.18) o3Hawaer, uTO
HH O[lMH B3 AIIMKOB He Ieperpyxaercs, a orpanudenme (4.19) rapan-
THPYeT BHIOJHEMOCTh YCIOBHA: ecld Yj = 0 (T. e. AMEK j, mycT),
T0 Bee &y, (i =1, ..., n) Tarxme paBHH 0.

B aroM caMoM o6meM cayuae HeoGxomaMo OHIO BBeCTH HOIOJHE-
TeJbHHE NePeMeHHHe ;, HIOCKOALKY AmMuKA (IBeTd) HeaAnssA mTpado-
BaTh TeM cmoco6oM, KOTOPHIT XapaKrepmayeTcsi BHpaxenmeM (4.14).
Caenyer oTMeTHTB, 4T0 YeM Gosee o6meli ABAACTCA 3afada, TeM MeHee
BQ;KHHM CTAHOBHTCH €€ ¢pacKpacodYHHit» acmexr. Tak, Hampmmep,
B TOJBKO YTO PACCMOTPEHHOM 381896 MOMKHO BHJICJHTH B MOA3ANATH:
(a) o «packpacke», COOTBeTCTBYIOI(yl0 orpaHmueHmI0 (4.12), m
(6) o «pamme», onpeneaneMyw orpammdenmed ') (4.18). JIpa mpyrmx
orpammuenns, (4.11) u (4.19), ABAA0TCA OrpAHMYEHHAMH CTPYKTYP-
HOTO XapakTepa.

H3-3a aTHX NBYX B3aMMOCBA3AaHHKX aCIeKTOB o0masA 3afada pac-
KPACKA SHAYHTEALHO TPyAHee NJA DemeHHA, 9eM (IHCTaA» 3a7ada
PaCKpacKH.

IBe crenyomme OpERIagHHE 387898 MOKHO PACCMATDPHBATH KaK
8alav| 0 pacKkpacke rpada (mam coorsercTByomzEe 0606menHsa 3anaTA
O pacKpacke).

1) 3afava o panye paccMarpmsaiach, mampumep, B [10].
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5.2. Cocrapienme rpadmkoB ocmorpa (mposepkn) [25] [2 4]

B 3amazax Teopum pacumcaHuE !) OCMOTPH HpPEeICTABIAIOTCSHE
B BHJEe BPEMEHHHIX HHTepBaioB. HakaoMy OCMOTPY MO;KHO COHO-
CTaBATh BEPINMHY HEKOTOpPOTo rpada, mpudeM Ase Jo6He BepPIMHHE
rpada Oyayr coegquHeHH peOpoOM JHUIIb TOTAA, KOTJa COOTBETCTBYIO-
mMEe BM OCMOTDHl HEJb3d OCYMECTBIATH ONHOBpeMeHHo. Tpebyercs
COCTaBHTh TaKO# rpa¢eK OCMOTPA, KOTOPHHE CBS3aH C HAaMMEHbIIHME
BPeMeHHEIMH 3aTpartaMu (C y9eTOM HPHUBENEHHHX BHINE OTpaHHYeHHH
Ha «COBMECTHMOCTB» OCMOTDOB). JTa 3ajada 3KBHBaJIEHTHa 3ajade
0 pacKpacke BepmEH rpada ¢ HCHOJb30BAHMEM HAMMEHBIIEr0 THCJIA
1BeToB. XpoMaTudecKoe 9uciao rpada Kak pa3 M COOTBETCTBYET OCMOT-
py, TpebylomeMy HaMMeHbIIUX BPEMEHHEIX 3aTpar.

Eciu 4mciio 0CMOTPOB, KOTOPHE MOKHO OCYIECTBIATh B OOHO
H TO K€ BpeMs, OTpaHW4eHo (HampuMep, H3-3a PA3MEPOB IHOMeImle-
HHE#), TO OPEXOAMM K 3afade Tuma (i) m3 pasm. 5.1, m Q B aToM ciy-
9ae ABIAETCA YHCJIOM MOMEIEHWH, Ile IPOMCXOTHMT OCMOTP.

5.3. Pacnpenenerme pecypcos

IIycTe Ans BHOONHEHHS KAaKEHX-TO 1 paboT Hajo pacnpefeamTh m
EMelmuXxcAa B Haamymm pecypcoB. Cumraem, uro kaskgas m3 pabor
BRIIOJIHAETCA 33 HEKOTOPH# (OMHAKOBHE JuiA Bcex pabor) mpomexy-
TOK BPEMEHH M 4TO [JIA BHOOJIHeHHs {-d paborn TpeGyercsa momMHO-
xectsBo pecypcoB §,;. Iloctpoum rpa¢d G: kamxpmoir pabore cooTser-
CTBYeT onpefieleHHas BepmuHa rpada, a pebpo (z;, z;) cymecTByer
B rpade TOI7la ¥ TOJNBKO TOTJa, KOTAa JJs BHIOJHeHUs I-ii H j-it
pa6or Tpebyerca xora 6w omgmn oOmmit pecypc, T.e. Korma S; ()
N §; = &. 310 03HAUAET, 9TO i-51 ¥ j-1 PaGOTH He MOI'YT BHOOJHATH-
ca ogHoBpemenHo. Packpacka rpadga G oupenenser Torga HeKOTOpoe
pacupefieiieHEe pecypcos (0o BHIIONHsAeMEM paboTaM), mpEYeM TaKoE,
910 paboTH, COOTBETCTBYIONNE BEPIMMHAM OJHOTO IBETA, BHIIOIHAIOT-
ca ogHOoBpeMeHHo. Hamnydmee ucoosb3oBaHue pecypcoB (T. €. BHIIOJ-
HEeHHe Bcex 7 pabor 3a HaEMeHbINee BPEMs) NOCTHTAETCA HPM OHTH-
MaJbHOM pacKpacKe BepmHH rpada G.

6. 3agaun
1. Ilna rpada, noxa3aHHOTO Ha pHC. 4.5, BHIYHCJIHTHL BepXHue

I HMKHAE OUEHKM XPOMATHAECKOTO YHCJA, UCHOJb3YA Pe3yIbTAaTH,
npusefeHHEe B pa3n. 2.1 n 2.2.

1) B oTeJecTBeHHOI JHTePAType NPEMEHAETCH TAKIKe TePMHH «33,]aua KaJeH-
JfapHEOro naaEwpoBaBdAy.— IIpux. ped.
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Xy X2

/

X Xa

Puc. 4.5.

2. Ucoonraya aaropmrvu m3 pasf. 3.1 m 3.4, maiitm paa rpada
Ha pHC. 4.5 XpomaTHYeCcKOe IHCJIO M COOTBETCTBYIOIIYIO 9TOMY IHCIY
packpacky. CpaBHHETL BHYHCAHTeJBHYI CJOKHOCTH 3THX aJTOPHT-
MmoB (nJa naHHOTO Tpaga).

3. Ilna rpada, maoGpaxennoro Ha puc. 3.6 m3 ria. 3, maiiTa xpo-
MaTHYeCKOe UYHCJO H COOTBETCTBYIOIYI0 pacKpacKy, (opmMylEpys
safiauy o packpacke xkaxk 3HII.

4. TlpmmenHTH DOCJAENOBATENLHHE METO[H, OCHOBaHHHE Ha pac-
cMoTperEm cremeHeit d;, di¥ m d{®, nasa DoayueHWs «onNTEMAJBHOME»
packpackm rpada, mpuBefileHHOro Ha pmc. 4.5.

5. JloxasaTb, 9T0 XPOMATHYECKO® UHCJO KaKAOTO n-BePIIMHHOTO
nepesa (rn>>2) paBHo 2.

6. IloxasaTts, uTo rpad 2-xpoMaTHYeCKHil TOrfla M TOJBLKO TOTJa,
KOT/la BCO® €r0 NUKJH HMEIT YeTHHe JUIHHH.

7. B nNoCKOCTH mpPOBEAEHO KOHEYHOe IMCJI0 NPAMHX JRHEH; OHE
pasbmnm ee Ha KoHeZHoe umcio obaacreir. Ilokasath, uTO mOCTATOU-
Ho 2 mBeTa [ TaKoll pacKpackm BceX TEX ofGaacreli, Korfa diobne
IBe CMEKHHe 06JacTH OKpAITMBAIOTCA B pPa3HHE I(BETA.

8. T'pad ma pmc. 4.6 npeacTaBaseT cxeMy 3JIeKTPHISCKEX COOAH-
HeHREil; BePIIMEH COOTBETCTBYIOT KJIeMMaM, pe6pa — IPAMHM MeTaj-
JMYeCKEM II0JIOCKAM HPOBOAHEKOB. [l (H3HYeCKH OCYHIeCTBEMBHIX
CoeMHEHHNI NPOBOJHAKE HE JOIKHH IEpPeCeKaTh APYT APYTa, HOITOMY
HeoGXoEMO pacmpefieanTs pe6pa N0 HECKOJLKAM IapajlelbHHM
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OJaTaM, B Ka:K[I0H M3 KOTOPDHX IPOBOJHOKH He HEpPEeCeKaNdch O,
(HaeMMbl «TOCTYIHED HAa Bcex IaTax.)

1 2 3 4

N

6
-— Knemmpl

~a— [lpoBOAHNUKH

~a— Knemmb!

Puc. 4.6.

Onpenennrs HaEMeHbIIee YHCIO 01T, HEOOXOMMMEIX JJIs peadda-
nue 9Tex coepmHenmi (cm. [14] = [7]).

9. Ha Tpex npeanpEATHAX BHOYCKAeTCH ONWHHAALNATH BHAOB
manenmit A, B, ..., K, opuuem ka:kauii Bum IpPOH3BOJATCA TOJIBKO
Ha OfHOM ®3 Tpex npegnpuATmd. [IponenT o6mux neTanei m MaTepua-
JI0B, HCIOJB3YEMHX B IPOHM3BOJCTBE KaKALKIX ABYX BHIOB H3MEJHi,
OPHBOAATCA B CJEAYIOIed MaTpHIe:

A

B
55|—1|C
6018 | — | D
85(65(40 | — | E
4519013518 [ — | F

80 |75(30|9 (90| — |G
5013070 }35)65)30 ) —
50|60(90|40{35]70 (30 [—]1
20
90

60 14540 803070 25| — |3
45 (40 4535 (80|20 25185 | — K
8070 851303540 2575|7560 — |

Re-xommgOwy

HenatensHo, 9TO6H Ha ONHOM IPEJIPHATHE BHIYCKAJIUCH H3AETHS
¢ GoxpmrEM mponeHTOM 0OIMEX AeTaleil @ MAaTepHANOB, NOTpebIAEMEX
Opda mX Dpom3BopctBe. TpeGyerca Tak pacmpefenuTs OPOHE3BONCTBO
H3[eJHd HA NPEINPHATHAX, 4TOOH MEHEMYM OOImEX HOCTABOK NI
OPOM3BOJICTBA ABYX JMIOOHX BHJ0B H3[EJHil HAa OXHOM H TOM jKe IIDEf-
OPEATAA OHUI KaK MOKHO 60JbmIe.
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Fmasa B

PASMELUEHUE LIEHTPOB

1. Beenenue

B npakTHUecKO# [E€ATEJBHOCTH NOCTOAHHO BO3HHKAIT 3afadd
«HAWJy4Imero» pasmemeHusa o000pynoBaHMA (MJIH CpPeNcTB 06CIY:KH-
BaHUA) B ceTAXx uam rpadax. B wactHocTH, ecam rpad mpenctaBaser
ceTh JOPOr ¥ BEPIIMHHE COOTBETCTBYIOT OTAEILHHM paiioHaM, To
MOKHO IIOCTABHThH 3ajjaly OITHMAJBHOTO pa3memeHHs O60;1bHUI,
mOJIANEACKAX YJYacTKOB, MOMKAPDHHIX dYacTel ® MHOTHX JPYTHX
KpaiiHe HeoGXommmbIx HpegupuATEd ¥ cayx6. B Takux cayvasax
KpHTEepHif ONTHMAJBHOCTH MOKET COCTOATh B MUHHMH3AOHUH pac-
cTOAHMA (RJIHM BpeMeHH Lpoe3Nia) OT NYHKTA 00CIYKHUBAHHA 70 CaMOM
OTAajeHHOH BepMHHH rpada, T. €. B OUTHMH3ANHE (HAUXYAIMETO
papnanTa». B Gonee obGmeit 3anaue TpebyeTcAa pasMeCTHTh HECKOIb-
KO TAKHX NYHKTOB obGcayKuBaHEHA (a He ToabKo onmH). Ilpm atom
caMad oOTOajJeHHasA BepmuHa rpada OoJKHA HAXOOUTHCA IO Kpai-
Hell Mepe OT OJHOTO NYHKTAa OOCAY)KMBAaHHA Ha MMHEMAJbLHO BO3-
MOKHOM paccTogHMH. K TakuM 3ajgadaM OTHOCATCA 3afa9d pasMe-
meHuA aBapHiHHX cay:K0, M mo3TOMY O0OBEeKTHBHHM TpeGoBanmem
3leCh ABJAETCA MHUHEMH3anuA HanbOJbIIEr0 pacCTOSHHA OT IPOH3-
BOJIbHOM BepmMHH rpada mo Gamsxkaiimero K Hell myHKTa 06CHYKH-
panud. Ilo oueBMAHLIM HpHYMHAM 3afladd TAKOTO THIA HA3HKBAKTCA
MUHUMAKCHEMU 3adavamu pasmewenus. IlonmyueHHne upm pemeHmH
STHX 3a7]lad MECTa pa3MeIeHHA IYHKTOB 00CIY/KHBAHNA HAa3HBAlOTCA
yenmpamu rpada.

B HexoTopHX 3ajjavax pa3MemeHMA JydYme Bcero Ouo OH MHHH-
MU3HPOBATH CYMMY BCeX pACCTOAHHMH 0T BepmmH rpada A0 mEHTpa
ofcayxuBanusa (ecau npeRuno;IaraTh, ITO HMETCH MECTO [JA pasMmemie-
HHEA TOJBKO OJHOTO TAKOTO0 HYHKTa o6CayKuBaHHA). Takoit KpHTepHix
ABIfAeTCA Hambosee NONXONANIAM, HanpuMep, B 3afade O pa3MeDIeHHH
CKJafa B ceTH J[OpoT, TAe BePIIMHHK NIpecTaBAAT motpedHTeeii,
oGcay:KHBaeMEIX 3THM CKJANOM, HJIM B 3afade pa3memenud TejedoH-
HHX CTAHUMA B TejedOoHHOH ceTH, IJle BePINMHK I PENCTaBAAIOT abo-
HEHTOB. 3aJad¥ TaKOro THOA BOOOME OTHOCATCA K MUHUCYMMHBM
adavam paameujerus, XOTA meneBaA PyHKOUA ABJIAETCA 9aCTO He
NIPOCTO CYMMOH pacCTOAHHi, a cymMoil pasnaMIHHX QYBKOHE OT pac-
croaHmit (cM. Ta. 6). Mecra pasmemeHuA NYHKTOB 06Cay:KHBaHHA,
ooJy4eHHLIE B Pe3yJIbTaTe PeImeHds MAHMCYMMHOM 3aa9d, HA3bBAIOT-
ca meduanamu rpada.
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Ileanio aTOM rIaBH ABAAETCA PACCMOTPeHHe MHHAMAKCHOH 3afavum
pasMEIeHHEA [JIA B3BEMEHHHX TpafoB C BECAMH ¢;;, COOTBETCTBYIO-
mEME AyraM (E DPefCTaBAAIMHEMHA JIFAHH) B APYTEME BECAMH Uj,
CBASAHHKMHA C BePMEHAMHA (H HPEJCTABJAOIHAME, CKAa)KeM, PasMepH
HJIH Ba)KHOCTh 065eKT0B). [IpHBOAATCA aNTOPATMHE ONPEENICHAA ONTH-
MaJbHOTO PasMeINeHAsA NeHTPOB B TAKHX Ipadax # Pe3yibTATH BHIAC-
JneHmi nnA rpadoB cpegHEX pasMepoB.

MeBECyMMEaA 3aflaua pasMEIMEHHA PACCMATPHBAGTCA OTHAEABHO
B crefyomed rnase. XoTaA 8TH [iBe 8a/laUH, 0Y6BHIHO, CBASAHH MEKNY
co6oii, HO, IOCKONBKY METONH HX PemieHHAA PasJMIEH, I1. 5 1 6 MokHO
9YHTaTh HE3ABACHMO APYT OT APYTa.

2. Paznenenms
Ana mo6oit pepmuuw z; rpaga G = (X, T) nycrs R} (z,) ects

MHOKECTBO TeX BOPIIHE Z; rpada G, KOTOPHE NOCTHKAMH H3 BePIIHHK
Z; ¢ mOMOmMBIO MyTel CO B3BEMEHHHME AAEHAME Vid (), Z;), He mpe-

BOCXONAIAMA BOIMIRHH A. Yepes R} (z;) 6yner o60sHAYATECH MBO-

X

X

Pmc. 5.1.

JKOCTBO TeX BepmuH z; rpada G, u3 KOTOPHX BepmMEHA z; MOMKer GHTH
NOCTHTHYTA ¢ HCIOJLBOBAHMEM NyTed, HMEIOIMUX BSBEMICHHWE HNAHHH
vjd (Ij, zl)gl'

Taxam obGpasoM,

Ri (z1) ={z;|vsd (24, z;) <A, 25€ X}

: (5.1)
Ry (Z‘) ={zj l vld (zjv I()gl, z; € X}
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Jlnsa Kamaoid BePIMMHNW Z; OUpEleNMM CAeAyIOMME [Ba TUCIA:

S, (z;) = max [vd (z;, ;)]
ijX 5.9
" 8¢ (z) = max [v,d (zy, z;)]. (5.2)
ijX

Yncna s, (z;) 2 8 (z;) HA3LIBAIOTCA COOTBETCTBEHHO HUCAOM GHEUL-
HE20 pAa3feAeHUs B HUCAOM GHYMPEHHE20 PA30eACHUS BEPULUHBL ;.
Crenyer oTMeTuTh, 9TO S, (Z;) ABAAETCH HAaMOGOJBLIIMM YMCIAOM B CTPO-
ke z; matpauu D’ (G), mony4eHHO# B pe3aynbTaTe YMHOMKEHHA Kaik-
moro ctoabua j Martpuun paccrosEmir D (G) = [d (z;, z;)] Ha vy,
B §; (z;) ABNAeTCA HaHOGONBIIMM TIUCIOM B cTOJOLE T; MaTprIH D" (G),
DOJYYeHHOH NOC/le YMHOMKEHAA KajKAO#W CTPOKM j MATPHNHE pPAcCTOA-
gait D (G) va v;.

PaccmoTpEM B KavecTBe mpEMepa OpHEEHTHpOBAaHHBIA rpad, mao-
6pakenBHi Ha prc. 5.1, B npeamoNOK UM, ITO BCe Beca BEPIHH H YT
rpada paBHH efumEANe. MaTpmua paccToanmii rpadia mMeeT BUJ

X, X3 X3 Xy X5 X S(x)

x; joflirl2(3|2|3] 3

x, [3]0f1]2]1]|2] 3

D(G) =

xg [1]|2]3]4|3|0]| 4

six) 4 3% 3 4 3% 3

Ypcna BEEmMHEX H BHYTPEHHMX pa3jeleEMi HOPHBEJEHH B IpH-
COeMHEHHLIX K MaTpulle CTOJOIe U CTPOKE COOTBETCTBEHHO.
Ecam A, — Haumenbmas AJM®MHA A, TaKasg, 9T0 [JIA BePIIHHH I,

(1. e. Bce BepmmHHN rpada G JOCTHKAMH H3 Z; C HCHOJHL3OBAHHEEM
nyTed, B3BEmMEHHHE /[JMHK KOTODHX He HPEBOCXOMAT A,, LpHYEM
A, — HaEMeHbIIE® H3 TAKHEX IHCeNX), TO M3 coorHomenmi (5.1) m (5.2)
cliefyeT paBeHCTBO

S0 (Z1) = ho- (5.3)
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AHaJIOrmuHo, €CJAH A; — TaKaA HaEMEHLIIAA AJHHA A, 4TO

Ri (31) =X ’
TO & (31) = xg.

CoBepmeHHO 0UeBHAHO, 9TO ¥ rpada G 4mcja BHENIHErO W BHYTPeH-
Hero pasfejJeHuil J1060if BePIIMHEL KOHEYHH TOJALKO TOrka, Korga rpad
CHJILHO CBASHMM, T. ©. KOrfla KajKAaA BepPIIMHA AOCTHKEMA H3 BCHA-
Kol mpyroil BepIIAHH.

3. Ilertp m papmyc
Bepmana z3, AAA KoTopoii
8o (23)= még CNENIA (5.4 (a))
*q

HA3HBAGTCA SHEWHUM Yyewmpox rpada G; m aHAJOrAYHO BepIIHHA IXf,
AJIA KOTopoi
8¢ (1) =min [s; ()], (5.4 (6))
x*€X

HA3HBAETCA SHYMpPEHHUM Yenmpom rpada G.

Y rpada momer 6uTh HecKoAbKO (Goabme, ueM ONMH) BHEIIHHX
H BHYTPEHHHX LeHTpoB. TaxkmMm oGpasoM oHE 06pa3syioT MHOKECTBA
BHEIIHHX H BHEYTPeHHHX NEHTPOB COOTBETCTBEHHO.

Yhcno BHEMHEr0 pasfefeHAA BePIIAMHN X3, ABIAKNMEACA BHeM-
HAM IEHTPOM, HASHBAGTCA GHEWHUM Daduycom: P, = S, (zg); udcaAO
BHYTPeHHEro pasfieJeHHs BHYTPOHHEIo NEHTpa HA3WBAETCH SHYMPEH-
Hum paduycom: p;=s; (xF).

¥V rpada, mso6pamennoro Ha puc. 5.1, ¢ MaTpmmeii paccroaHnmil,
OpHBEeHHO! BHINE, MMEIOTCA TOJBKO OAWH BHemHHUA HeHTp (Bep-
MAHA Z;) H YeTHpe BHYTPeHHHX INEHTPa, 06pa3ylomumx MHOKECTBO
{24, 23, %5, Zo}. Bremmmit pagmyc rpada pasen 2, a BEyTpeHHHil 3.

3.1. Pasmemenne asapmiisnx cayx6 m nysxToB ofcayxmBanns

PaccmoTpuM 3afavy o6CcaymuBaHHA HeCKOABKHX KAJIKX paitloHOB
AJIE HACEJIECHHHX IYHKTOB (CBASAHHKX MeKAY Co60iH NOpOKHOK CeThI0)
KakuM-TH60 OffHEM IYHKTOM 0GCAy)REBaHUA (HampEMep, OXHOH 60iab-
HuUnell, AJIE HONANeHCKEM yIacTKOM, HAH noKapHHM feno). [lo HexoTo-
puM DpEumHaM (HampHaMep, HaJHYAe JNIOACKAX PECypCOB MIH JPYrHe
yno6cTBa) HyHKT oOCHAY:KMBAHHA ROJMeH GHTH pasMemeH B OJXHOM
H3 DTHX pPaifloHOB, & He B IPOM3BOJLHON TOUKe KaKo#-I1m60 MOpOrH.

IIpeamoiokuM, 9TO «IIHHED ¢;; AYT rpada G (BepIHHH KOTOPOro
COOTBeTCTBYIOT paifoHaM, a Ayrm — jgoporam) oGpasyloT Marpumy
BpeMeH LIpoesfa MeKAY ITEHMH paiioHaMH. Ta MaTpHIA HeolAsaTenab-
HO CHMMETpHYECKasd, T. e., Boobme roBopA, ¢;; 7= Cj;, IMOCKOJABKY
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BpeMA Dpoe3ga MoKeT 3aBACETH OT YKJIOHOB Ha [0pore, HAJHIHA YIHI
¢ OOJHOCTOPOHHMM NBHMKEHHEM H T. [.

B cryvae pa3MemeHHA DOJHALEHACKOTO YJaCTKA W/IN LOKAPHOIro
Jeno MHTEepPecYIOTCA BpeMeHeM, HeOOXOMHMEIM UIA npoe3na B Hambolee
OTHalleHHHE B3 dTHX padoHoB. ClemoBaTesNbHO, 3ajada pPasMemeHHA
noxaneACKoro yJqacTka (MM noKapHOTO Aelo) COCTOUT B MEHUMH3A A K
3TOr0 BpeMeHH. 3ajada CTAaHOBHTCA O0oJiee pEAJHCTEYHOM, eclId
Ka:Kjaod BepmmHE rpaga OpPHUIHCHBaeTCA Bec (V;), OpeicTaBIAKMHM
BEPOATHOCTh HOTPeGHOCTE NAHHOTO pailoHa B COOTBETCTBYIOMEM 06-
CIYMBAHHH. OTH Beca, HaOpmMep, MOrYT GHTb OPONOPIHOHAIBHBI
9ACIeHHOCTE HACEJeHHA KaMKHoro paiona. Bepmmua, XOTOpaA MUHH-
MH3ApYeT BpPeMA Opoe3la A0 CaMOro OTHRJEeHHOTO padoHa, ABIAETCH
BHENITHHM IHeHTpOM rpada.

B cinywae pasmemenusa 60AbHAOH HHTEPECYIOTCA BpeMeHeM, Heo6-
XOOAMHEM IJA Opoe3fa MaIIMHE CKOpPOi TIOMOMM B CaMEIl OTHaJIeH-
HHIil palioH ¥ Bo3BpameHZA ee B GoabpHuuy. Ecid onpegennts d4ucio
BHeIMHe-BHYTPeHHEeT0 pasfeleHdA BePIIMHH I; ¢ NOMOMMbBIO PABEHCTBA

Sot (Z;) = max {v; [d (z;, z;) + d (z;, z1)1},
ijX
TO BEPIIMHY Iy, Ha KOTOPOH MOCTHIaeTCA MHHHOMYM BHpakeHHA
Sot (%:),
MOMHO Ha3BaTh BHEIIHe-BHYTPEHHAM HEHTPOM.
Hna rpaga, msobpamenroro Ha puc. 5.1, ¢ MaTpHueill pacCTOARAR

D (G), upuBenenHo# paHee, BHEIIHE-BHYTPEHHHM NEHTPOM HABIHETCH
BepIIMHAa 5. BHemHe-BHYTPEHHHMH pagnyc paBeH J.

4. AGComOTHEIH LEHTP

CootHommenne (5.3) ompepmenAloT 4mcra pasfeleEHA 1A 1060
sepmuH I; € X. Mu 0006muM Temeph 9TO onpefiesieHHe Ha ciaydai
a

X; O - —0 Xy
y

Puc. 5.2. Pasmemenre Ha [yre.

(HCKYCCTBEHHHX» TO4YEK, KOTOpPHE MOMHO IDoMmemaTsh Ha ayrax. Mrax,
ecau a = (z, z;) (cM. puc. 5.2) mpefcTaBaseT Ayry rpaga c BecoM
(nnmHOA) c;;, TO TOYKa Y, HOMemAaeMan HA 3TOil gyre, MO:KeT GHITH
onpegesJeHa NOCPEACTBOM 3aJaHUA miawHul [ (r;, y) ydactka (I;, Y)
opeYeM JOJIKHO BHIOJNHATLCA PaBEHCTBO

l(xiv y)+l(y1 Ij):cij' (55)

Yncaa paspeaenns s, (y) u 5 (y) TOYKH Yy HE3aBHCEMO OT TOTO,
ABJAETCA OHA BepwnHOA rpaga G HUIH HCKYCCTBEHHOH TOUKOIl Ayrm
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rpada G, ompefensanTca clegyomup ofpason:

So (y) = max [U‘d (y1 3[)]1 (5'6)
x‘EX
a 0aa s (y) COOTBercTByKINEe BHpAKEHHe IOJYYaeTCA M3 COOTHOMIe-
gua (5.2).
Touka ys, oA KOTOPOi

8o (¥o) = min (s, (¥)], (5.7
yu G

Ha3HBAGTCA alCOAIOMKHM GHEUHUM YeHmpoM Tpada; W aHAJOTHYIHO
onpeneaserca yf — abcoalomunii enymperHull Yyermp.

Yueno BHOITHETO pa3fesieHdA aGCcoM0THOT0 BHEITHETO IEHTPa Ha3H-
BAETCA A6COAIOMHUM SHEWHUM paduycoM: To = S, (y3), H YHCIO BHY-
TpPEHHETo pasfejeHHA aGCoMIOTHOr0 BHYTDPEHHETO NEHTpa HAa3HBAOTCH
abcoslomuum SHYMPERHUM paduycom: ry= sy (yt).

Ipamep. PaccmoTpuym HeopueETHpoBaHHHE rpad G, moka3aHHHIK
Ha pmC. 5.3, Ifie Bce Beca BepmMHKH X NAMHEH pe6ep PaBHH eIWHAIE.
X, X2

em—r)

e

X3

Y

Xg Xg
Puc. 5.3. AGcomoTHHI menTp.
Ilockoabky rpad HeopHeHTHPOBAHHHI, TO 9YHCJIA BHEMHHX H BHY-

TPeHHHX pasfejieHHil OXAHAKOBHE (1A ONHOH H TOl Ke BepMHHH).
MaTtpuma paccrosmmit rpada mmeer BuR

x, Xy Xy x, Xg

x, 0 1 2 2 1

X, 1 0 1 1 2

D(G) = x4 2 1 0 2 1
X, 2 i 2 0 1

Xs 1 2 1 1 0
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HerpynHo BuieTh, 9TO LEHTPOM ABJIAETCA KaK[Jad BPPIIMHA H 9UTO
paguyc paBeH 2.
Ecam rteneps Bufparh TO4Ky Y, Ha pebpe (zs, z;) Tax, d9ro

(2, ) = 5 z .
s, Yy) = 5 |H, CleloBaTeNBHO, (Y1, x3) = 3 ) » TO paccToAHAA

OT 3Toil TOYKM JO0 BepmHMH rpada namorca Tabaunei

X, X, Xy X, X
1 1 1 1 1
Y1 13 13 2 13 2

1
3uaunrt, Hanboabniee IACIO pa3fieeHAA PaBHO 15‘ . Taxam obGpa3om,

TouKa Yy, Gosee «neHTpasbHA», YeM Jdi0bas n3 Bepmnx rpada G. B nei-
CTBHTEJBHOCTH TOUKAa Yy, ABAAeTcA a6CONIOTHRIM IeHTpoM rpada G —
TAK 7K€, KAK H BCe TOYKH, pAacIoJIO)KeHHHe B cepexmHe pebep
(xy, x,), (T Z3), (z5y ), (24, Z5) M (25, ;). Hu onma m3 Bepmmu
rpada He aBasercsa abco.rorHM neHTpoM. Takmm obpasom, B obmeM
cayduae MoeT ORTh oquH Aay Gosabme abCcoTIOTHHIX HEHTPOB, KOTOpHE
pacnoJaraloTcA MiAf B BepHIMHAX, WIH Ha AyTax rpaga.

5. AaropuTMbl HaXOKJAEHHA a0CONIOTHHIX IEHTPOB

IlerTpu u pagumycw rpada MOKHO HalTH HeNOCPENCTBEHHO H3
MaTpHAIL B3BEMEHHbIX PacCTOAHUM, Kak GbI0o nokas3aHo B pa3f. 2 u 3.
Ipusenem nBa meToja HaXoxkaerusa abGconioTHoro nenrpa rpada
H OPOMJJIICTPAPYEM 3TH METONH HAa OpuMepe,

5.1. Meron Xaxumu (7]

3TOoT MeTol OUY€Hh NPOCT B [AJA HEOPUEHTMPOBaHHOro rpaga co-
CTOHT B caefyomeM (1A OPHEHTHPOBAHHOIO rpada MeTOX OCTaeTCH
TAKAM Ke, HaJ0 TOJBKO Ka;KJ0€ «HEOPAEeHTHPOBAHHOE» IIOHATIIE 3aMe-
HATh €0 «OPHEHTHPOBAHHKM NBOMHHKOMY).

(i) Daa xamporo pebpa a, rpada HaiTH ToIKM (MAA TOYRY) YR
Ha a,, KOTODH® MMEIT HaAMEHbIOIee UNCJIO pa3[eseHHsA.

(ii) U3 Bcex Touex y% (k =1, 2, . ... m) B kauectBe abcoaoT-
Horo nentpa rpaga G BuGpaTh TOYKY C HaNMEHBOIMM 9HCJIOM pas-
JeJeHnsn.

IlepBrit mar Mmerofa oCymeCTBIseTCA cCjlelylomuM ob6pa3oM.
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Xt

- Pedpo ay

OcTaToK rpaga 6
x‘  ——

Pmc. 5.4.

BoanMenm pebpo a, rpada G (cM. pmc. 5.4). Umeem (ma coormOme-
mma (5.6)):

$ (yx) = max [vid (yx, 2,)] =
x,ex

= 2§ [vy min {I (yx, zp) +d (zp, z;), L(yny Ta) +d (T, z)}, (5.8)

1

nocKonbKy paccrosE®e d (Y, Z;) paBHO jamb0 [IEHE MapmpyTa,
OPOXONAMEro Yepe3 BepMEHY I,, AE60 [JIMHE MapmpyTa, IPOXONA-
mero 9epes g, I (ya, To) B I (yr, Zp) ABNAOTCA NIMHAMA COOTBET-
CTByIOIUX dacreit pebpa a,.

HOyers 1 (yr, zp) = &. Mockousky I (yp, Zo) =cap—1 (ya, 2p)=
= ¢qp — &, TO coorBOmenme (5.8) mpmmer BEX

s(y) = max min [v; {§4-d (2p, 21)}, Vi {cap+ d (Tar 2:) —E}]. (5.9)
*q

Jna ¢EKCApOBaHHON BepmMAHH Z; H OPH KAaKAOM 3HAYCHHH
E (0<<E<c,p) MONKHO HaliTH HaWMeHbINHE 3HAYCHHA BHpAajKeHHH,
3aKJIOUeHHHX B cooTHomeHHH (5.9) B kBagpaTane cko6km. [na aroro
BHIAIEM OTAEABHO JBA YKASAHHHX BHPAKCHHA:

Ty=vi {4 d (25, 2,)},
Ti=v;{cap+d (Za, z;) — &}

H, PAaCCMATPHBAA HX OTHOCHTEIHHO &, CTPOMM HEGKHIOKW ¢ormbaionryion
AAA COOTBETCTBYOIMX MM NPAMHX JHHEH 1).

IloBTopsia oTy mpomenypy mis BCex BepmmH Z; € X, MH HOCTPOHM
Ha OJHOM H TOM jKe 4epTesKe BCe OCTAJbHHE HEKHHE «0rmbalomme».
Hanee BHuEpPTHM BEPXHIOW «OrEGAIOIIyIO» AJA BCeX paHee MOJyYeH-
HHX HWKHAX «ormfalommx», xoropaa (B cmny cootHomenms (5.9))
AaeT YACJNA pasfeseHna s (y,) ANA Bcex 3HAuYeHHN mapamerpa §, T. e.

(5.10)

1) B neiicTBETeALHOCTH 8T ¢orn6anmasn» mpefCTaBAAET co6oi TOMAHYIO JA-
HHI0, COCTOAIYI U3 JBYX ¢HIKHEX» aydyell (0T TOUKHM mepecedeHHMA) paccMaTpm-
BAeMHX HPAMHX JAHHR.— Hpux. ped.
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I8 Bcex Touek Y, pebpa a,. [locTtpoennas ormbaloman (oHa COCTaB-
JIeHa M3 JHHEIHHX KYCKOB) MOET IMeTh HECKOJBbKO MITHIIMYMOB,
Touka yj, COOTBETCTBYIOIIAA HAEMEHBIIEMY H3 3THX MIHHMYMOB,
apiagerca (B cuny cooTHomeHnns (5.7)) abGCOJMIOTHHM UEHTPOM Y,
OTBEYAIOMIM JONOJHNTEIRHOMY OTPAHNYEHHIO: OH JOKEH JIesKaTh
Ha pebpe a,. AGconoTHEIM uHeHTpoM rpada OymeT Takas Touka yf,
KOTOPOH COOTBETCTBYET HAIMEHBINHI U3 MIIHIMYMOB, ONpeIeAlomux
VEasanunie Bhime a0coaloTHBIE HEHTPH Ha peGpaxax (k=1, 2, ...
N OR

5.2. Paamemenne aBapuifHbIX cayx6 (obmuii caywgaii)

PaccmoTtpum eme pas 3aa4y 06 o6CayHIBAHIN HECKOJIBKHX paiio-
HOB KaKuM-1H60 OHIIN IMYHKTOM o6ciayknBaHufa (opHo# GoapHuueH,
11 OOMKaPHBIM Jeno, ILT ImoangelicKuy ydactioy), Ecau onmymeno
orpaHIIYeHIe, COCTOSINEe B TOM, YTO NYHKT 0OCHY:KNBAHIA MOJKeH
pas3MemaThCa B KAKOM-TO I3 KIVHIX palionos (cMm. pasg. 3.1), To onrm-
MaJbHEIM pa3MeImeHIeM NYyHKTa obcay:xuBaHua GymerT ero pasmeme-
aue B J1060M abCcOMIOTHOM IEHTpe COOTBETCTBYIOMEro rpada.

PaccmoTpuM, Hanmpumep, HEOPHEHTHPOBaHHBIE rpad, mpuBeneH-
guit Ha puc. 5.5. Ilycrs BepmuHel rpaga COOTBETCTBYIOT sKUJIBIM
paiioHam, a fauHa pebpa (z;, z;) paBHA BpemeHH (B MHHYTAX), HE06-
XOIHMOMY JUIA IIpoe3ia m3 pafioHa x; B paiioH z;. Ilpeamoaosmms, uro
BepmuHb Ipada HMMET eIIHNYHEE «Beca» I MATPIUa «PacCTOSAHIE»
(BpeMeH) TaKoBa:

Xy X1 X3 X Xs
X, 0 8 8 | 6 2
1

X, 8 0 2 | 1 6

|
D(G) = x4 8 2 1 o 12 8
x, | 6 | 10 . 1 0 4

!

Xg 2 6 8 4 0 J

OuesngHo, 94To LenTpoM Tpada ABIAerca Aubo Bepmiua zp, J11d0
Zs 11 4To paanyc rpada paseu 8.
Cragaa1a BoasMeM pebpo a; (puc. 5.5), n nycTs paccrosHne £
13MepAeTCH OT BEPIIMHBI Iy A0 BePIHHH .
Bupamsenna T; n T; ns coornomennii (3.10) (maa i = 1, 2. . ..
. . .. ) IIMEIOT B HauIeM c.JydYae Taxroil BIT:
Ty=%+d (23 2)=5+38,
T, =c3 +~d(ay, 1) —E=8—-F,
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X X3

Xs as X2
Pme. 5.5. I'pad m3 mpmvepa pasn. 5.2.

AQHAJOTUIHO
Ta=t+2,  T.=16—¢,

Ty=t, 1 =16—t,
T =t+12, T,=14—t,
Te=t+8,  T,=10—E.

Fpadnxm srux ¢ymknmit mao6pamenw Ha pmc. 5.6a, maa 0=
<E<8. Hmerorca mBa JoKaJbHHX a6COJIOTHHX IEHTPa y7 Ha pac-
croannu 6 m 8 MunyT or z,. Unciao pasmeleHHA 3THX ABYX IIEHTPOB
paBHO 8 MHHYTaM.

AHAIOrMYHO CTpOATCA Trpadnku gaa pebep a,, as, ..., CM.
puc. 5.6 6—e. A6comoTaMil 1eHTp (y*) aToro rpada ecTh TAKOMH JOKANE-
HHit UEHTD, KOTOPHIl mMeeT HaUMEHbIIee YnC.10 pasfenenna. O, Kak
JerKko BHAeTh, HaxoxuTcsa Ha pebpe a; (puc. 5.68) B mBYX mmHyTax
or z;. A6comoTHmii pagmyc r (cooTBeTcTBylommil y*), Kak BHIHO
n3 pnc. 5.6, pasexr 6.

9.3. Momudnnumporannsiit Merox Xaxmmn

B onncanHOoM BHme MeToge XaKHMHA NOACK JOKAJbHOTO IEHTPA
OCYIIEeCTBIAETCA BHOAb Bcero peGpa rpaga G. Ecam B rpade muoro
pebep, To BpeMa BHUUCIeHHMA, TpeGyeMoe AJNA NONCKA, MO:KET OKa-
3aTeca 9pe3Bndailno Gonpmmm. PaccmaTpmBaeMana B JaHHOM pasjele
sMoxuduKALUA MeToRa XaKHMH COCTOUT B BHYIICIEHHH BEDXHAX H HHK-
HEX OLEHOK a6COJIOTHRIX JMOKAJbHHX PajHYCOB, COOTBETCTBYIOMHX
MOKAJBHHM LeHTpaM pebep, 1 B HCNOJb30BAHUN NOJYIEHHHX OLEHOK
1A yMeHbHIeHHA ddciaa pebep, ygacTBylomux B NOMCKe.
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BeAkoMy JOKaJbHOMY IeHTPY, pacmojio:keHHOMy Ha pe6pe
(24, z;), cooTBeTCTBYeT (KaK BHAHO H3 CooTHOMeHHA (5.8), ecam moao-
AHTh BCe JJIMHH ! paBENMA HYI0) ero alCONWOTHHE JOKAJbBHLIA
panmyc (CKaKeM, r'y), KOTODHIl He MeHBIIe, IeM Dy, TAe

Piy=max [v,min {d (z,, Zy), d (z,, Zy)}]. (5.11)

x,€X ‘

TaxuM 06pasoM, p;; eCTh HUNCHAR ONeHKA abcoa0THOTO pafnyca rpada,
ecan abCoMOTHHIE meHTp Je:kuT Ha pebpe (z;, z;). CuepoBartennHo,
BeJIHIAHA

P= nmax [pu] (5.12)
(x40 x!)EA

(rne A — MHOKecTBO peGep rpada) aABaserc obGocHoBamEo#l HEKHEIH
oneHKo#i aGcodroTHOTO pajmyca rpada.

JonycTam, wTo abComOTHHIL MEATP pacmosio:keH B ceperHe peGpa
(24, zj). Torna, B cuny coormomenns (5.8), abcoMOTHLI pafEyC paBex

Py + 5 Ug#Cyys THO Uge — BEC TOil BepIIEHH Z,, B KOTOPOif foCTATAGTCA

Hau6osplIee SHAUCHHe BEJHYHHH D;;, YKa3aHHO# B COOTHOMEHHH
(5.11). CaeposaTensHo,

H= min [py +-;— Ve cyy] (5.13)
(x4 x!)EA

aApasercA oGocHoBamHOH 6epzHeil omeHKoil abcomoTHOTO pagmyca
rpaga. Taxum o6pasom, Bcaxoe pebpo (z;, z;), AAA KoTOpOrO
Pi,4,=2H, Momer He paccMATPHBATECA NPH LOMCKe aGCOMIOTHOTO
meHTpa.

Iaa rpada, npmsenenEoro Ha pmc. 5.5, y kotoporo v; = 1 nasa
Bcex z; € X, monydaem (mcmoasdysa dopmyay (5.11)) caepyiomme
PesyJIbTATH:

meHTp Ha a4, = (23, 7,) ;aeT ps,; = max (2, 6, 2) =6,
meETp Ha a, = (z,, Z3) AaeT p, ; = max (8, 10, 6) = 10,
HeETp HA a4, = (Z5, z,) MaeT ps, = max (2, 2, 4) = 4,
meaTp Ha a, = (z,, 23) Aaer p, s — max (6, 8, 4) = 8,
neHETp Ha ag = (z,, z,) Aaer p,, = max (8, 8, 2) =38,
meHTp Ha a¢ = (2, z5) AaeT p, s = max (2, 6, 8) = 8.

Bepxmana omemxa H paBHa, clefoBaTeNbHO (B CHIY COOTHOMIE-
mua (5.13)),

min 6 + 4, 10+ 1, 4+ 3, 8 + 1, 8+3,8+2) =17,

H moaToMy pebpa a,, G, Gy B Qg, AJIA KOTOPHX pyy => 7, MOTYT OHTH
HCKJIOUCHH H3 CIOHCKA KAHAHNATOB Ha pa3MemeHme abcoJIOTHOTO
nentpa. Ilomck abcoMOTHOTO mMeHTpPAa HYKHO BeCTH TOJABKO HA JBYX
ocraBmmaxca pe6pax (Tak, Kak 3T0 GHIO DPOAEMOHCTPHDPOBAHO PaHb-
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e 1 Noka3aHo Ha puc. 5.6 (a) m 5.6 (8)). Hcoonsaya Bepxune m mmm-
HHE OIIeHKN, y[AaJoch VMEHbBIIATHL HOMCK B 3 pa3a. Hammennmas
HEKHAA oneHKa P, BuumciaenHas no gopmyne (5.12), papna

P = min (6, 10, 4, 8, 8, 8) = 4.

JTa oneHKa He ABIAETCH TOYHOIl, HNOCKOIBKY HCTHHHAS BeIIYIHA
abconmwTHOrO pannyca r nanHoro rpada (Hafinemmas B pasg. 5.2)
paBHa 6.

5.4. Hrepannonnntii mMeTox

Urobu cpenats uaidosenue 6oJee mNpOCTEIM, MBI ONHINEM JaHHKIA
METO[ JJIA cAydas HEOpPHeHTHpPOBAHHHX rpados. 3aMeHa KasKIOTO
«HEODHEHTHPOBAHHOTO» NOHATHS €0 «OPIEHTHPOB2HHHIM JBOMHHKOM»
He DPHBOMHT K KaKOMY-TH60 KOPEHHOMY M3MEHEHHI0O MeTola.

Hycts @ (x;) — MHOMECTBO BCEX TAKHX TOYEK Y, JeKamPEX Ha
pebpax rpada G, N3 KOTOPHX BEPIIMHA Z; JOCTHKEMA CO B3BEIIEHHBIM
paccTosnmeM, He npeBocxoxsmuM A. Taxkmm o6pasom,

Or(z) ={y|vid (y, z;)<<h, y—Toura rpaga G}.  (5.14)
370 BHpa;kenme moXoxe Ha Te (CM. (5.1)), ¢ noMomBI KOTOPHX GHIIR

onpenenenn MHEO:ecTBa RS (z;) m R} (z;); OTIHMYMe COCTOHT B TOM,
410 Tenepsr ¥y — aobas Touka rpada G, a Heob6sA3aTeNAbHO €ro Bepmm-
Ha. AGCOMOTHHIL pagByC r, OYeBHIHO, ABIAETCH HAMMEHBIIHM 3Hade-
HEeM A, OpH KOTOpPOM H3 HEKOTOPOH TouKH y rpada G Bce BEpMINHK
rpaga MOTyT OBITH JOCTHTHYTH CO B3BEIIEHHBLIM PACCTOSHHEM, MEHBb-
mpM miau paBHEM A. ClleoBaTeNbHO, I eCTh TAKOe HaMMeHbImee 3Hade-
HEe A (CKameM, Ay, 9TO

ﬂex[Qx @) =0 (z)NOu(z) N ... NOx(zn) £ B-  (5.15)
*

IloaToMy MOKHO HA4aTh C TIPOM3BOJBLHOTO HeGOJBmOro 3HaYe-
HESA A, CTpouTh MHOMecTBa Q) (r;) Ana scex i = 1, 2, . .., n 1 Opo-
BepATH, BHOOJHAETCA aM cooTHomeHume (5.15). Ecam oHo He BHDO.T-
HAETCA, TO HalO0 VBEJMYHTh HEMHOTO BEeJMYMHY A, 3aHOBO LHOCTPONTH
MHOxecTBa (), (z;) (upm HOBOM 3Ha4eHHN A) M OHATH OPOBEPHTH,
He BBINOJHAETCA AN cooTHomeHMe (5.15). 3Ty mpouenypy Mo:KHO
NOBTOPATL JI0 Te€X mOp, NoKa He Gyner Bunoxeatses (5.15). Iloaywen-
Hasg TakuMm o6pa3oM BeamunEa ). NpHHEMaeTcs 3a abCoMOTHHIA pa-
nuyc r rpaga G. Bonee Toro, moCKoNbKY OpPHpPANmEHNs BEIHMYNHEL A
Malkl, TO OepeceYeHme

N_[Qx(z))) (5.16)
xiex

OpH 3aBepmIeHHMA Nponecca HMTepanam GyaeT COAEp:KaTh TOJBKO OTHY
TOYKY (3TOTO AIA NpPaKTHYIECKHX [€JNell OCTAaTOYHO), M OHa SABIAETCH
Kak pa3 abconoTHmM neETpoM y*. (Boamoxmo, uro 6ymer He opxHa
TOYKa, ecNd cymecTByeT 6ojee weM oguH abCOMWOTHHHA HEHTP.)



6. KPATHHIE IEHTPHI (p-IIEHTPHI) 1t

Iockoawky d (z;, Z;) ecTh HamKpaTuaiillee pacCTOAHHEe MeK

y J ny
ABYMS OPOM3BOJbHHME BePIEHAMH I; H Z;, TO COBEPIIEHHO OUEBHMHO,
4TO €CAM A MeHBINE IOJOBMHH B3BCIIEHHOTO PACCTOAHHA MEKAY I; B
z T. e.

(714
A ,”_l_’v’ d(zi,z7), 10 QW(Z)NOr(z)=0
H IOJHOe IepeceueHHe MHOKECTB B BHpaxkeEmm (5.16) mycro.

CienoBaTeNlbHO, HTepalMOHHHH mpomecc HOmCKa a6CcoaI0THOTO
meHTpa MOKHO Ha4aTh CO 3HAY%eHHA A, PaBHOTrO

A°=x;?::ex [ - +U d (z4, z,)] (5.17)

OOCKOJBKY pajayc ' OoJikeH GHTh He MeHbIe Ay. C oTo# TO9KHE 3pe-
HEA, 3BaveEne 0 = 2A, MoKHO Ha3BaTh AEaMeTpom rpada. Hyxmo,
ONHAKO, OTMETHTH, UTO COBceM Heobs3aTeJbHO Amamerp rpada B fBa
pasa OGoxrme 3Ha4ueHHA AaGCOJIOTHOrO panmyca (ompeaeneHHOTo
B pasn. 4, cM. B CBA3HW C 9TEM 3ajauy 5.11).

Heranbnoe onncaEme Gonee o6mero aaropETMa, 49acThio KOTOPOTO
ﬂBJme-rcaS paccMOTPEeHEH# 3aeck aaropmt™, GymaeT JaHO mO3:Ke,
B paan. 8.

6. KpaTene nenTpH (p-neBTphl)

IlorATRe UeHETpa rpada Nomyckaer clenayomee oGo6menne: MoMKHO
paccMaTpHBaTh He OTACABHYIO TOYKY (WEHTpP), & MHOKECTBO H3 D TO-
4eK, KoTopue o6pasyloT KpaTHHH HeHTp (p-meHTp).

Ilycte Xp,— mopMEOxecTBO (Conepsxamee p BepmMHE) MEOKeCTBa X
BEPIIHH rpad)a G = (X, D). tIepea d (Xp, z;) 6ynem oGoamauaTh
Ba@KpaTdaiiliee B3 PacCTOAHMHE MEXKNy BepIIMHAMHA MHOKeCTBa Xp
H BepmMEOHR Z;, T. €.

d (Xp1 1‘() = mln [d (z]‘l zi)]
€X ) 1277

Ananoruaro, cemsonoM d (z;, Xp) o6oamavaerca min [d (zy, zj)l.
x€X
J
Ilopo6EO0 TOMY, Kak oOpeAeaAaNCEH YHCHA paanenenna BEpIIEH
(cm. pasn. 3), MH MoKeM OIpefeJATH YACJA DPa3feNeBHA AJA MHO-
MEeCTB BEpINEH:

So (Xp) = maxx [v]d (va 1")]
n = (5.18)
] (Xp) = max [I)]d (zj‘l Xp)]1
x’ex

rae s, (Xp) m s, (Xp) — wucaa enewnezo u enympennezo pasdesenus
Muoxnecmsa Xp.
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MuoxectBo X7,, RIS KOTOPOTO

So (X;o) = }rnglx [so (Xp)]v (5 19)
p=

HAa3KBACTCH p-KPAMHKLLM 6HEWHUM Yenmpom Tpada G; aHAJOTHIHO
OnpeNenseTca p-Epamuuil enympennuii yewmp Xp.

B paax. 2 n 3 ykaanBaaoch, 9To NEHTPH Ipada Jerko MOryT GHITH
OOJyUeHB M3 MATPHIK B3BEIIEHHHX paccToAxuil. OMHAKO HaXOIHTh
TAKAM Ke coocobom (moaHbiM mepeGopoM) p-LIEHTP MOKHO JAHIIL JJAA
He6Gonbmux rpagoB ¥ Aas HeGOABIIHX 3HAYEHWMIT BewuMHHE p. llpm
TAKOM IIOAXOJ€ HAJ0 HOCTPOMTH BCEBO3MOKHEIE MHOKECTBA BEPIIHH
X, = X, comep:aimiue p BepimH, a 3aTeM, HCIOAb3yA Gopmyas (5.18)
u (5.19), HemocpencTBeHHO HAKTH MHOKeCTBA Xpo M X3¢, 06pasyromue
p-IeHTpH. Ecin npeano;okuth, 9TO MATPpHOA pacCTOAHUE yiKe
A3BECTHA, TO HENOCPeACTBEHHOe npnmeHeHue cootHomeHuid (5.18)

7 (5.19) motpebyer mBumoaHmTs p-(n —p)-( :) cpaBHeHHd. ITO

anciao npu n = 100 u p = 5 paBHo 3,58 -10'°, wTo 3HauMTENBHO mpe-
BEIIMAaeT BO3MOKHOCTH cymecTsyromux JIBM.

6.1. 3amava pasMemeHHA HECKOIBKMX DYHKTOB OGCIYKHBAHMA

B pa3n. 3.1 6s1a paccmoTpera 3amaua pasMemeHHS OgHOH 60.b-
HANH (MK OJHOTO MOJMHEHACKOTO Y9aCTKA, MM OJHOTO IM0KapPHOTO
neno) B rpade, npeacTaBIAIOMEM PeaabHy0 ceTh gopor. OnHako ogens
9aCTO MMEET MEeCTO TAKafA CHTYyallHs, KOTAA OJHOTO HYHKTa 06CayKu-
BAHUA HEJOCTATOYHO, NOCKOJBKY OH He B COCTOAHHMHM 06CIYKATH BCO
DOCTYNAOMIKe BH30Bh, M TOTNA BO3HHKAET 3aada 0 HAaMUJAydmeM pa3-
MEM[EHUM HECKOJNBKHMX TAKUX DYHKTOB OGCIy:KMBaHHA. JTy 3ajgady
MOMHO cPOPMYIUPOBATH TaK.

Hajit HaummeHbIIee UMCIO IOKAPHBIX feno (HAIpEMep) M TaKoe
uX pa3memieHde, 4TOGH pacCTOSHME OT KasKAOTO FKHJIOrO paioHa J0
6ammaiimmero K Hemy IOKapPHOTO €O He HPeBHLIMIAJI0 Hamepes 3aJaH-
HOll BenwumHel. KEcam iKe 49nCA0 NOKAPEWX HeNo H3BECTHO, TO
TpebyeTcA Pa3aMeCTUTh MX TAK, 9T06H 6HJ0 MEUHHAMATIBHO BO3MOMKHEIM
paccToanue oT A060ro paifoHa g0 Gam:kaimero K HeMy Aemno.

Ecan npeanoso:xkuts, 910 n0KapHEE TOIKHE Pa3MeMAThCs B Bep-
HIMHAX COOTBETCTBYWImero Trpaga (, To 3amada 6ymeT COCTOATH
B HaXOKJEeHAHA p-LeHTpoB rpada gna p = 1, 2, 3, ... K T. 0. 00 Tex
oop, HOKA YMCA0 pasfe/leHus p-LEeHTPA He CTAHET MEHbIIE MJIX PABHO
3agaHHOMY paccroguuio. llomydeHnoe (mociemnee) 3madgeHHe UHmCaa
p 6yneT RaMMeHBIAM YUCJIOM HOKAPHBIX JEN0, a P-IEeHTP — MX OITH-
MaJIbHBIM Da3MeINeHHeM, yIOBIeTBOPAIOIMUM NIpPeIBABASEMHM Tpe6o-
BaHUAM.

AJNropaT™M HaXoMKIeHHS p-IEHTPOB ABIAETCA YaCTHHIM CJaydaeM
anroputma pemenus Gouee obmeil 3agaun, COCTOAINER B ompee]eHHH
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P-IEHTPOB, pACHONAralOmMXCA, BooGme roBOpsA, HE B BePIIEHAX
rpada. PaccyoTperne o6mero anropaTMa moOHCKa p-IEHTPOB MK OTJIO-

KHM JI0o pasi. 8.5, moka He GyAeT HCCIeOBAHA COOTBETCTBYIOMAA
Goxee obmas sajmava.

7. AGcomoTHRE p-UEHTPHI

Ecnm orparnienne, COrIacHO KOTOPOMY TOYKH p-HEHTpA JOKHH
NeRATh B BepmMHAHAX rpada, CHATO H AONYCKAETCA PasMeMeHHe TOYeK
Ha JyTax, TO moxydammeecAa npm arom (Gonee obmee) MEOKECTBO H3
P TOYex HABWBAeTCA abcosromusm p-yewmpox. Taxam oGpasom, ToT
06BeKT, KOTOpHii B pasy. S 65l HasBaH a6CONOTHHM HEHTPOM, B COOT-
BETCTBHH ¢ HACTOAIMEH TePMUHOJIOTHEH! MO)KHO HASBATH a6COMIOTHRIM
1-gerTpOoM.

3amava HaxokNMeHEA aGCOMIOTHOrO p-HEHTPa MOMKeT GHTHL chopMmy-
JEpOBaHA ClaefylomaM 06pasoM.

(a) Haiitm onTmManbHOe pasMemen:me B no6ux Toukax rpada
3aJlaHHOr0 THCJIa (HampuMep, p) HEHTPOB NPH YCJAOBHH, ITO PACCTOA-
HAe (BpeMa) [0 CaMoil OTAaNeHHOH BepPIIMHH OT GAmKaiimero x meit
HeHTPa ABIAETCA MHHAMAJLHO BOSMOKHHIM.

Bropas saja4a, ouenb Gimskana x safave (a) @ xoropas, Kak Gyner
NOKa3aHO MO3Me, MOKeT GHITH pemieHa TeM Ke METOOM, 9TO H 3ajada
(a), cocToET B cregyiomeM.

(6) Ina sagaHAOTO ¢KPHTHIECKOTO» pACCTOAHHA HAATH Takoe
HagMEHbIIee TMCJIO IEHTPOB H TAKOe HX pasmemenue, TTo6H Bce Bep-
mEHN rpada Je;kalH B OpefeNax 3TOr0 KPHTHIECKOTO PACCTOAHHA
(mo xpaiimeit Mepe xa:KmasA BepmEHA — OT GnmKaiimero X Hell meH-
Tpa).

9ro — obmas sajava ompefeNeHEs aGCOMOTHHX p-HEHTPOB.
Humenso oma HamGonee 9ACTO BCTpeYaeTcA Ha NpPaKTHKe. ORHAKO
pemaTh ee TOpasfo TPyAHee, 9eM KAKOH-1HGO M3 ee «OrpaHHYCHHEIX»
BapmanToB. Meron Xakamu [7, 8], npuBesennnit B pasn. 5 m mpenxna-
SHAYGHHH [JIA PemEHHA 384714 C OJHEM aGCONMOTHHM HERTpOM, He
MOKeT 6HTH 0606men Ha cirydail a6conOTHX p-neaTpoB. a1 HAXO0XK-

nenda Takex neatpoB Cmarep [12] npepnosxmn HEKOTOPHIA 3BpHCTHIE-
CKHiIT MeTOX.

B nammOM pasgene MH IOSHAKOMHEMCA ¢ HTEPANHOHHHM AJTOPHT-
MOM pemeHHA 3aja1a 06 a6coNMOTHHX p-nentpax rpada. s npusenen-
HHX fajee pe3yNbTATOB BHYHCJACHHA BHAHO, YTO 3TOT AJTOPHTM
ABasAercA 6ucTpo cxopAmmMcesa. Meron o6nranaeT claefyomEMA JBYMA
IPeEMYMeCTBAMHA:

(i) ITpomecc MOKHO BAKOHIHTH Cpasy ke, KAK TOJALKO JOCTHTHYTA
HE06XOEMAA ¢TOYHOCTH» B PACHONOKCHHH LEHTPOB.
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(ii) MeTon Jerko BMAOM3MEBHTH TaKHM 06pasoM, 4YTOGH MOMKHO
OnI0 HaXOMMTH pemeBns, (JM3KHe K ONTHMAJIBHOMY, H, CJE[OBa-
TeAbHO, NPOBOAMTh AHAJIM3 YCTONYMBOCTH peINeHMS.

Panm ynpomenmsa o6oamaueBmi#t Mu GyJeM paccMaTpHBAaTh TOJABKO
HeOpHeHTHpOBaHENeE rpa¢u. PacmpocTpaHenme NOJYYeHHHX pe3yiin-
TaTOB HA OPMEHTEPOBAaHHLE IpPadul OCYIIECTBIAETCA OYeBHAHKM 06pa-
30M.

Ilycts Y, — Dpom3BoJBHOE MHOMKECTBO KaKmX-Aubo p Touex Ha
rpade G. Uncno pasnenenns s (Y ,) MHOKecTBa Y, ONpefieaseTCA TaK:

s(Y,)=min [v,d (Y ,, z))], (5.20)
xlex

rae
d (Y z))= né;n (4 (yir z))).

Vi P

AGcomoTEui p-uedTp rpada G ompemensiercs KaK MHOMKECTBO TOUOK
Y3, Ras KoToporo

s(Yz)= szi;lG [s (Y )l (5.21)

p

8. AnropatM HaxXo0K[E€HHA A0CO/IOTHHIX pH-IEHTPOB

PaccMoTpuM DO ouepegH Kaskaylo BepmEHY I; B «yraybmmcsa» mo
BCEM BO3MOKHWM MAapIIPyTaM, BHIXOAAIIMM W3 Hee, HA PacCCTOSHHEe
8; = Av;, rme A — 3ajaHHAs KOHCTAHTa, KOTOPYI0 M OyneM Hash-
BATH KOHCMAKMOU «NDOHUKHOEEHUAY.

Iycrs Qa (z;) — MHOKecTBO Bcex Touek y Ha rpade G, 3 KOTOPHX
BepIIMHA Z; ROCTH;KEMa B IpefeJax paccrofnmsa O, npm 3agaHHOM
3HaueEnH A. MEokectBa (J) (T;) ompemeaAloTcAa ¢ NOMOIIBIO COOTHO-
mernA (5.14) ma pasg. 5.2. 3Tm MHOMECTBAa BecbMa JIETKO MOKHO
NOCTPOATh, NPHMEHsA alroput™, HNomgobHmH aaropurmy [efixcrpa
[4] (mo3monsomemy HaxoguTs KpaTyaiimme mytm B rpade, cm. ri. 8).

Onpenenum ob6aacme Q) Kak MHOKECTBO TAKMX TOYEK y Ha rpade
G, 4TO B3 Ka)K[IOH TOYKM y MOCTHKEMO B Ipefe]ax paccTrosnms !) §;
(Dpm 3agaEHOM A) ONHO H TO ’Ke MHOKeCTBO BepmmH rpada G. O6xacTs
MoOjReT GHTH, HalpHMep, YacThi0 pefpa MM MOMKET CORep/KaTh TOJABKO
onEy TouKky. PaccmoTpmm B kadecTBe mpmMepa rpad, maolpakeHHHIK
Ha pmc. 5.7. [IycTs Bce Beca BepIIEH paBHH OAMHHLE, a IJIMHW pebep
PaBHH ¢q,, = 4, €53 = 8 M ¢3,y = 6. Boabmem A = 3. Torua §; = 3
JJIA BCAKOIO i M CYINECTBYET MECTh pPa3JmyHuX obmacreil.

1) B pganemeimeym (B Tex caydasx, KOT[a He MOTYT BOAHEKHYTh HeJOpasyme-
HHA) CJOBA «B IpefielaX PACCTOAHMA... TIPK 38JaHHOM A» OOyCKawTCA.— [Ipum.
peod.



8. AJITOPHETM HAXOKAEHHUSA ABCONOTHHX p-IIEHTPOB 115

Pmc. 5.7, O6Gnacth, ofpasopamEme mpam A = 3.

O6aacmy 1. Touxa a (emmECTBeREAS TOTKA, HS KOTOPOH B mpeesax
PAcCTOAHHASA, PABHOTO 3, JOCTHKEMH BePINMEN Iy B Zj).

O6aacmyv 2. Otpesok pebpa (z, z,) or b no c. (M3 xo6oit Touxm
310l 06718CTH NOCTHKEMHK BEPWIHHN I H Z,.)

O6aacmy 3. Orpeskn (a, z;) ' (z,, b) coorsercrByromux peep (ms:
TOYeK 3TO0if 061aCTH MOCTHKHNMA TOJBKO BePHIHEHA Z,).

Obaacmy 4. Otpeskn (a, ,) B (z,, €) cooTBeTcTBYOMMEX peGep (ms.
Kax0#l TOYKH 3TOH 06JACTH JOCTH/KEMA TONBKO Zy).

O6aacmy 5. Orpeska (¢, z,) ¥ (z,, d) (18 Touek aToif o6racT KoCTH--
HHEMA TOJNBKO Z,).

O6aacmy 6. Otpesox pebpa (z,, z3) oT e a0 d (B3 Tovek aTol 06aa--
CTH He [OCTH)KAMA HHKAKafA BepmEHA).

B obmem caywae Bce obnact @, MoOMKEO caexyommM o6Gpasom’
HOCTPOHTh H3 JOCTHAEMHX MEOMKeCTB ().

O6nacre, H3 KOTOPHX He NOCTHKEMH HHKAKHe BePNIMEH !), omm--
CHBAIOTCA COOTHOIIGHHEM

0, (0)={y|y ma G}— U‘Qx (1), (5.22)

Tie BTOPOX WIeH HCKJo4aer Bce oGiactu rpada G, U3 KOTOPHX MOMKHO-
ROCTHTHYTH !) Xota 6M onHy BepmmEy z,.

O6nacta, B8 KOTODHX MOKHO NOCTHTHYTh !) pPOBHO ! BepHIEE
ZypZigy - o o Ty, (nma amw6oro t =1, . .., n), ompeneaswTca cie-

1) Bewoay B aTEX PaccMOTPeHEEAX NOCTINEMOCTE GepeTcsa ¢B mpenenax 3ajaH—
Horo paccrosBHA 8;3.— Hpux. ped.
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AYVIOIEM BBIPAKEHUEM:
D, (Ti,e Tiyy ooy Ti,) = N Owizi)—
t g=1 ot q

=1, +.-

—{l N Ou=)INnI U On(z: )1} (9.23)
g=1,...,t q g=t+1,....,n q
rje BTOPOIi 4JeH IICKJII0YaeT TaKue 061aCTH, A3 KOTOPHX JO0CTHKHME
BePHIMHB! Z;, T, . .., Z; ¥ eme XOTA 6H OJHA M3 OCTABIIMXCHA BEp-
muH rpada.

C nepBoro Barasga KakeTcs, 4TO YuCJ0 obaacTeit U3 COOTHOMEHHA
(5.23) moker GHTH oYeHb Benuko. ONHAKO HAa NPAKTHKe NepecevTeHms
MHORECTB, BXOAAmNIe B BEpakenue (5.23), CTaHOBATCA MYyCTHMH yiKe
naa HeGoapmux 3HaveHuit {. 3TO HPUBOAMT K BHOJHE 0603pHMOMY
MHOMecTBY obuacteil. JpPekTEBHNE (C BHIMCIAMTEJILHON TOYKH 3pe-
HHAA) MeTOAH IocTpoeHdAa obGaacreil, a Takke laJbHeilmero yMeHbIIe-
HAA 9uc1a HeoOXoamMHX obaacTell IpUBOAATCA B HaCTOAIMIEM pPa3fene
HECKOJIBKO IO037Ke.

8.1. Onncanme aaropmTma

Aaroputm moctpoenns abcoaoTHOro p-ueHTpa rpada G = (X, A)
Opl 33/]aHHOM p BHINIAAHNT CaeAylomum obpasoM.

Illlaz 1. Iloaomnrs A = 0.
lllaz 2. YBeauants A Ha Heboabmyio Beamauay AA.

laz 3. Iloctpoute muoxectsa Q) (z;) maa Bcex z; € X, m HalTH
obaactn @,.

lllaz 4. Obpa3oBaTs aBynoasHHE rpadp G = (X' {J X, A'), rue
X'—MHOKeCTBO BEPINMH, Ka’K/aA U3 KOTOPHIX COOTBETCTBYET HEKOTO POl
ob.racta @, 1 A° — MHOMeCTBO AYT, TaKOe, YTO Ayra MexAy objaa-
CTBIO-BEPIIMHON M BEPMMHON I; CYIecTBYET TOIJAa M TOJBKO TOTAA,
KOIJa z; MOKeT GHTh JOCTHIHYTA M3 3Tol obmacTw.

Illfae 5. HafiTii HaEMeHbIIee AOMHUHEpYIOmMEe MHOKecTBO rpada G
(cm. ra. 3).

fllaz 6. Ecau vucao obnacteif B NPUBENEHHOM BHINE MHOMKECTBE
Gosbime, YeM p, TO BEPHYTHCH K Imary 2; B NPOTHBHOM CJaydae OCTa-
goBHThCA., O6aacTi aToro MHOM»ecTBa 06pas3yioT AGCOMIOTHHI p-IeHTD
ucxoAaHoro rpaga G.

Crenyer otmMernTs (cM. ra. 3), 9T0 4mcao obaacTeil B HaMMEHbIIEM
TOMAHHPYIOIEM MHOKECTBe NpefcTaBiaseT (0o onpeaeeHuio) HanMeHb-
jIee 9HC.10 ToYeK B (G, M3 KOTODHIX AOCTHTAIOTCA BCe BepmMHH rpada
B Ipefeax PaCCTOAHAA NPOHAKHOBEHHA A, HCIOJb3yEeMOTro B NaHHOI
urepanud. Hajo Takke oTMeTHTB, 4TO B mpolecce HocTpoeHus abco-
JIOTHOTO p-IeHTPa NO YKA3aHHOMY BHIIE AJTOPHTMY MOKHO 330/HO
noay4uth abGcomworune (n — 1)-, (n — 2)- m 1. 1. uenTpu. Takum
obpasoMm, ecam B KOHIE HEKOTOPOH wuTepanumm (OpoforKalomeiics
¢ mara 2 go mara 6) umcao obracTeil B HAaUMEHbINEM JAOMHHEP YIOMEM



8. AJITOPHTM HAXOXKIEHHMA ABCOJIIOTHHIX p-IIEHTPOB 117

MHOKeCTBe YMEHbIIAGTCA ¢ HeKoToporo ypoBEa I o I — 1, To o6nacTh
3TOr0 HOBOro MEomecTBa o6pa3dyior aGconoTEni (! — 1)-menTp,
a BeJmIHHA A, B3ATAaA JJA 3TOH mrepanmm, 6ymer «abcomworanM (I—1)-
pajEycoM», T. €. OHA ABJACTCA CKPHTHIOCCKHM» 3HAYEHHEM A — OpPH
MeELIIAX 3BAYEHAMAX A He cymecTBYIOT (I — 1)-IeBTPH, M3 KOTOpPHX
B IIpPEfleJIaX B3BEIEHHOTO PACCTOAHHA A JOCTHKHMA KasKAad BepIIHHA
rpada.

Ecam mymEeo BaliTh Taxoe HamMeHbLINEe 3HATECHHE p, HTO Kaxjas
BepIIMHA NOCTHKWMA M3 HEKOTOPOTO HEHTpa B Hpefeiax 3aJaHEOTO
KpHTHUeCKOTo paccroanmsa (3apada (b) ma pasa. 7), To marn ¢ 3 mo
6 B mpABeleHBOM BHIIe aATOPHTME CJEAYyeT BHIOJIHATH OPA A, PABHOM
3TOMY «KpETHYECKOMY» 3HaTeEmI0. CooTBercTBYIOmMEe YMCA0 0baacTeil
B HaEMEEbIIEM NOMHEEHDYIOIIEM MEOKECTBE ABIAACTCA TOraa Tpebye-
MHM 3HAYGHHEM JVIA p, B 06JacTH 3TOr0 MHOKECTBA 06pasyloT MCKO-
MHii p-TEeHTp.

8.2, BugncanrensuHe ACREKTH

IIpenmonosmm, wto A 3aMKCHPOBAHO M BRYHMCJICHH pPACCTOAHMA
8; = AMv,. Jliob6oe pe6po rpada ambo mocTEAEMO mEeaImKOM, aE6O
9acTAYEO, AH60 COBCeM He JOCTHKEMO M3 BEPHEEH z; B Ipefeaax
paccroaEna 6;. Ecam mocTmmuma Tonbko gacTh pebpa (or xakoro-
am6o koHna pe6pa Ko HEKOTOPOi «mpefenbHOH» TOYRH Ha HeM), TO
HaJ OpeleIbHOH TOYKOA CTABHTCA «MOTKA». JTH METKH COHepKaT
Bcio nAdopManwio, BHEOGXOMEMYIO A ONHECABMA MEHOMecTB Q) (z).
Taxem o6pasom, Qy (z;) cocromT M3 ToYex Bcex peGep (mam wacrei
pebep), mpEEamIeamEX KPaTIAMIIAM MAPHIPYTAM MEMKAY METKAME
H BepmEAHOM ;.

Ilocne pasmemennsa Bcex MeTOK (IJ1s BCex BePIIME) Kamuaoe pe6po
6yner pasmeneno Ba PAA YIaCTKOB; KaKAKM yYacTOK XapaKTepH3yeTCA
TeME BePIIMBAMH, KOTOPHE M3 Hero !) moryr 6HThH moctErEyTH. Ta-
KaM o6pa3oM, m1060 yuacTOK MOKHO ommcaTh GHHAPHEM (exWERIa-
HyAb) BeKTOpoM {ji, jg, . . .y jn} AMBH R, B KoTOpOM j, = 1, ecam
BePIINEA T, NOCTHKAMA M3 3TOr0 YYacTKa, 1 j, = 0 B IpoTHBEOM CAy-
qae.

CoBOKYIIHOCTD BCeX YUaCTKOB C OJMHAKOBHM GHHAPHHIM BEKTOPOM
o6pasyer o6nacrs, B, cregoBaTeabHo, o6aacrn @,, saanasaemue coor-
HomeBHAMA (5.23), MOryT GHTH HOCTPOEHH ¢ NOMOIILIO TAKAX METOK.
Ilockoarky o6aacTh HOCTHKAMA TOAHKO M3 TeX BEPIIAH, JJIA KOTOPHX
j» =1 (B 6MHapHOM BOKTOPHOM HPEACTABJAGHME 31Ol o6aacTH), I He
H3 KaKAX XPYTAX, TO B AajJbEeiimeM 3T GHEApPHHE BEKTOPH MH Gyaem
HA3HBATh cmpozumu nepecevenuaxu (SI).

IlpencraBieBne o61acTd GEEADHNM BEKTOPOM HE CONEP/KHT BHKAa-
Kxod mEdopManum o MeCTe ee pacmoio;keHnsa Ha rpade. OnHaKo Takoe
OpefCTaBIeHEAe BHIOAHO ¢ BHYHCJHTEILHOM TOYKH 3pPEHHA: OHO He

1) To ecTh m8 To4eK aTOrO yuacTtra.— Ipum. ped.
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TpenbABIAeT GonbmuX TpeGOBaHME K DaMATH MAIIMELE H IO3BOJSAET
YMEHBLIIHTE BPEMA BHYHACJIEHHA, 0COGEHHO IpPH BHOOJHEHHH Imara
S axropmrma. Ecim aGcoloTHEI p-HeHTD ONACAH «HA A3HKE CTPOTHX
IepecedeHAH», TO RaJbHEHIIAR IPONeAypa OCYIMECTBJIAETCH YPe3BHI-
9aiiHO MPOCTO: HAaf0 JHIIb BHACHHUTH, KAKHE YIacTKH pebep cooTmer-
CTBYIOT 3THM CTPOTHM IIepeceIeHHAM.

Ha mare 4 axroputrMa Hago CTPOHTH [JBYAOJALHEIX rpad
G' = (X'"|J X, A"), y xoroporo BepmmEH m3 X' mpejcTaBIAIOT
ob6nacto @,. 310 MOKeT mpmBecTH K rpady Goabmmx pasMepoB, UTO
CHIBLHO YBEJHYHT BPeMA BHYHCJEHAA Ha mare 5. OQHako ¢ DOMOIIbIO
LPHBOJHEMOU HHKE TeOPeMH yRaeTCAd YMeHLIIHThL pasMepH rpada G':
HUCKJIKYATCA Te 06/aCTH, KOTOpHE He BAHAIT Ha HOJYdYaeMoe OITH-
MaJbHOe pemeHHe (HO eCJH cymecTByer GoJblle OfHOr0 OOTHEMAJILHOIO
pemeHAA, TO OPH TaKOll IponeAype HEKOTOPHE M3 HAX MOMKHO IOTe-
pare). [lpyrae oytH, D03BOJNA0MHAe AOCTHYL OOPENEJEHHEX YIPOIe-
HEH, OOACAHH B pasfg. 4.2 ra. 3.

Teopema 1. IIpu 3adanhol eeaunuHe ) O4% nOsyHeHUL HEKOMOPOZ0
MUHUMAALH020 GOMUHUDYOWe20 mHoxecmsea 2paga G' moxcHo npedsa-
DPUMEALHO UCKAIONUmb U3 MHoxcecmea X' ace 6epULUKbL, COOMEEMCMEYI0-
wue mem S, nad komopumu domunupywm dpyzue S1 ¢ X'. Mu 2060-
pur, umo (SI); domunupyem nad (SI),, ecau (SI),® (SI); = (SI),,
20e @ osnanaem G6yaescroe npoussedenue.

JloxasaTeaLCTBO 3TOM TeOpEeMH OYEBHIHO.

B aaroparme m3 mpeAnymero pasfena mapaMeTp A IPH KamKOi
OYepeHO HTepaNdA yBeJWIABAaeTCH (OO0 NOHATHHM OPHYAHAM) JHIIL
Ha He6oabmylo BeawsmEy. CymecTByeT MHOIO Apyrax Gosee afidex-
THBHHX CcI0C0G0B BaphrUpOBAaHAA mapaMerpa A. PeaynpraTh Brramcie-
HAIl, OpHBeleHHHE B pa3f. 8.4, HOJYYeHH C IOMOMbI IIPOrPaMME,
HCIOOJb3YIOINel HaopaBJeHHLA JBOMYHEII MOHCK IO A.

8.3. Hpamep

Pacecmorpmm rpa¢ G, maoGpamennnit ra puc. 5.8. Yncao, crogmee
oxKoJ0 so6oro pe6pa, 3ajiaer ero JIEHEY; BeC Kaxjoit BepIIAEN rpada
paBeH efuEEne. Tpe6yerca HalTH 8GCOMIOTHHIA p-EATP ¢ MAHEAMAILHO
BO3MOKHOR BeJIMYAHOM apamMeTpa p M TaKOi, YTOGH Ka/Ias Be pIIAHA
rpaga oTCTOANa XOTA GH OT OXHOIO M3 3THX P NEHTPOB Ha paccToAHAM,
€ OPeBOCXOAAINEM 3,0 eJHHHI.

Haa A = 3,5 Ba prc. 5.9 moxasaHH MeTKH, OmpefeNAIOMAe MHO-
#ectBa O (z;). OBE paccTaBIATACH Cpa3y e B OPONECCe HOCTENO-
BaTeJBHOTO «OpOXokAeHAR» peGep. Udciaa B Kpy#KaX, CTOAIHAE 0KOJI0
DPOH3BOJBHOM METKH, YKa3HBAlOT ¢HOMEpa» BePIIMH, KOTODHIM 9Ta

METKa AOOTBETCTBYeT. Takr, Kpy#ok (3 ma peGpe (2,3) oamagaer, aTo
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i

4 3

'

s 8

Pmc. 5.8. I'padp =3 mpmmepa 8.3.
Homepa BepmEHE DOA96pPKHYTH.
Bce apyrme umcaa ABIAKNTCA AauEuME pebep.

TONBKO OTMEYOHHASA TOYKA ROCTHKEMAa M3 BepmmH 1 m 3 B mpememax
paccroanra 3,5. Ha pme. 5.9 Toukamm okono peGep morasamo mo-
CTEIREMO® MHOKecTBO (), (5), coorTBercTBymmee BepmmEe 5. Bcero B
JlagHOM IpEMepe cymecTByeT 33 yvacTka peGep, BRAIOUas IyCTOM
Y9ACTOK (H3 KOTODOTO HM OfHA BOPIIMEA HE MOKET AOCTHTATHCA B Ipe-
Nenax paccroarua 3,5 egmEmn). IlycTo#i y49acToR pacmonoReH MEKRY
meTKaMH 4 u 5 Ha pebpe (4,5). Hexoropue u3 3tax 33 yuacTKOB AMEIOT

Prc. 5.9. MeTKH OAA MOCTEKMMHX MEOKOCTB.
Mmuoxectso Q) (5) oTMeueRO ToUKaMH.
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opmeakoBue SI; cymecteyer Bcero 18 ofnacreit co caegyiommmu SI

(1) 000000 (7) 000011 (13) 000101
(2) 010000 (8) 110000 (14) 001001
(3) 001000 (9) 001100 (15) 111000
(4) 000100 (10) 100010 (16) 011100
(5) 000010 (11) 011000 (17) 110010
(6) 000001 (12) 010001 (18) 100011

Tak, Hanpumep, ydacTok Mexay merkamMm 1 m 6 Ha peGpe (1,9)
npuHaguaexur obnacru ¢ SI, pasumm 100011, nockoabky nmmb B3
TodeK rpada, Je;KamuX MeKAy dTHMH JBYMA METKAMH, MOKHO JOCTHI-
H)’Tb3ngIIIHHhI 1, 5m 6 (m HEKaxwWe ApyrMe) B npefenax pacCTOAHEA
A = 3,5.

Ilocne mckawqenua tex SI, xoropme mommuupyorca apyramm Si,
ocraercd Toanko 7 obnacreir (c momepamm SI ot 12 o 18). I'pad G’

06nacTu rpaga G

BepuwnKkbl rpaga G

Puc. 5.10. T'pad G’ m3 mpumepa 8.3.
@ Ob6aacta B HanMeHbIDEM AOMAHHPYIONEM MHOKECTBE.

noci€e BHIIOJHEHHA mara 4 airOpPETMa BHRIIJAAMT TaK, KAK IOKa3aHO
Ha pmc. 5.10. [laa HaxoKOeHHA HAMMEHBINEr0 JOMIHNDYIOMETo
MHO;KE€CTBa 3Toro rpadia MOKHO BOCHOAB3OBATHCA AITOPUTMOM,
ONMCAHHHIM B T1. 3 ¥ npefHasHadeHHHIM JJA DemeHHA 3a]adll 0 Ham-
meHpmeM nokpuTtun. OgHako B HameM (DpPOCTOM) mpEMEpe HaMMeHb-
mee MHOKECTBO JETKO CTPOHMTCA C NOMOIBI0 OPAMOrO HOCIEJ0Ba-



8. AJITOPATM HAXOXKIEHHSA ABCOJIOTHHIX p-IIEHTPOB 121

TeasHOr0 nepeGopa; oHo «noposknaercsas SI ¢ BoMepamn 16 n 18 B npn-
pefeHHEOM BHme coucke. O6aacts, cootBercTByIomasn Sl ¢ Homepom 16,
COCTOHT H3 OTHO# TOYKH, pacmoJio;KeHHOM Ha pebpe (2,3) B ToM mecTe,

rie HaXxomETcA Kpymok @3 . Ha pmc. 5.9 aTa Touxa ofosmauena

6ykBoit A. O6aacts, cootBercTByomasn SI c. Homepom 18, mnpencras-
aser coboit yuactok pebpa (1,5) mesxny merkamm 6 m 1; Ha pmc. 5.9
oHa o6o3HaueHa GyxBoit B.

Taxmm o6Gpasom, mpa A = 3,5 TpeGyeTca ABa meHTpa; OfAH pacmo-
JIoJKeH B TouKe A, a Apyroi — B aioGoli Touke o6aacta B. [lockoabky
ob6nacte A ABIAeTcA TOuKOH, TO [Ba YKA3aHHHX IHeHTpa ofpasyior
TakKe aGcomoTENE 2-meBTp M A = 3,5 ABAAETCA MHEAMAJIBHO BO3-
MOKHHM KPATHYECKAM PACCTOSHHMEM JJIA CYIeCTBOBaHMA 2-NeHTpa.
IToaromy npm A << 3,5 o61acte A ECuesHET COBCEM, H TOTHA YiKE HYMH-
HO CTPOXTH 3-LEHTP.

8.4. PesyasTaThl BHYHCICHHK

AnropaT moctpoendsa aGconiorHoro p-meHTpa GHa ompoGopaH Ha
9BM CDC 6600. Kaxnuii 6mBapHENit BexTOp, 3afaomui SI, xpanntcs
B OJHOM CJIOBE, TAK 4TO MOKHO MCHOJB30BaTh GyieBckHe (yHKIMH
naa Gosee ynoGHOTO BHIOJHEHHS TEOPeTHKO-MHOKECTBeHHHX OIIe-
panuii. IlockonbKy AJMMHA clioBa B BHYECAHTenbHOod mammpe CDC
6600 papra 60 6mram, To rpad, comep:kamumit He Gosee 60 Bepmmm,
MOKHO GHJI0 HemoCpeACTBEHHO 3a7aBATh B MAITHHHOM Kofe.

B mexoTopHX 3aavax, B YaCTHOCTH, KOTAA wmciao obiacrell B mc-
xoMoM a6conoTHOM p-neATpe (T. e. YACAO p) BeJHKO, AT O aJrOPHT-
Ma, onacagHOro B paaf. 8.1, Tpefyer 3HaUMTEIBHYIO YACTH BCErO Bpe-
MeHH, 3aTpPaYABaEeMOro Ha pemeHme 3afavd. B ta6a. 5.1 Bpema, Heob-
XonEMoe AJA BHIIOJHEHHs TOTO INara, NPHBeAICHO OTAEIBHO OT IOJ-
HOTO BpPEeMEHH PelleHEA 3afaim. B aToit TaGamme mpencTaBieHH Bpe-
MEHAa BHYECJEHAA (B CEKYHIAX) M WAcja ATepanmi, TpeGyeMue mpm
nocrpoenns abGcomoTtanx 1-, 2-, 3-, 4 =m S-menTpoB AAA HEKo-
Topux rpadoB. 3Aeck MH IOA YHCIOM HTepanEili moOHHMaeM 4YHCIO
NOBTOPEHHEN MAroB aaropmrMa ¢ 3 mo 6 (qasa pasnaw9HKX 3HaYeHRMH A),
BCeX TeX MOBTOPEHHH, KOTOpPHE HeoGXOMMO OCYmECTBATH NJIA HONY-
geHAA a6CcoMI0THOrO p-IEeHTpa ¢ 3ajaHHOM TouHOCTER. I'padh, KoTopHe
6nam ECIOJNB30BAHH HpH cocraBieHmHE TaGa. 5.1, BuGmpaance cay-
yaiiHEM 06pa3oM ¥ ABIAKNTCH CBABHHMA B HEOPHEHTAPOBAHHHMH.
Tpe6yeMas TOYHOCTH BO BceX CAydasX mpumHAMaiaack paBHod 1% or
cpenHeli namHN peGep paccMaTpmBaeMoro rpada.

Kax BmgEo m3 Taban. 5.1, anropmrM, npmBenenEH# B pasa. 8.4,
MOKHO BecbMa 3¢¢peKTEBHO mCHOJIb30BaTh IPH HAXOKACHAH a6comioT-
HHX D-HEHTPOB NOCTaTo9HO Goabmmx rpados.
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8.5. Ilpamenenne ofmero anropuTMa AJA HOHCEA P-REHTPOB

AnroperM mH8 pasg. 8.1 MO0KHO, 0YeBHJHO, HCIOJH30BATH HPE
pemennE Gonee ysKoil sajawm, NpEBefeHHo# B pasp. 6, T. e. mpm
HAXOKACHHHE p-NOHTpa. J{JA 2TOr0 HAKO TOJBKO H3MEHHTH mar 6 Ha-
crogmero aaroparMa (cM. pash. 8.1) TarEM oGpasoM, 9TOGH ¢KOH-
TPOJEPOBAJIOCEY HE ¥ucto obiacreit B HaWMeHbIIEM JOMAHEDYIONIEM
MHOJKeCTBe, HAKNeHHOM HA mare 5, & uucso éepwun zpaga G, codep-
aawuxcs B aTEX o6aactax. Ecim monydenHoe wmcio BepmmH Goabme
P, TO HY:KHO BOSBPATHThCA K mary 2. B mporasEOM cayuae aaroprT
saKaHYEBaeT paboTy, m p-neETpoM rpada GyAeTr MHOKECTBO BepHEH,
cofiep/RamEXcsa BO BCeX TeX o6iacTax, KOTOpHe 006pasynoT XOMEHH-
pyOIee MHOKECTBO.

ITocROIBKY B 3TOM ciiyl8e HeOGXOAMMH TOJNBLKO BePIIAHH, COMEp-
sRamEecs B o61acTAX, safaBaeMHX cooTHomemmamm (5.22) m (5.23),
T0 aaropmrm m8 pasp. 8.1 MoxHO Ges mSMeHeHHW NPHMEHATh KA Ha-
XO/KICHAA pP-NEHTPOB, 6CAH 06JacTH Ha mare 3 CTPOHMTH C IOMOIIBIO
coorromenmit (5.22) m (5.23), mcnoassys BMecTo MHOMecTB Q) (Z;)
smuoKecTBa R, (z;). Bonee Toro, ecam Bce n (n — 1) paccroammi
8 MATPHNE PACCTOAHMI ¢ CAMOr0 HAYaJa PACIIOJNOKATh B CTPOKY B IIO-
pagre meyOuBamma [fy, fyy . - «y fn n-nly TO Ha mare 2 aaropETMa
SHAYCHAA XJIA ODapaMeTpa A KOJKHH BHOGHDATHCA JHITD HS 3TOH CTPO-
KM, H HX He HAJ0 YBeJHYHBATL Ha .IPOH3BOJLHO MAJYI BEJIHIAHY
8 KRN0 mrepammu. Ilomck mawmmaercs ¢ A = f;, a saTeM IpOXOJ-
iRaeTcA OpHE A = fy, fs @ T. K. B COOTBOTCTBHH ¢ YKASQHHHM BHIIe
ynopanotexneM. Crefyer saMeTdTs, 9TO 3/eCh, OYeBHIHO, 6o OH
BECEMA Rc'r;-m 6mEapHOe npesicraienme cemeiictsa ') {f, fa, . . -
e oo fam-n}-

9. 3apgaum

1. Haitite meRETp rpada, mpEBefeHHOro HA pHCc. 5.11. Pamom

¢ AyraMA yKasaHH HX CTOMMOCTH, a BeCA BEPIINH 3a/{al0TCA BEKTOPOM
{5, 3. 1,7, 4, 6l

2. Hairra a6coaoTHEHE QEETP B PagEyCc HEOPHOETHPOBAHHOTO rpa-
¢a, usobpaskennoro Ha pmc. 5.12, mpexmosaras, 9ro Beca BceX Bep-
mmr pasEH 1. Hcooas3oBats MeTox XaKaMu, a TAK/Ke HTePANHOHHHIE
meToX E3 pasfy. 5.4. CpaBHATH BEIHCIHTOIBLHYIO TPYROGMKOCTb 3THX
IBYX METOJOB.

3. IIokasaTts, wro B d1060M HeopEeHTEHpOBaHHOM rpade G ¢ enm-
HHYHHMHE BOCAME BEDIIHH CYIIECTBYeT TAKOH MAPIIPYT Me;KAY HOKO-

1 B cexelicmee (B OTAHIHE OT MMONEcmea) MOTYT BCTPOUATHCA ONHHAKOBHE
9neMenTH. — pum. ped.
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TOpoOil mapod BEPMMH Z; ¥ Z;, 9To abcomoTHHA uerTp y* rpada G
JIeKAT B CePefliHE BTOTO MapIIpyTa.

4. Mcnonpaya CBOWCTBO, NPHBEIEHHOE BHIIE B 3ajade 3, Ha#Th
a6comoTEHE UeHTP B rpade, m3obpaskeEHoM Ha pHEC. 5.12.

Xy J
6 n
& & -
Xg 10 Xs 9 Xa
Pmc. 5.11.

5. OmpenennTs MOHATHE «CepeVHA NYTH» M IOKA3aTth, MTO CBOM-
CTBO, IpUBEIeHHOE BLIIE B 3afade 3, Mmoxer O6HTh 06o6meHo HA
HEOPMEeHTHPOBaHHHE Trpadu ¢ IPOM3BOJBbHHMM Becamd BepmmE {v;].

6. Ucmonnaysa anropat™ m3 pasn. 8, HaiTE aGCOMIOTHHIA 3-LEHTP
rpada G, mpmBegerHOro Ha puc. .12, m mokasaTh, 9TO Kajinas Bep-
meHa rpada G noCTHIKEMA MO KpaWHed mepe W3 ofgHo# obmactn abco-
n0THOro 3-leHTpa B mpemenax paccroanmA A = 6. Hakoso Hanmens-
mee 3HadYeHHWe Iapamerpa p, obecmedmBaromee JOCTHIKEMOCTH BCEX
pepmuH rpada G us abCcomMOTHOTO p-LeHTpPA B IpefellaX PACCTOAHHA
A = 5.5?

Xg 4 Xa

Pnc. 5.12.
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7. Ucoonpsys aaropmTM m3 pasp. 8.5, maiitm 3-memTrp rpada,
maobpaskennoro Ha puc. 5.12, m mokasaTs, 910 A = 8 ABAAeTCA HaH-
MEHBIIHM BOSMOKHHM A, OOpefeJIANIHEM CYMECTBOBAHHe 3-IeETpa

8. Illycts X3 — p-menTp B HeopmenrmpopaHHOM rpade G. oka
8aTh yTBep:KIeHHe: peGpam rpada G MoMHO HpHIATH TAKYIO OPHOHTA-
nmo, 9To X3 GyfeT BHENIHAM p-HEHTPOM B HOBOM, ODHOETHPOBAHHOM
rpade = paccroanus d (X3, z;) AaA BceX BePIIAH Z; OCTAHYTCA HEH3-
MEHHBRIMH,

9. Iloxasath, 9T0 ecIEm G — CBASHHI HeOpHeHTHpOBARHNE rpad
C OJHHAIHLIMA CTOHMOCTAMH peGep, TO HaHMeHbITee 3HAYGHME Hapa-
MeTpa p, ofecmevmBalomee CYII6CTBOBAHHE pD-NEHTPA C JOCTHREMO-
CTHI0, OrPAHHYCHHOHA YACAOM A, YNOBIGTBOPAET HEPABEHCTBY

n
P<qyETs

rae [A] — menas wacts A (cm. [5]). IIpepmonaraercs, aro A < n.

10. Ucoomsaysa pesyinbrar 3amad® 9, IHOKasaTh, IT0, KAKOBO GH
HE GHL7IO Ies0e HOJI0KATeIbHOe §, Bce 1 BEPIIHE CBA3HOTO HEOPHOHTH-

poBarHOro rpaga G MOKHO HOKPHTH ﬁﬂ ooprpadamm rpaga G,
HMOOIEME JHAMOTPH, He mpeBocxogsmme O (cM. pasm. 5.4 m pa-
Gory [(5]).

11. Ilorasats, 9ro ANA CBASHOIO HEOPHEHTHPOBAHHOIO Trpada
G papmyc p m AmamMeTp § yhaosaersopAanT coorHomeHH /2 << p<C6.
ITpmBecTm mpEMepu rpadoB, AAA KoTOPHX o6e OIeHKH pagEyca
ABJAKTCA ROCTHKEMBIMH,

12. Ilokasath, 9To B CIyYae OPEEeHTHPOBAHHOrO rpaga G HepaBeH-
CTBa, NONOGHLe IMPHBeNEHHAWM B 3afagye 11, He BHIOJHAIOTCA.

13. 3anHo0BO OmpeneaHM YHCJIO BHEITHETO pasfeieHHsA §, (y) 4 BHem-
gaid aGconoTHNE meRTp Y5 rpada G:

So (y) = max [d (yv y')].
vy’ ua G
Y$ ABAAETCA TaKo# Touxod# y rpada G, maa xoropoit
S0 (y3) = min_[s, (y)].
yua G

O6o6muTp MeTOAH, OpHBEfeHHHEe B pash. D, TakmM obpasom, wrobu
MORHO OHUIO CTpPOHTH OIpefeleRHHE BHOIe BHemHEe abCOMOTHHE
neHTPH rpados.
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Fnasa 6

PASMELLEHUE MEQUAH B IPA®E

1. Beenennme

B pspe 3amau o pasmemeHAE NyHKTOB ofbcayxmEBaHEA Tpebyerca
TaK PacIoJORETh OYHKT 0GcayREBaHHA Ha rpade, IT06H cymMMa KpaT-
9aHmMX PacCTOAHME OT 9TOr0 HYHKTA A0 BepmmH rpada Guiaa MmEm-
MAJBHO BO3MOMKHOM, OUNTEMaIbHOe B YKA3AHHOM CMECIEC MECTO pac~
IONOKeHAA IYHKTA HaSHBaeTca Meduanoli rpada. Hcexonsa ms mpm-
POAN nenepod PyHKOME, TaKAe 3afa9d HASHBAIT MUKUCYMMHEMU
sadauamu pasmeujenus. ITH 3a/1a98 B Pas3JHYHHX GOpMax IaCTO BCTpe-
YapTCA HA NPAKTHKe: IpH BHGope MecTa PACIONO/RCHHEA KOMMYTATO-
poB B TesiedoHHOl ceTH, IONCTAHIMIL B aJIeKTPoceTaAX, 6as cHabRenusn
(cknanos) B cerm mopor (rme BepIIMHEN NPEACTABAANT HoTpe6mTe-
Jleff) HIIE OTHEJOB COPTHPOBKH B I0YTOBOR CBA3H.

C aTEM THHOM 3a1a4 KOHTPACTHPYET MUNHUMAKCHAR 8adaxa paame-
Wenus, BOSHEKAOMAA NpE BHGOpe MecTa A TAKAX NYHKTOB 06cay-
JRHBAHHA, KaK IOKapHOe Jlelo, IoJmmelicKHi ygacTok HAu aMbyia-
TOPHA, H PaCCMOTPeHHAA B HpefnAaymeii raase. B macrosmed# riaase
paccMaTpuBaeTcl MEHHECYMMHAA 3ajfiada pa3MemenmA. B wacrmocrm,
ofcymnaerca safaya 0 HAXORAGHHH p-Meduarbk RaHHOrO rpada G;
3T0 3a7a9a 06 ONTHMAJNHHOM pasMeIeHEH 3aJAHHOIO YHCIA (CKaxeM,
p) OYHKTOB oGCAyREBaHHA, IPH KOTOPOM CYMMa KpaTdyalimmax pac-
cToAHAH or BepmmH rpada G no 6rwxainmmx K HEM DYHKTOB !) mpm-
BEMaeT MEHEMAJHLHO BO3MOKHOe 3HAYEGHEe. 3aj1a9a HAXOKJICHHA p-
MOJHAHN MOKeT GHTh HECKOJbKO 0600meHa, eciim KaKAOi BepmmHEe
Z; CONOCTABHETH HOKOTOPHIl Bec v; (mpefcTapiamiomuii, HANPEMEp, ee
pasMepH HIH Ba)KHOCTH); Torja NeneBoil ¢ymknmed, mopnerameik
MEHEMHERAIHN, CTAHET CYMMa ¢B3BEIEHHHIX» DACCTOAHHIA,

2, Megmana rpajga

Ilycrs nam rpad G = (X, I'). Jas xampo# pepmman z; € X ompe-
RelEM fBa YHCIA, KOTOPH® HA30BeM RNEPEIGMOUKHMU THCIAME:

O (21) = 2 vy (24 Zy),

x Iex

0y (zy)= 2 vld (zjv z;),

x Iex

(6.1)

1) CymmmpoBanHe BOfieTCA IO BCeM BepMEHAM. Jlaa Kexaodl BepmmH:
Geperca KpaTuaiimee paccTOAHEe oT Hee A0 Gmmwnaiimero x Bell MyEKTA
samEnA.— [Tpux. ped.
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rue d (z;, ;) — KpaTuaimee pacCTOAHHAe OT BePIIMHMN I; O BEPIIHHH
z;. Ynmcna o, (z;) m 0, (z;) Ha3WBAIOTCA COOTBETCTBEHHO GHELUHUM
H SGHYMPEHHUM NEPEJaAmMOYHBMU HUciaMU BepIIHHEHW Z;. Ymciao g, (z;)
€CTh CYMMa 3JIEMEHTOB CTPOKH I; MATPHIL, HOJYJEHHOH IOCIE YMHO-
JKeHHA Ka:KAOro cronbma maTpmuw paccrosumit D (G) = ld (z;, z;)]
Ha BEC COOTBETCTBYIOIEH 3TOMY CTOJA6IY BepIIMHH, T. €. j-H cToxber
YMHOKaeTCA Ha Uy; 9HCIO O; (Z;) eCTb CyMMa 3JIeMeHTOB CTOJIOma z;
MATPHIH, HNOJYYeHHOH B pe3yJbTaTe YMHOMEHHA KaKIOH CTpOKH
marpaun paccrosHuE D (G) Ha COOTBETCTBYIOIMUM 3TOH CTpOKe Bec
(j-1 cTpoka yMHOKaeTcsa Ha Uj).

Bepmmra z,, gna xoropoi

0, (Z,) =min (g, (z;)], (6.2)
xiex

Ha3uBAeTCA 6MewHell meduarnol rpada G, a BepIImHA Iy, AJA KOTOPOH

0 (21) = min (0, (2:)], (6.3)

*

Ha3kBAaeTCA gnympenHel meduamol rpada G.

Paccmorpum eme pas rpad, maobpaskemEmit Ha pmc. 5.1 (mas
KOTOPOTO BCE U; H C;; IPAHATH PABHHMH eHHNUIE), H BLHYACIEM BHEII-
HAe W BHYTPeHHHE mepelaTOoYHKE YHCIA BepHH. JTH YHCJIa IpHBe-
JleEn B OPHCOENHHEHHHWIX K MATPHIE PACCTOAHHA CTpOKe m croxabme:

x, X, b N X, X X a,(x,)

x, 0 1 2 3 2 3 11

X, 3 0 1 2 1 2 9

Xy 4 3 0 1 2 3 13
D(G) =

X, 3 2 2 0 1 2 10

Xq 2 1 1 2 0 1 7*

Xg 1 2 3 4 3 0 13
alx;)— 13 9* 9* 12 9* 11

Ilo moay4YeHHEIM mDepegaTOYHWM dHCIAM BHJHO, 9TO BHeIUHei
MeIuaHOH ABJIAETCA Ijs C O, (Z;) = 7 U 4TO CYMECTBYIOT TPH BHYTpEH-
HEEe MeHAHH (I, T3 H Is), KAKIAsA ¢ BEYTDEHHAM MepeJaTOIHEIM THC~
JoM, paBHEM 9.
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2.1, Bufop mecra Aaa CRIATA

PaccsoTrpEM 3amavy cHaGiemmsa papga morpeGmrenedt ToBapaMm
DOCTYIAIONAME ¢ OXHOTO ckiama. Ilorpe6mreneit MokHO 06BLexMHATH
B rpynoH TaxkmM o6pasoM, wro6H Kakqyio rpynmy oGCJIYKEBAJIO
Yeaoe wucao 2pysosuxos. Mammua BHesKaer co CKIafa, oGcaymxmBaer
HEKOTOPYIO IrpyIy moTpe6GHTeNelk B BO3Bpamaercsa Ha ckiaaf. I'pymon
norpe6GHTeel MOKHO IPEACTABATL BepIIuHAME rpada, a cerb Aopor —
ero nyramm. Ha mpakTmke kasmoil rpymme morpeGmresei mpmcpam-
BAETCA BEC Uy, OPECTABIAIOMEAI ee ¢BAKHOCTLY (HAPAMED, U; MOKET
6HTL YECIOM, OPODOPIMEMOHAJBLHHIM TIOA0BOMY nOTpe6ieEmo0 miaR
49aCTOTe, ¢ KOTOPOil TPaHCHOPT J0JMeH 06'LeakaTh 3Ty rpynmy moTpe-
6mrexneit, yTo6H ymoBAETBOPHTH EX mOTpeGHOCTH).

B aroM cayuae 3ama9a COCTOHT B Oompefie/ICHHH TAKOTO MOCTA [JA
CKIaja, 4To6H ofmee paccTosHEe, DPOXOAEMOE TPAHCHOPTOM, GHIO
66 MEEWMaALHO BO3MOKHEM. Ecam MatpEma paccroammit D (G)
3afiaeT JeHCTBATeNLHHE DACCTOAHHA B KHJIOMOTPaX, TO TpefyeMeiM
MeCTOM PacHmoJIoKeHHA CKIafa Gymer TakasA BePIEHA Z, s, AJAA KOTO-
poll cyMMa BHEmMHHX B BHYTPEHHHX mepefaTOYHHX THcea Gymer mam-
menbme#. Bepmmua z, ; Momer GHTL HAa3BaHA GHEWHE-HYMpeKHel
Meduanoli B HaiileHa W3 COOTHOMEHHA, aHagormumoro (6.1). B cae-
Ryiomem pasfene 6ymer moxasaHo, uto AAa a06olt Touk: (BepmEHE
RJIR OPOH3BOJLHOH TOYRE JOpOrH), BHOGpaEHO# AAA pasmemeHEs
CKJIafa, o6mmil KHIOMeTPaK, MOKPHBAGMHI TPAHCIOPTOM, HE MOKET
6uTh MeHBIme, WeM AJIA BePIIMHH Z,, ¢.

3. Kparanie menmannl (p-vepnmanm) rpada

B npepnnymeit raase, 0606man moHATHe HEHTPA, MK BBEJH HOHA-
TtHe p-meaTpa. Ilomo6HHM jKe 0oGpasoM MoKHO 0606mETL HmOHATHE
MEJHAHN, ONPEefeJHB p-MEAHAHY.

Ilyecrs X, — momMHOMecTBO MHOMecTBa BepmmE X rpada G =
= (X, T), r opemnonoxmm, wro X, copepkET p mepmmu. Kak m
opemnae, BBeleM cleaylomue oGo3HadeHHms:

d(X p, z;) = min [d(z,, z;)] (6.4 (a))
S‘EXP
R
d(z; X,) = min [d(z,, z;)]. (6.4 (6))
S‘EXP

Ecam z; — sepmEEa m3 X,, Ha KOTOPOH MOCTHTAeTCH MHHEMYM
B (6.4 (a)) mam (6.4 (6)), To roBopaT, YTO BepIIHHA Z; NPUKDENACKG
x zi. IlepenaTounsie wHCIa MHOMeCTBa RepmH X, oUpeReAARTCA



130 I'J1. 8. PASMEIIEHME MEIVAH B I'PAQE

TaK e, KaK ;7 OJA OAHHOTHOMI BEePINIHHKI

O, (Xp) = 2 v]d (va 't])v
xjex
op(Xp) = 2 vid (2;,X,),
xjex
rae o, (X;) # 0y (X;) — COOTBETCTBEHHO BHEINHE® @ BHYTPOHHE® Iepe-
RaTO4HKIE YHCIa MHOKeCTBAa BOPMEE X,.

M=uosxectso X,,, AnA KoTOpOro

Co (XPO)= min [o, (Xp)]i (66)
X cXx
pP=
Ha3HBAIOT sHewHel p-meduaroii rpada G; aHAJOTHIHO OLpeJesAeTCA
8HRYMPEHRNAR D-Meduana.

Hak u B ciyvae p-neHTpoB, pacCMOTPOHHHIX B IpefbAyIed Iiase,
Aa)xe AnA rpadoB CpelHAX pasMepoOB C BRIYACIATENBHOH ToWkH 3pe-
HHA Henenaecoo{pa3Ho ACIOJH30BaTh IPA HAXO0KAGHAA DP-MEHaH HEMmo-
cpefcTBerHo Bupaskends (6.4), (6.5) = (6.6). AnropmT™Mu nocrpoerma
p-Menuan OyayT JaHH B pasafg. 5.

(6.5)

3.1. AbGcomoTaNe P-MeIHARM

C menw1o ynpoImeHHuA H3N0MKEHAA PACCMOTPAM HEOPHEHTHPOBAHHEIA
rpad G. Urgexcs o m t 6yayr orcyrcTBoBaTE. Pa3bepem cHavana coy-
vaili mepmaun (1-megmanm). CopammBaercd, cymecTBYeT JH Takas
TOYKAa y Ha HexoTopoM peGpe (He olasaTensHOo COBOAfAlIMafd C Bep-
maHod rpada G), AnAA KOTOpo!l mepefaToIHOE TUCIO

_\
o) =2 vy, z)
ijX

MeHbINe, eM Aasa MeqaaHu rpada G. Touky 7, Ha KoTOpO# focTAraeTcCA
MHHMMYM BeJudnHH O (y), OyaeM Ha3uBaTh abcoalomHol MeduaHol
rpada G.

Ceitaac mbr moxaskem [5,6], 94To He cymecTByeT TOYKH i/, AJIA KOTO-
poit 6 (y) << o (z), 1. e. 37ech cuTyanusa IPOTHBOMOJOMKHA TOH, KOTO-
pad mMena MeCTO NPH PAaCCMOTPEHHH LEHTDPOB.

Teopema 1. Kaxosa 6u nu Gusa mouxa y e2paga G = (X, A),
8 HeMm Halidemcs no xpalinel Mepe 00HA sepWURA T, 048 KOMOpPOL
o (z) < o (y).

Hoxazameavcmso. Ilycrs y — touka pebpa (z,, z,), pacmoJiosKeH-
Hag Ha paccrogEmm § or z,. Torma

d(y, ;) =min [§+d (z,, 7)), cap—E+d (24, T))], (6.7)
rae c,p — Ajaana peGpa (z4, p).



3. KPATHBIE MEJIMAHEI (p-MEJITMAHBI) TPADA 134

IIycts X, — MHOMECTBO TeX BePHIMH I;, AJA KOTOPHX HEpPBHI
anes B (6.7) me Gonbme BTOpPOTO, 8 X; — MHOMKECTBO BODIIMH, JJisH
ROTOPHX BTOpOll WwieH MeHbIIe mePBOTO. MH MoKeM TOrla HamHCATh

o (y) ==,§x v (¥, 7)= ; § vy [+ d (za, 7)) +

+ 2 vj[cab""'§+d(zbv zl)]' (6'8)
xlexb

IlockonsRY M8 HepaBEHCTBA TPEYTOALHHKA CAGAYET, 9TO
d(zq, z25) < Cap+ d (2, 7)), (6.9)

TO, BAMOHAA Cqp + d (2, Z;) Ha d (Z,, Z;) B BHpamenan (6.8), moay-
qaeM

o(y)> 2 vl[§+d(zm .1:;)]—}— 2 U;[d(.‘l:a, 3;)—§]- (6'10)
x’exa x,exb

Tax xaxk X, |y X, = X, 10, cuemaB meperpymonpoBry B (6.10),
AMeeM:

o) > 3 vd(z,, — % bl 6.14
(v) x,‘eJx vd(z -“";)+§[x§x av; ﬁﬁa v (6.11)

IMockoanky ana xampmoro pebpa (z,, Z,) MH BIpaBe CAMH pemaTh,
KaKylo BePIIEHY Ha3HBATh T, A KAKYIO Zp, TO BCOTAA MOKHO ROGHTHCA
BHIOOJHECHHASI HEPABCHCTBA

2 v > 2 vy

xlexa xlexb

3amerns, 9T0 mepBHH WieH B mpaBoidl YacTH mepaBencTsa (6.11) pasen
o (z,), monyvaem n3 (6.11) Taxoe coorHomeHme:

¢ (y) = o (za).

Taxna o0pasom, AdA BepIHAHH I, BeanvHHA O (T;) He OPEBHMAET
o (¥) u, ciemoBaTeNbHO, TEOpeMa AOKAasaHA.
Teopema 1 goBoarHo mpocTo oGo0maerca Ha caydall p-megHaH.

Teopema 2. haxoéo 6w Hru 6va0 MHONecmso Y, cocmosujee us p
mouex 2paga G = (X, A), m. e. us p mouex pebep u cepwun, naiidemcs
no xpatinel mepe 00Ho nodmHoxcecmso X, < X, codepacauee p 6epuiur,
948 womopozo o (X,) < o (Y3).

B Teopemax 1 u 2 npeamosarasoch, 9TO NEpPEAATOYHHE® YHCJA
o (r) m o(X,) oumpenenensi ¢ momompio bupakenmit (6.1) m (6.5)
B pa6orax Jlesm [20], Fongmama [12] m Tonamana m Meiiepca [14]
6ul0 moKasaHO, 9TO TH TEOPEMH OCTAIOICA B CHJIe H B TeX CayvasXx,
KOTjJa mepeJaToYHLIE UACAA OUNPEACAIOTCA KAK CYMMH HPOR3BOJIBHBIX.
BOTHYTHX (QyHKImA OT B3BEeMEHHWX pPACCTOAHHIA.
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N3 teopem 1 m 2 cnenyer, uro moHATHE a6CONIOTHOH MenHAaHH He
mpejcTasiser ocoboro mHTEpeca (B IPOTHBOMOJOKHOCTH CHTYAIHH
C a6CONOTHHMH IEHTPaMHA, paccMOTpeHHHMEH B ria. 9). [losromy
B OCTAJbHOH 9acTH 3TOI INIaBH OCHOBHO® BHEMAHHe yHelddercsa 3ajade
0 p-MejHmaHe.

4. OGoOmennaa p-mexmana rpaga

3ajgada HaXOMKIeHHMA p-MeJHaHH rpada ABIAETCA NEHTpPAaNbLHOM
B obmem kimacce 3ajad, BCTPEYAIINMXCA B JHTEpaType Io] Ha3Ba-
HEeM «pacmpereleHAe H pa3memeHHe NEeHTPoB obcaymmeamma» [5,
6, 9] mam «pasmemenze ckaaxon» [8, 29, 30, 10, 15, 7, 28}. 3rn 3agaun
ABIAIOTCA 10 HEKoTopo#l cremeHm Gonee ob6mumm, 4em 3amaga o p-
MeJlHaHe, B KOTOPO# BepIIEHAM CONOCTABJEHH (PHKCHPOBAaHHHEIE CTOH-
mocTH f,. O6o6wennan sadava o p-meduane Momer GHTh cdopmyampo-
BaHa cJenymomaM obGpazom,

Hna sapamroro rpada G = (X, A) ¢ maTpumedt kparyahmmx pac-
croarni [d (z;, z;)], ¢ Becamm BepmuE v; ¢ PAKCHPOBAHHKEIME CTOH-
MOCTAMH BepImHH f; 3aja9a COCTOMT B HAXOKIEHHH TAKOTO IOIMHO-

mectBa Xp M3 p BepIEH, IJAA KOTOPOr0 BeITHYMHA

z= 2 fi+a(X,) (6.12)
x; € Xp
OpAHAMAaeT MHHHMAJBHO BO3MOKHOE 3HadYeHHE.
Taxkmm o6pa3oMm, B 3TOM Clydae MEHEMHE3ANAHA NOIJIEKAT HE IPOCTO

nepegatodnoe nciao O (X,) mEoxecTBa X, a monHasa pyaknoua menn,
cofepHamas (HKCEpPORAIHEE CTOMMOCTH f; BePIIHH Z: NOIMHOMKECTBA
X,. Ha mpaxTeke f; npegcraBaser, HanpaMep, PukcEpoBaHAYIO CTOH-
MOCThH CTPOHTENBCTBA NyHKTa obcnyxuBaHua (ckaana, pabpmkm, noj-
‘CTAHONH) IPH Pa3MeIleHHHM €ro B BePMHAHe Z;. 3ajada o p-MeqmaHe
COOTBETCTBYET TAKOMY CJIyual, KOrja Bce f; OMMBAKOBW (Hanpmmep,
‘PaBHH f), Tak 910 mepBui wien B (6.12) paBen mocToAHHOR BeamumHE
pf Heaasmcmmo oT BrOopa moammomecrsa Xp.

Ovuenp Gamaxoit Kk chopMyampoBaHHOM Brume 3amage o6 06o6menH-
HOHl p-Me[maHe ABJIAETCA TAKafd 3aJada, B KOTOPOH 9HCJIO BepITEH

| Xp | He o6s3aTenbHO PABHO p, & MOKET GHITH HEKOTOPHM YHCIOM, HE
OpeBOCXORAmMEM p. 3ajgada MAHAMHE3AOAM Bupaemds (6.12) npm
ycnopnn | X, | << p ABiAAeTcA Pa3HOBHIHOCTHIO 3amaum ¢6 o6o6men-
BOH p-Me[HaHe H 9aCTO BCTPEYAETCH HA MPaKTHKe.

B sagauax pasmemeHds CKJIaj0B HeH3MEHHO OPHXONMTCH CTAJTKA-
BaThCA C OrPaHAYEHAAMHE, KOTOPKX HET B 44MCTONY» 3ajlade o0 p-MeHaHe.
Yame BCero BCTPEYalTCA OrPaHMYesHA HA HamboJpmee B HaMMeHbIIE
BHaYeHHS, KOTOPHE MOKET NPHHATH BHPa:KeHHe

> vy (6.13)

x;, OPHEPeICUHuE K2,
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naa aw06oit MemmaHuoit BepmmRL z; € X,. Bupaskenne (6.13) ompe-
HeJAeT KOJO9eCTBO TOBAPA, BLIBO3NMOTO M3 BEPIMIAHH I;, H, CIENOBA-
TeJBHO, SABIAETCA MEpOll BMEeCTHMOCTH CKIama Z; (8, 15, 7, 28].

OueBmgno0, ITO Taroe ke 0606menne, BOSHEKAIOMEe IPH BBEACHHH
orpapmdenui Ha BeamymHy (6.13), BOSMORHO B B Bajjavax 0 HaXOKe-
HEHE D-IEHTPOB H AGCONITHHX p-NEeHTPOB, PACCMOTPEHHHX B IpeAH-
Rymeit raase. OnHAaKO AJIA OPAKTAYECKAX 3a/1a9 PASMEMEHAA dHepre-
THYeCREX 00HEKTOB, AMEOHHO TeX 8afad, KOTOPHeE CBASAHH C HAXOMKMe-
HUeM p-NEeHTpPOB, YKasaEHoe 0Go0mendme mMeer HeGOJBmMOe BHATCHHE,
TAK KK BCErJa 9TH OIrPAHHYCHHA JETKO BBOAATCA B AJTODHTM, OpH-
BeleHENH B pasa. 8 mpeanpymelt IJaBH.

CiomEOCT pemeHHA OPAKTHYECKHX 38789 PASMEMEHHA CKIANOB
onmpefenaAeTcA He M3MEHEeHHSMH B NONOJHHATEJHHHMHE OTPAENTCHUAMH,
PaccCMOTPeHHHMH BHIIEe, a CBOHMCTBeHHA NPPHpOAEe CaMolf 3agaId O
p-MenmaHe. B cBere aTOro pacCMOTPMM HECKOJBKO METONOB, IPHTOJ-
HHX JIA ompefeiieHus p-MepmamH rpada. Iasa ynpomenmsa manome-
HAEA HEJEKCH 0 B f, YKasSWBAKIHEe CBASH OGHOKTOB COOTBETCTBEHHO
¢ BHOIIHEMA H BHYTPeHHEMA MefqmaHamMm, OyAYyT omycKaThCH,
DOCKOJBKY HSJATAaeMHE METONH NOPEMEHHMH K 0GeEMM sajmavam.

5. Meropm pemenus 3ajaYm 0 p-MeJHAHE

5.1. ®opmyarposra 3agaus
B TEPMBEAX I€J10YHCICEBOr0 DFOIPAMME[OBAHHS

Mycrs [§;;] — maTpEna pacmpeneienss, B KoTopoi

' {1, eCE BepIIHBA I, NPHKDeDieHa K PepIEEHe Iy,

b=

Nlanee npumem §,, = 1, ecim BepmmHA Z; ABIAECTCA Me[BaHHOH
pepmuHoit B §;; = O B mpoTHBROM ciaydae. 3aa9a 0 p-MelHAHE MOKET
6uTh chopMyIHpPOBAHA TOTAA CHEAYIOIIEM 0GpasoM.

MEHEMESEPOBATE (YHKIEI

0 B TPOTHBHOM Ciydae.

z= 121 52, distiy (6.14)

OpE OTrPaHWYEHHAX
é §iy=1 ma j=1,...,n, (6.15)

n
2 Eu=p, (6.16)

8, <ty nanm ecex i, je=1, ..., 1 (6.17)
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Ei;=0 mma 1, (6.18)

rre [d;;] — marpuna B3Bemensn X paccrosndi rpada (ona nomyvaercs
43 MaTPHIb PAaCCTOAHHUH mOCIe YMHOMKEHHA Ka’KIoro j-ro croiabua
Ha coorBeTcTBylomui Bec v;). CoorHomenums (6.15) rapaunrmpyior
BRIIOTHEMOCTh CJIENYIOMEro ycJIoBHA: Ja100aA 3afaHHaA BepIMHHA
Z; OpAKpenjieHa K OJAHOH M TOJNBKO K ORHOH Me{MaHHOH BepmHHe
z;. Bupamenne (6.16) rapanTupyer cymecrBoBaHMe B TOYHOCTH p
menuanubix BepmumH. M3 orpanmvenmit (6.17) caemyer, wro &,y = 1
TOJBKO TOTAA, KOTRA &;; = 1, T. €. NPHKPEIUIEHHA OCYmECTBIAAITCH
TOJILKO K BepmIMHaM MelMaHHoro MHoxecrBa. Ecau [&;;] aBasmercs
ONTHMAJLHBIM peIleHHMeM 3afadd, oUpexeSAeMOdl COOTHOINEHHAMH
(6.14)—(6.18), To p-MenEaHa HMeeT BHJ

Xp={z lgn =1}.
Ecau orpanugenun (6.18) Bumenpusenensoil sagasn 3aMeHATh Ha
Ei} P 01 (6. 19)

TO BO3HIIKAaeT 3axava JuHeidHoro nporpammuposanus (JI[1). Ee peme-
HHe 1o.1y9uTh HeTpyAHo. (OTMETHM, 9TO JJIA BeJIHIHHH &;; YKa3blBaTh
BEPXHIOKW TPaHMIy HEe HYHO, NMOCKOJBKY H3 cooTHomeHumil (6.15)
cnegyer, uro E;;<{1.)

Pewmenne 3apagm JIII He obsasareabHo OymeT 1eJI0YUCTEHHKIM,
§;; MoKeT NMpPMHMMATh M JIpoGHbIe 3HageHus, Peseas m Cmaituw [26]
ooKasadn, 4ro ApobiEe 3HATEHIA BCTPeYAOTCA KpaiiHe pejko,
¥ D03TOMY B GOJBIIMHCTBE CIydaeB [IJA DOJAVIEHHA p-MEIHAH MOMKIO
HMCOO0JIB30BATH A3BLIK M METOXHI JMHeilHoTo mporpamMmmpoBaHus. B Tom
clydae, KOTJa HEKoTOphle §;; ABIAIOTCA XPOOHLIMI, pemrerMe MOKHO
DOJY9HTh ¢ MOMOWBI ApeBoBHAHOTO 1) momcka [11), mpmuem onmoi
BeTBIH, COOTBETCTBYIOMEll KaKoi-11nbo apobiioil BeanduHe (mepeMeHHOMH)
E;;, npugaerca sHavenme 0, a Apyroit Bersnm — sHaveAme 1. Jarem
LJIA KQGKIOH M3 mosiydeHHBIX BeTBell (mox3ajgad) MOMKHO IPOIOIKHTH
nouck pemeHusn (kak 3agagm JII1) u meficTBoBaTh mogoGHEIM 06pa3som
N0 TeX 1op, IOKa Bce §;; He NMPHMYT 3HadveHas u3 MHoxectBa {0, 1}.

Jlpyroit mogxon, oTIHIHLIE OT MeTORA JIMHEHHOTO IPOrPaMMUPOBA-
HusA, npenyaoxen Mapcrenom (23], koropuit mokasas, 4ro pemenme
[E,;] samaun (6.14) —(6.18), coorBercTByOmee p-menuane rpada,
ABIAETCA 3KCTPEMAaJIbHOH TOYKOM HEKOTOpPOro MHOrorpaHanka H,
npudeM MHOTOTPAHHUK OyaerT OHAM M TeM IKe IJIA BCeX p, YAOBJIETBO-
paomux yciaosuw 1 < p << n. Ucnoanays muomurean Jlarpammxa
1 mapaMeTpuYecKoe JHHeWHoe ImporpamMuposande, Mapceren npemJo-

1) MseeTca B BH/Y €IONCK, HCIOIL3YIOUNIl ilepeso pemeruiis (8 opuraaane —
tree search).— Hpux. ped.
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KA METON ¢HPOKJNAXKHE OYTHY MeKNAY HECKOJbKAMH HDKCTPOMAJbHHMH
TouKaME MuororpamEmka H. Ilpm «mpoxjagkes 5TOro myTH HOCJIERO
BATEJBHO, B HOPAMKe YOWBAHAA p, HOPOKIAIOTCH HEKOTOPHE p-MeIHa
BH rpada. Hoe-xaxme p-memmamm (Aa OTREABHHX SHAYEHMIl p)
MOTYT GHTH He HOCTPOEHH, H, Ha06OpOT, MOTYT GHTH «HOPOMKIEHH
TAKHe SKCTPEMAJIbHHE TOYKH MHOTOrpaEHEKa H, KoTOpHe He COOTBOT-
CTBYIOT p-MenmaHaM rpada G, Tax Kak cofepaT ApoHHE 3HATCHHA
peanvEH §;;. X0oTA 2TOT MeTOA HPHBJEKATEJeH KaK ¢ TeOPETHIECKOH,
TAK H ¢ BHYHCJIATEJbHOR TOYEK SPeHMs, HO BCE ’Keé OH He BCerja mpH-
BOIHT K NOCTPOGHHIO p-MefHMAaHH rpada Aas TpeGyeMoro sHadeHMs p.
B pa6ore [23] nar npamep noanoro rpada ¢ 33 BepmmEHEAME, A7 KOTO-
pOro YKa3aHHKM MeTOAOM HOCJeA0BATENbHO HOPOKAAIOICA D-MeAAHE
¢ p=33, 32, ..., 10, HO mocTpomTH TAaKEM cmocoGoM 9-Memmamy
m 8-Memmany yke HeJB3A.

5.2, AaropaTM HANpPaBIEHHOr0 XPEBOBHAHOrO HOMCKEA

Bmecto TOro 9YTOGH 3ajauy HAXOKICHHA D-ME[RAHH TOJKOBATh
KaK 8afady NeJOYACJeHHOTO NPOrPAMMHDOBAHHA, MOKHO [JIA €e
peIIeHAs HCHOIBS0BATH HPAMOE AePeBO MOMCKA. JTOT HOAXOX Jydmre
BCEr0 COOTBETCTBYET CTPYKType paccMaTpmBaemoil safaum. B macTtos-
meM paspaesie GymeT ommCad OAH M3 TAKHUX METOXOB, B KOTOPOM KasK-
maA mofsafada, BOSHAKAIOIMAA HPH BETBJCHHH B KakoM-amGo ysie
RepeBa, ompeneiseTcA TeM, 4ro (OpH 3ajaHHOH BepmMHEe T;) HepeMeH-
HaA §;; monaraeTcs paBHO# 1 AnA HeKoTopoil BepmmEN z;. PaBencTBO
E;y = 1 osmadwaer, YT0 BepmHUHA ZI; HOPHKpemeHa K BepPMEHe I,
a TaKKe, 0OYeBHXHO, YTO Z; ABJIACTCA MeAMaHHOH BepmmMHOI.

JTOT HOMCK YAOGHO BHOOJHATH CAERYIOMEM 0GpasoMm.

IlocTporM Matpuny M = [m,;l, j-# cronGem koTopoidl comepskmT
Bce pepmmHH rpada G, pacmojokeHHHe B HOPANKe HeyGHBaHAA HX
paccrosaHm# oT BepmAEH z;. TakuM o6pasoM, eClIH my; = Z;, TO Bep-
munHa z; Gyner k-if GamKaiimei k z; Bepumuoi. OuepnHO, 9TO MEPBO
6amafimed K z; BePIIHHON ABIAAETCA OHA CaMa, T. €. Myy = Iy,

Ilomck HaYEHAETCA C MOCHENOBATENBHOTO HPOCMOTPA BCeX BOPIIHH
rpada, ¢ z, no z,. BepmAna z; BHauaJe OPHKPENJAETCA K BOPIIAHE
my;, 88TeM K Mgy W T. HA., HOKa He OyxyT mepeGpamm Bce BOBMOMKHO-
cra. Heo6xommmo cmenaTh HecKOJBKO 3aMedaHMIl.

1. IlocroabKy OOTEMAaJbHOE peINeHHe COCTOMT H3 p MeRHMaHHHX
BepIEH, TO NPHKpPeIJIeHHe BePMEHH B 9TOM POIIeEHMHE K KaKoi-1m6o
MONAaHHOi BePIIAHe NOJNKHO GHTH HARJIYTINHM H3 p BOSMOKHHX OpH-
Kpemyenmii. IHNME cioBaMB, Ias Kakoll BepIMEH ROJNKHO CyIIe-
CTBOBaTh N0 KpailiHeil Mepe eme p — {1 BOSMOMKHOCTeH HPAKpEIICHHA
¢ HeMeHbINe# CTOMMOCTHIO, YeM y BHOpamHo# Bosmo:kHOCTH. Ciemo-
BATeNbHO, B3 MATPHEON M MoxkHO yRaJETH p — 1 DOCIegHHEX CTpPOK,
H 3TO He OTPASHTCA HA ONTHAMAJbHOM DeIlleHAHA 3a/[a9M O p-MeHAHE.
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2. Ilpepmonosus, YTO BePMIMHY Z; NPUKPENEIH K BePIIEHE my.;’
(koTopas sBnseTcsa, Hanpumep, BepmmHOA z;). IlycTh BepmmEa Z,
Gyner k-ii 6nmxaiimell BePMAEHOM K HEKOTOPOH eme He NPEKpeNJes-
Ho#t BepmuHe Z; (j' <Cj < n), COOTBETCTBYWOMmMEH j-My cTonbmy MaT-
penu M, T. e. my; = z,. Torma, oueBEmNHO, BCe 3JNEMEHTH my,
¢ I > k Moryt GHTh HCKJIIOUEHH K3 JaJbHEHmero paccMoTpeHEa (oTMe-
4eHH), OOCKOJbLKY, OPHKDPENHEB Iy K I;, ME TE€M CaMEIM IPHATHEC]IEM
Z, K MelIMAHHHM BepIIMHAM H IOCKOJLKY BepIIMHA I; MOMKeT GHTh
OpPHEKpeNnJieHa K Z; ¢ MeHbIed cTomMOCThIO '), geM k mwoboit gpyroi
pepmuEe my; opE [ =k 4+ 1, k + 2, ... . fAceo Takmke, uTOo ecam
HAa HEKOTOPOM Imare BO3BPAIMeHAA NPONENYPH LOHCKA H3MEHHATCA
pacOopefieleEde BePMEHH Z;. OTHOCHTeNBHO Z;, TO 3JEMEHTH My
(BeECKIIOUEHHEIE H3 pPAaCCMOTPEHHSA, HEOTMEUCHHHE) NOKHE OHTH
PacCMOTpPeHH 3aHOBO.

3. IlycTh BepmEHa I; NpEKpenjieHa K BepmEBe my-y. Torma
MOKHO OpPENI0JOHATb, YTO BCe BEPIIMHE My, Mgjr, - « «y Mypso1yj”
HE SABJIAIOTCA MEJHAHHHME BepIOIEHAME, IOCKOJBKY B HPOTHBHOM
clyJae BepIIEHA ;. On1a 6K pacnooseHa mO KpadHe#d Mepe OT OfHOM
W3 HEX He JlaJjblie, 9eM OT My-; (C MeHbIIeH 1) pesy bTEPYIOMEH CTOM-
MOCTBIO). OTH BepIIEHH, CJIEJ0BATENLHO, MOIYT OHTH OTME€YeHH
(EcKn09eHH U3 PACCMOTPEHHEA) BO BCeX CToa6max ¢ HomepaMHE j > j'.
HyxH0 HMeTh B BUAY, 9TO BEPMIEHH 5TH HCKJIIIAITCH BPEMEHHO H MX
HAJO0 «BOCCTAHABIMBATLY BCAKHE pa3 OPH H3MeHEHUH pacOpeleseHHs
BEPIIHHHE T;, OTHOCHTEJNDBHO My-j-.

4. Ecnr 23 pacCMOTpeHHAs HCKIIOYEHH ¢ BEPXHEX 3JIeMEHTOB j-TO
£Toa6Ia, COOTBETCTBYWINEro HepacHpefeieHHod (HENOpPHUKpemieHHOH)
BepmHEEe I;, B (¢ + 1)-# 371eMeHT, T. €. M4, j ABASETCA MeNHAHHOR
BEePIIAHOH, TO Z; JOMMHA OHTL HOPUKpPENJeHAa K BEPOIEHE M p4q)j.
B arom caygae mer HeoGX0oMAMOCTH paccMaTpEBaTh Kakme-anGo Apy-
THe BO3MOKHOCTH [0 Te€X INOpP, HOKA HEKOTOPH® W3 ! BEDXHHX djeMel-
TOB HE OKAJKYTCH «BOCCTAHOBJICHHHIME» (BCIeNCTBEE H3MEHEHHA B Ope-
OHAYMAX pacOpefeleHESAX BEPMHH, YTO OTPa3UTCH HAa MHOMKECTBE
«UCKJIIOYEHHKIX» BEPIMHAH). ITOT BHIBOA ABIAETCH NPAMBIM CJIEICTBHAEM
BHIIeNPABENCHHRIX 3aMedandEi 2 m 3.

5. Ecnim Ba HeKoTopoM 3Tame ¢ DIpPOBOAMMOIO HOUCKA Oyner
DOCTPOEHO MHOMKECTBO M3 p MEeJHAHHHIX BepmEH (B pPe3yabhTaTe HOpH-
MEHEHHA AIPOleNYyPH NPHKPENJEeHAA» BEPIIHEH), TO KAMKAYI OCTaB-
mMyIOCH HepacmpeleleHHYI0 BePOIEHY MOMKHO NPHEKPENRTh K Gimiaii-
med MefEaHEHOA BepmuEHe. QO4eBEIHO, YTO 3TO ABJAETCH ONTEMAJBHEM
3aBepmeHUeM YaCTHOIO PEemeHHs, COOTBETCTBYIOMEro OCYMeCTBJIEH-
HOMY OpHKpemleHHI0 BepmueH. Ha ciexylomem mare mpomegypuH —
mare BO3BPAIMIeHHS — JOJHO H3MEHATHCA pacopefeseHEe BepITHH,
moJyYeHHOe B KOHIE ¢-Tr0 3Tama.

1) Touree, ¢ Be GoabmIeil CTOMMOCTEIOg= Tpume peds
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5.2.1. Buumcaenne Hm:kHeli rpammanbl. JamedaHEA 1—5 MoxEHO
HCIOJb30BATH NJA OTPAHAYEHHESA Pa3Mepa fepeBa MOMCKA MYTEM YMeHb-
IMEeHNsA YACJIa BOSMOKHNX IPRKPENJIeHHd BepmIaHH Z; Ha Ji060M 3Tame
oponenypn. HpoMe Toro, Ha HEKOTOPHX 3Tamax, KOIfa Hocienxmei
pacunpenensemMoil BepIIRHOM ABJNAETCA BepHIAHA )., KA OTPaHAYEHHUA
RaJbHefimero moECKAa MoKeT GHTh HCHOAB30BaHA HWKHAA IpaHHIA
BEJIHYNHH HOJHOTO ONTAMAJBHOTO pemeHEA (HOJYIeHHOro RJIA YKe
OCYIIeCTBIEHHENX IPHKpeIIeHHI),

IIpenmonomxeM, YTO BHIOJHeHHHE DPHEKpeNJeHHs (BKAKNYAA OpH-
KpelllleERe BePHIRER Z;-) Kaau p’ (p’ < p) megmampsx Bepmun. Torxa
OCTaBIINECA NPHKPEIIeHAA NOJKHN NPHUBECTE K HAXOKICHAIO OCTAb-
HHX p — p’ MefmamHHX BepmHR. [IycTs J — MHOMKECTBO HHIEKCOB
elle He pacIpefeJleHHNX BepmmH, B o6meM caydae J eCTb MHOKECTBO
HENEKCOB j, AJIA KOTOPHX j < j< n, 3a HCKIIOYCHHEM HHIEKCOB TEX
BePIHH, pacmpefielieHHe KOTOPWX MHAYOEPOBAHO pacOpeneleHHeM
OepBHX j' BePmHEHE %y, Ly, . . ., Iy (B COOTBETCTBHE C 3aMeuaHEeM 4).

IIycte mq g B Mgy — caMui BepXHHIl H CAeXYOIMA 38 HEM 3716€-
MEHTH j-ro cToA6na, KOTOpHe ABJIATCA HEOTMEYeHHRMH (He HCKIIO-
9YeHHHMHA H3 paccMoTpenms). Torxa HamJydYImEM pacOpefielleHEEM
BePIIAEN r; GyneT ee OPHKpeNJeHHe K BepImIMHE M, - Ecan amcno
PasJEYHNX BOPUIBE Mg g A j€J paBro k u h = p — p’, 1O BCe
9TH HaMJyYImWe pacUpefelieEEs elle He OPHKPENJNEHHHX BepTAH
ABIAITCA OCYmMECTBEMHME (T. €. IONYYaeTCA MHOKECTBO, COHXeprKa-
mee p MEeRWAHHNX BepHMH). JTH pacupefeleHHs o0pasyloT oNTH-
MaJIbHOe IOUIOJHEHHe YaCTHOTO peIlleHWA, NOJYYEHHOTO IpH pacIpe-
NeNeHHAH BePHIAH Z;, Ty, . .., T B TAKOM caAydae 3aIHCHBAETCA
pesyibTaT H ImAr BO3BpallleHHA MOKeT GHThL IpeUpPHHAT C TEKYIIEro
9aCTHOT0 pemeHus.

Ecan, ogaaxo, B > p — p’, To ANA noy4ennA BCeX P MeIHAHHHX
BePIIEH HAJO0 BaMEHHTh 0O KpadHeli Mepe B — p + p’ ayummx
HasHAYEHWi# Ha BTOpPHEe JydYmEe HJIE XyRmme. Torfa HaEMeHbIIas
DONOJNIHATENbHASL CTOMMOCTh pACHpefieJieHHs ABIAETCA  CyMMOif
kh — p + p’ mammenbmEx pasnocrei!

vld (24, mp3) —d (25 Me )] (6.20)
oo BCeM BepmraHeM Iy, j € J.j
HmxBaAa rpaEmna CTOBMOCTE ONTEMAJALHOTO peIeHHsA, NaBaeMax

TOKyMUM 4YAaCTHHIM pemeHHeM, HoJyiaeTca npmbaBlIeHHEM K CyMMe
CTOAMOCTEH y/Ke BHIOJHEHHHX pacupemeienuit '

]
;eEJ vy @ (Zgs Mg )

cyumMn h"— p 4+ p’ HamMeBrmEX pasHOCTeH, 3afaBAEMHX BHIPA’Ke-
mmeM (6.20).

Mosxer cnyuatses, aro k mensme p — p’. Torna mamnyvmee monoa-
HeANe TeKYMero YaCTHOTC PEemeRws‘IaeT MeIHANAHX BEPIINH MeHbINe
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gem p. Ho mockonbky ouesmamo, 4To mepenaTognoe dHCa0 O (X))

ONTHMANBLHOH p-MeAuaHn X, MOHOTOHHO yOHBaeT ¢ yseludeHHEM p,
Tonpnh << p — p’ TeKyIIee YaCTHOE pelleHHe HaBEPHAKA He ABJIAETCA
9YaCThI0 ONTHMAJBLHOTO P-MEIMAHHOIO PEMIEHUA U TOTJA MOMKHO BHIIOJ-
HETL IIar BO3BpalleHHA.

5.3. Jlpyroii anropaTM HanpaBJEHHOTO IOHCKA

PaccMoTpeRHe anbTepHATHBHHX pacnpefeieHdil, BO3HUKAIOIHUX
npn Bubope KOHKDeTHHX 3HAYCHMH [JIA NEPeMeHHBIX &;), IPHBOAHT
B npolefype MOMCKa U3 pasA. 5.2 K YacTHHIM Doj3afadaM. Y KareM
eme ofny mpoueaypy moucka [18]; oma cocrout B mocTpoerun Gmmap-
HOTO [lepeBa NONCKa, OpHIeM 9TO HNOCTPOeHHE OCYMECTBIAETCA MyTeM
HOCIe/[0BaTe]bHOH NPOBEPKH YCJIOBUA: ABIAETCA MJIH HeT NAaHHASA
BepIOEHA Mef@ManHoM BepmmHoii? IIpouenypa moucka B aToM ciaywae
sajaerca MEoxecTsamu S*, S~ m F. [lepBoe MHOKeCTBO COOTBETCTBYET
TEM BePIIMHAM, KOTOPHE B TEKYIIMHA MOMEHT ABJIAIOTCA MeTHaHHLIMH,
BTOPO€ COOTBETCTBYET HeMmeNMaHHKM BePIIMHAM, a TPEeTheé — BepPIIH-
HaM. 0 KOTOPHX IOKa HeJb3A CKa3aTh HUYEr0 OOpeeleHHOTO.

Humuas rpavnma crouMoCTH ONTEMANBLHOTO PEIIeHus, ONpene se-
Mas Y€ OCYMECTBJEHHHM pachpefe]eHHeM HEKOTOPHX BEPIIMH IO
MHOKecTBaM S* Mau S, moxer GuTh Buyucaena [18] cmocobom, aHa-
JIOTMYHbIM OPHBEJEHHOMY B NpeInAYIIeM pasfele.

Iltak, pepmuna x; € S~ gomKHa 6HTHL NPHKpEILICHA K HEKOTOpOil
Bepuinne muoxectBa S* | F. Haunyamee n3 atux pacnopemeneniii
HAMeeT CTOMMOCTH

uz—:igggp[v,d (25, )] (6.21)

C nmpyroii cToponsl, BepmmHa z; € F, KOTOpas ¥e MOMeT CTaTh
MelnaHHofl BepmuHOil, MomKHa 061agaTh CTOMMOCTLIO, paBuoil i1o
KpaiiHeii mepe

uj= min [vd (z;, z;)]. (6.22)
rielé_*]uF

Hmxraa rpaunua suuucasercs no dopmyse

’ [ 4
N R (6.23)
x ES-
7
rae U” ecth cymma n — p — | S- | naumensmux uncen uj. Ciexyer
OTMETHTB, 9TO 7 -— p — | S~ | ecThb YUCIO BEPmINH, KOTOPHE NOKa

eme CBOGOIHK. HO MOTYT GHITH MEIMAHHBLIMH BEPIIMHAMA OKOHYATEb-
HOTO pemeHHs 4, CJAEJ0BAaTeNbHO, JONMKHH GHTEH CONOCTABIEHH pY-
TUM BepIIMHAM.

B pa6ore [18] onenmka m3 Bupakenma (6.23) ucmoabayercs mnpm
APEBOBHU/IHOM MOMCKE COENUaJbHOro THOa (PaBHOCTOEMOCTHOTO). Ilpm



5. METOAEI PEMEHAA 3AJATH O p-MEJUAHE 139

TAKOM IOHCKe BETBJCHHEe IPOE3BOAMTCA B yajaXx JAepeBa, COOTBETCT-
BYIOIIAX HaMMeHbINe# HEKHell rpammne pemenmsa. MerogH momCKa
¢ IpEOpHETeTOM @m0 Iiay6HHe, AHAJOTEYEHC TeM, KOTOPHEe paccMaT-
PHBAJACh B Havaje HACTOAIET0 pasfe]a H B KOTOPHX HCIOJNB-
8YIOTCA ONEHKH, mofo6HHe npmEBefieHHOH B BHpa)kexmm (6.23),—
HECKOAbKO MopudumupoBaHHHE, YTOGH MokHO 6GH0 pemars 0606-
DIeHHHe p-MeJHaHHHe 33JaYl, BOSHHKAION[HE Ha OPAaKTHKe IPH pas-
MEIIeHHH CKJIafioB (IYHKTOB 0GCIYREBAHESA), — BCTPEYAIOTCH TAKIKE
B paGorax [29, 30, 15, 7, 28].

5.4, IIpaGammennnit aaroparM

Totity ® Bapr [32] npegnosxkuan sBpuCTHUSCKHEE METOX AAA HAXOMK-
NeHHA p-MeXHaHH. Merox cocTonT B clefyomeM: caydaiiHHM ofpasom
BHOGRpaloTcA p BepmmH, OHE B O6GpPAasyOT HAaYaJbHOE MHOKECTBO S,
anopOKCHMHAPYIOMee p-MeAaRHO® MIO0KeC1B0 X . 3aTeM BLIACHACTCH,
MOKeT JH HeKkoTopaA BepmEHAa Z; € X — S 3aMEeHHTh BepPIIHAY
z; € S (kak MeqmaHHAA BepmmAHA), JAA Jero CTPOHTCA HOBOe MHOKe-
crBo S’ = (S {z;})) —{z;} m cpaBHmBaloTCA mepelaTOYHHEe THCIA
0(S’)mo(S). Ecam o (S') <o (S), To BepmuHa 2; 3aMemaeTcA Bep-
mAHO# 2; B M3 MHOKeCTBa S IOJydYaeTcs MHOKeCTBO S’, KoTopoe
Jyvyme aOOPOKCHMADPYeT D-MeAWAHHO® MHOKECTBO X,. 3aTeM mccie-
AYyeTcA Y)Ke MHOKeCTBO S', AHAJOIHIHO TOMY KaK HCCIeXoBanoch S,
A T. &., DoKa He GymeT mocTpoeHo MHOMKecTBO S, TaKoe, IT0 HA ONHY
ero BepIINHY HeJAb3A 3aMECTHTH BepmHEBOA B3 X — S ¥ HoaydnTs PR
3TOM MHOZKECTBO C MEHBINMM HepefaTOYHHM TucioM, deM o (S). Muo-

mectBo S Geperca B kadecTBe TpefyeMoro mpnGiamiKeHHs K MHOMe-
ctBy X,

5.4.1. OnncaEme aaropurma

a2 1. BubpaTs HeKoTopoe MHOKeCTBO S M3 p BepmimH B Kawe-
CTBe HAYAJBHOro npmbammKennsa K p-meqnane. HasoBem Bce BepmEHH
z; ¢ S ¢«HeonpoGOBaHHHMAY,

Illlaz 2. BanTh OpoN3BOJBHYI0 «HEONPOGOBANHYIO» BEPIIAHY B A
KasKnoll BepmMEHH z; € S BHYNCINTHL ¢OpHpameHnme» A, cOOTBETCT-
ByIOIee 3aMeHe BePIIMHH Z; BeDIIMHOR I;, T. ©. BHIACIHTH

Ayy=0(8)—0o((S U{z,}) —{z:}). (6.24)
ez 3. Haiita Ay = max [Ayl.
S‘E

(i) Ecam A,o,g 0, T0 HasBaThb BepmMHHY Z; «ompoGOBaHHOW» H

mepeiiTH K mary 2.
(ii) Ecxm Ay ;> 0,70 § «(S U {z;}) — {2:}, naspars Bepmmuy
z; «ompoGoBaHHOl» | mepeiliTm Kk mary 2.
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Xy 1 Xy

Xs 2 Xg
Pmc. 6.1. KomTpupumep K upubimuenHoMy anroputMy paspg. 5.4.

IlTaz 4. TlosropaTts marm 2 ¥ 3 K0 TeX mOp, IOKAa BCEe BePIIANH M3
X — § me 6ynyr ompoGosaEm. JTa mpomenypa odopmigercs Kak
nuka. Ecam mpm BHOmosHeRME mocienHero IEKJIa CoBCeM He 6Gyner
saMelnenuil BepmuH Ha mare 3 (i), To mepedTm k mary 5. B mporms-
"HOM CJIy4ae, T. €. eCJd OCYIIECTBJEHO HEKOTOpOe 3aMemeHue, Ha3BaTh
BCe BEPIIMHE «HeonpoOoBaHAKME» W BEPHYTHCA K mary 2.

Ifaez 5. Cron. Terymee MBoMKecTBO S #ABIgeTca NOAXONHIIel
annpoxcmManmell p-MeIWaHHOTO MHOMecTBa X,.

OuesnnHO, 9TO IpHUBENEHHNH BHINE aJTOPATM HE BO BCEX CJHydYasnX
naer onTEMAadbLELIM oTBer [18]. [eficTBHTENBHO, paccMOTPEM HeopHEH-
TEpPOBaEHEHHE rpad, maobpa;kemmni#t Ha pmc. 6.1. Yncna, croampme
OK0JI0 pefep, paBHH COOTBETCTBYWOmMEuM peGepHEM cTomMmocTaM. Cum-
TAEM, 4YTO BCe BepMINEH HMEKT eJIMHMYHEE Beca. Ecam HcKaTh
2-Memany m B KadeCTBE HadaJbHOTO MHOMECTBA S B3ATH {Tj, Zg}
¢ mepefaToyEmM gmECaoM O (S) = 8, To HAKaKoe 3aMemeHHe TOJILKO
ONHOIl BePIMAHH He HPEBOAHUT K MHOMKECTBY C MEHLIIMM NEPEIRTOYNHIM
auc oM. OFHaKo MHOKECTBO {r;, I} HE ABiagerca 2-MeAnmaHo# HaH-
Horo rpada. CymecTByloT nBa 2-MefmaHBLX MHOKecTBa: {z;, %}
B {z, z;} C mepeNaTOYHEIME YHCIAME A (X,) = 1.

ANropHTM, ONHMCAaHHHH B HACTOAINEM pa3sfene, ABIAACTCA B fefl-
CTBHTEJLHOCTH JIAML OJHHEM H3 II€JIOTO CeMeAcTBa aJropHUTMOB, Ga3m-
PYIOIIEXCA HA JIOKAJbHOH ONTAME3ANHHE B Ha HJee A-ONTHMAJBLHOCTH,
Buepsnie ppenennoi Jlmaom [22] nas 3amaum kommmBoAsKepa, a BroO-
CIEACTBHEA Pa3BHTON W MCHOJB30BAaHHON B Apyrux paborax [3, 4, 19]
OPHE HCCJIENOBAHMM Pa3JHYBHX KOMOEBaTOpHEX mpobiem.

Bepremca k Hame#t 3amage. MmHoxecTBO S W3 p BEPmMEH HAa3H-
paerca A-ontmManbHBIM (A < p), eca® 3amema JIOGHX A BepOIAB H3
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MHO)RecTBa S MOOHME A BepMIAHAMH, He IPHEAJIGKAMEME S, He
MOKOT IOPOJHTh HOBOTO MHOKECTBA C IEPEJATOYHLIM THCAOM, MOHb-
mum, geM y S. OwenagHo, ITO ecxE S ABAAGTCA pP-MeHAHRKIM |MHOKE-
orBoM X, paccuarpmBaemoro rpada, To S p-omrmMaxnmo. Cosep-
IMIOHHO 096BAJHO TAKIKE, WTo oCiAA S’ ABAAETCA A-OUTHMAJbLHEM MHO-
#ecTBOM H S” — A-ONTHMAIBHO® MHOMKECTBO, T0 O (S°) < 0 (59
mpa A" > A,

CoriacHO DpHBeJeHHHM BHII® ONPENEICHHAAM DOmIeHHe, IMOJIyIeH-
HOO C IIOMOINbIO ajdropAT™Ma H3 pasf. 95.4.1, MokEO masBaTh 1-omrm-
maabHEM. [Tomo6HEe aXropHTMH MOMHO 1aTh H AJAA HOPORIEHHEA
2-onTEMaNBHNX, 3-0NTHMANBHHX H T. . pemenmis. Urebu ybGemmThes
B A-ONTHMAJbHOCTH MHOOCTBA S, HY’KHO BHIIOXHHTH

p) (n—p

A A

BO3MOKHHX 3aMemeHHi (a, cienosareabHO, H BLHYACICHHH# mepea-
TOYHHX HCOJX G). ITO YHCIO JOBOABHO GHCTPO pacTer ¢ pocToM A,

a II03TOMY TAKAE AJTOPHTMH IPAKTHIOCKH HEJTb3A HCIOJH30BATDH JJIA
sHaveHHHE A, Goapmmax 3

6. 3agaum

1 Joxasats, ¥T0 KakoBo G HE GHUIO MHOMECTBO Y ,, COCTOSAIE®
H3 p rovex, Je;Xamux Ha pe6pax MIR ABIAINIAXCA BePIIMHAME rpada
G, Halimerest Xora Out oxHO mopMHEOKecTBO X, — X, ymopaersopsomee
ycaosEw: | X, |=p m o (X,;) <o (Y,).

2. Ina rpada, m3oGpakemmoro Ha pmc. 6.2, HaiiTE MenmaHH,
9-MeXHMAHH, 3-ME[HAHH H 4-MeIHAHH.

Xy 15 X3 6 X3 4 Xa
8 13 8 S
§ 9 7 16
Xg Xy Xg Xs
18 4 12 6
) 5 14 10
Xy X0 Xy Xy2
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3. UtepanuoHHAW# @Iporecc AJAS peWeHHA 3aAaYd OOCTPOCHHSA
1-mepmaEH B ciydae GeckoHedHOro rpada, BIOKEHHOr0 B GBKIMIOBY
IIOCKOCTh, COCTOMT B caefylomeM [8].

Ilycrs G — GeckoHeYHH#A NOMHLIA rpad, NPeACTABAAMME eBKIM-
AOBY IJOCKOCTb, M NyCTh S -— 3ajlaHHO® NOAMHOMKECTBO BepIIHH,
cocTosAmee U3 n TO9eK ¢ KoopaumaTtamu (z;, ¥;), i=1, 2, ..., n.
Tpebyerca BHGPaTe HEKOTOPYIO TOUKY (Zn,, Ym) ANA PACHONOMKECHHA
B Heil MeAMaHHON BepMMHH M 9TO0OH OIpM 3TOM BHpaKeHHE

n
3

Om = _2]1 Vidim
=

6LIJIO MHHHMAJBbHEIM; 3J1eCh V; — «Be€C» TOYKH C KOOpPAMHATAMH (T
i 1]
Yi) ¥ d;;m eBRKIHNOBO DPacCTOAHHE:

Bime= V (Zi — Zm)2+ (Y — Ym)?-

B Touke MHHHMYMa MH HMeEEM:

om0 [V (Ei—2m)]_

H {gi [ dim ]— 0 (1)
H

d0m _ 2\ vi(yi—ym)] _

Ym - ‘E—Ji [ dim ]—0 (2)

3tn YPaBHEeHMA MOAIHO PENIHTL HTE€PALiIMOHHLIM METOJO0M, I peACcTaBHB
X IpeaBapHTENLHO B CAEQYIOEM BUIE:
n

= 3[4 35 @

1= 1=

n n
Vi¥i Vi
vn= 3 [Er ]l 2 [5k]- )
i=1 i=1
Haunnas ¢ nexoropoit T09kM (Zp;, Ym), MOMKHO BHIIMCINTE PACCTORHAA
dim, & 3aTeM, ICNOAB3yA Beipa;kenua (3) u (4), naiiTe HoBoe Ayqmee
npubagkenne aas (I, Ym). 3aTeM 3aHOBO BLITHCIAAIOTCA PacCTOSA-
BMA d;;, B KOODAMHATH I, H Y,,. IIpomecc npoAoaKaercsa 10 Tex mop,
OOKa He CTabHIN3NPYIOTCA BEIHINHH T, H Ym.
Hcnonnsys onmcaunmit nrepayuoHHEIE MeTOX, HaiiTa 1-Mefuamy
B TOM C/ly4ae, KOTa MHOMECTBO S COCTOUT W3 CJHERYIONHUX TOYEK:
(2,2), (2,6), (4,8), (5,5), (6,1), (8,6) m (9,3) c Becamm AnA BCex Bep-
MUH, DaBHEMH V; =
[TokasaTb, 9TO pe3yJLTAT B 2TOM HMTepaOHOHHOM HpOLECCE NPH
Haxoxpaennu raobaapHoro outumyma aag (z.,, Y,) He B3aBHCHT OT
BH6Opa HAaYaJabHOIO PACHOJOMKEHHS ITOH TOYKH.
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4. PacupocTpaHATh NPHBEflEHHYX) BHINe HTEPANHOHHYI0 CXEMY
Ha ofmui cayvali HaxoRAeHHEA p-MemmaHH. IlosBoiaser sm aror 0606-
IMeHHHH MeTOX NOAYyIATH IA06aJBENE OOTEMYM NAA p-MegHAHH?

5. IIycrs rpad G = (X, T') aBaserca mepesoM H mociae yRajeHHA
pebpa (z;, z;) pacuafaerca Ha iBe CBASHHE KoMIOHeRTH G; = (X, T)
nGy=(X;,I),tnez € X,,2)€X,m X; J X, =X. Bpeniem 0603na-
geHHe:

v (S)==,258 ;.

Ilokasars, ar0 Men@ana x rpada G yROBIETBOPAGT YCIAOBHAM:

(i) ecam v (X,) = v (Xy), 10 € X,

(ii) ecnm v (X,) < v (X;), T0 z He Memserca upm sameme rpada
G rpadom Gy, y KOTOpPOTO Bec BePIIHHH Iy HOJATAETCA PABHHM Uy +
+ v (X,). YauruBaa 3t QaKTH, AATH AJATOPHTM NJIA HAXOKAEHHA
Me[[MAHHOH BePIIMEH B fepeBe, KOTOPHE 6rn 6H Goxee aPPexTnBHLIM,

Fieé‘o‘] HeHmoCpe/ICTBeHHO® HCHoJb30Banme ypasmemmit (6.2) m (6.3) (cM.
).
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AEPEBbA

1. Beegenme

OnueM #3 HamGoJee Ba)KHWX HOHATHI TeopmH rpados, KoTopoe
K TOMY e 9acTo BCTPeIaeTcA B 06JacTAX, He HMEOIUX HA HepBHil
B3IJIAJl HAKAKOTO OTHOMEHHA K rpadam, ABiaserca Aepeso. B Hacros-
meil riaBe BBOIATCA DOHATHA OPHeHTHPOBAHHOIO H HEOPHEHTHPOBAH-
HOTO JIepeBbeB H JaeTCA KpaTKoe onHcaHde Tex ofiacTeil, rie OHA IpH-
mersiorca. Hexoropue ms sTEx mpuiaoxenmii Gosee moapo6HO pac-
CMATPHBAIOTCA B JPYTHX IJIABAX KHHATH.

Onpedesenus. Hmxecnenyomae ompefefeHHs HeOPHEHTHPOBAH-
HOTO JlepeBa, KaK Jerko IOKa3aTh, KBHBAJeHTHH ApPYyT Apyry. (Cm.
sagaqy 7.1.)

HeoprentapoBaHHO® [qepeBo eCTh:

(i) casHit rpad, comepxamuit n Bepmun u n— 1 peGep, aE6o

(ii) ceasEnit rpad, He mmelomumii MEKIOB, aHGO

(iii) rpad, B KoTOpoM KaKmas mapa BePIIHH COeHHEHA ONHOM
H TOJBbKO ORHOH mpocTod membio.

Ecam G = (X, A) — BeopuenTHpopanHNil rpad ¢ n BepmmHaMA,
TO 0cTROSHBM OJepesom (HMIM, Kopode, ocmosom) zpaga G Has3mBaeTCA
BCAKHHA ocToBHNE moArpad rpada G, asasomumiica nepesoM (B CMECI
OPHBENeHHOTro Bume onpenenerns). Hanpamep, ecim G — rpad, moka-
saHHHI Ha pac. 7.1a, To rpad Ha pmc. 7.16 aBaserca ocrosoM rpada
G, Kak ® rpad, Hso6pakennuit ra puc. 7.18. Ha cdopmyaapoBaHHEEX
BHIIE oIpefieieHM BHTEeKaeT, YT0 ocTOB rpada G MOKHO TaKiKe pac-
CMATPHBATh KAK MHHAMAJbHHHA CBA3HWE oCToBHHIE moxrpad rpada
G, roe «MARAMAJIBHOCTHY MOHAMAGTCA B TOM CMEICAe, KaK FOBOPHIOCH
B . 2, T. e. BAKaKoe COGCTBeHHOe OMHOKeCTBO pebep 3Toro 0CTOBA
He ofpa3yer cBAsHHE ocToBHHII moarpad rpada G.

IlonaTHe pepeBa Kak MaTeMaTHIeCKOTO o6BeKTa 6HJIO BOEepBHE
npennoxeno Kupxrodoum [36] B cBasm ¢ onpenenennem dynmamMenTann-
HHX DOHKJOB, IPAMECHAGMHX IPH AHAJH3e 3JIEKTPHIECKAX Nemeil.
IIpa6nEamTensHo AecAThbi0 rofamm mnoaxe HKoam (5] sroBb (HesaBm-
cmmo or Hapxroda) BBen momsrme nepesa H moayums 66apmyio0 9acTh
HepPBHX pPesyiabTaToB B 06JaCTH HCCIeOBAHHA CBOHCTB JepeBbeB.

OpmenTHpoBaHHOE [epeBo (HA3HBAEMOE TaKMe OpesosudHocn: bio)
ompenensercA aHAJNOTHYHEM o6pasoM.
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Onpedesernue. OpuHeHTHPOBAHHOE [epeBO IpENCTABJIAET COBOMN
OpHeHTHPOBaHHHH rpad 6e3 NHUKIOB, B KOTOPOM MOJYCTeNeHb 3aXofa
KaK10il BePIIHHE, 33 HCKJIIOYeHHeM OgHOH (HampmEMep, BEPHIUHH I;),
paBHA eJHHHIE, 4 IOJYCTENeHb 3aX0/la BePINEHH z, (RA3KIBAEMOM KOp-
HeM 3TOTO fepeBa) paBHa HyJ0 D,

Ha puc. 7.2 nokasam rpad, KOTOPHE ABJIAETCA OPHEHTHPOBAH-
HHIM [lePeBOM C KODHeM B BepmuHe I,. VI3 npuBegerHoro onpenenesna

Xy

Puc. 7.1a. T'pad G. Puc. 7.16. OctoB rpa- Puc. 7.1B. Qpyroit
da G. octoB rpada G.

clrenyeT, 4TO OPHEHTHPOBaHHOE JepeBO C 71 BEPINEHAMH mMmeeT n — 1
Ayr u cBa3HO. TaxiKe 09YEBHIHO, 9TO He BCAKHMHA OPHEHTHPOBAaHHEI
rpad cofepRUT OCTOBHOE OPHEHTHPOBAHHOE 1epPeBO. ITO IOATBEPKIALT
rpad, usobpamenHnuit Ha puc. 7.3.

Caenyer oTMeTHTH, 9TO HEOPHEHTHPOBAHHOE [EPEBO MOMKHO Ipe-
06pa3oBaTh B OPMEHTHPOBAHHOE: HA/0 B3ATH €r0 IPOU3BOJBHYIO Bep-
IDAHYy B KadecTBe KOPHA HW pebpaM HIpHIHCATL TAKYH) OPHEHTAIHIO,

Kopews: x; x,

Puc. 7.2. OpmenTmpoBamHOE Jaepeso.

1) Taxoe nepeBo YaCTO HA3WBANT snzodAuuM (MAN KopHeaum).— Hpun. ped.
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X, Xy

X X

X X

Puc. 7.3. I'pad 6ea opnerTEpOBAaHBOrO OCTOBHOTO rpada.

aTo0H KajKAas BepIIEHA COEAHHAJNACH C KOpHEM (TOJBKO OfHOI) mpo-
croil nensw. Obparro, ecim I' = (X, B) — oprenTEpOBaHHOE NEPEBO,
to I' = (X, B), rae B — mmozkectBo Ayr nepeea I’ Ges yuera X OpHEH-
TaIHH, ABJAEGTCA HEOPHEHTHPOBAHHLIM AEpPEBOM.

«['eHeasloruyeckoe JepeBo®, B KOTOPOM BEPIIEHH COOTBETCTBYIOT
JIHIAM MY/KCKOTO I0JIA, 8 AYTH OPHEHTHPOBAHN OT PORHTENEH K AeTAM,
OpeACTaBAAeT c0GOH XOpOmO HSBECTHHH HpPAMEDP OPHEHTHPOBAHHOTO
nepeBa. HopeHr B 3TOM [gepeBe COOTBETCTEBYeT ¢«OCHOBATENIO» pofA
(n1Enmy, pomEBmEMYCA paHBbIIEe OCTAJBHHX).

B BHacrosmeii riaBe NPHBOAHTCA AJTOPHTM NOPOKACHHA BCEX
OCTOBHHX J€peBbeB IPOH3BOJBHOIO HEOPHEHTHPOBAEHOro rpada m
JalOTCA METOAM NPAMOr0 NOCTPOGHHA KpaTYaiUIAX OCTOBHHIX
nepeBbEeB BO BSBEMICEHOM rpade (B KOTOpOM Beca IPHIHECAHH AYraM).
HKpatuaiimee ocroBuoe gepeBo (SST) rpada Haxogmr, 0O9eBEAHO, IpH-
MeHeHHe OpH HpPOKJafKe XOpor (rasompoBOJOB, JHHEHN 3jJeKTpomepe-
AR89 H T. A.), Korja Reo6XOQEMO CBASATH N TOYEK HEKOTOPOH CeThI
TaK, 9T00H o0mas gamHa «InHWA cBAsm» Ona MEHAMaJbHOH. Ecam
TOUKH JIe;KAT Ha €BKJIHJOBOM IUVIOCKOCTH, TO HX MOKHO CUHTATH Bep-
mMAHAMHA OOJHOTO rpada G ¢ BecaMH RYr, paBHHMHA COOTBETCTBYIOIMEM
«OpPAMOJHHEHHHM» PACCTOSHHAM MEKAY KOHIEBHMH TOYKAMH HyT.
Toraa, DOCKOJBKY «pasBeTBeHHE» ROPOr AONYCKAGTCA TOJBKO B 3a-
NaHHHX n ToKax, SST rpada G Gyaer kak pas TpeyeMoit ceTpio AopoT,
HMeImed HaWMEHLIIHH Bec.

Ecam ke «pasBeTB/IeHHe» NOPOT MOKHO LPOH3BOAHTD H ¢BHE»
3alaHEHX N TOYEK, TO BO3MOKHA H (oiee «KopoTKan» (¢ MeHbIel CTom-
MOCTBI0) ceTh. HaXxosKneHHe TaKofi cerm gopor mpepacTaBiaser coboi
xopomo m3BectHylo 8afnagy Ilreiimepa. KpaTtkoMy o6Gcyxnennmio srolk
3a/laTn DOCBAMEH NOCJefHM pasfe] RaHHOH IiaBH.
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2. Ilocrpoenne Bcex OCTOBHBIX Aepesbes rpadga

B HeKOTOpPHX CHTYallMAX BO3HEKAeT HEODXOAHMMOCTH B HOCTpoe-
HHUM OOJHOTO COHCKA OCTOBHHX jepeBbes rpada G. Hampumep, B ToMm
ciydae, KOTAA HAJ0 OTOOpaTh «HamJaydimee» [AepeBo, a KpPUTEPHH,
MI03BOJIAMAIA OCYMECTBUTH TaKoH 0TOOpP, ABIAETCA OUEHL C.I0MKHEIM
(=nn gake 9acTEIHO CYO'BEKTHBHEIM), TAK 9TO HEIOCPENCTBEHHOE pemre-
HEe 3ajadd ONTHMH3alME (He MCHOJb3yiomee NepPeYHCIEeHHe BCeX
OCTOBHHIX [IEP€BLEB) OKA3LIBAETCA HEBHINOJIHMUMEIM. B apyrux curya-
UEAX, HAOPHMEp [pPHA HAXO/KAGHAN IepefaToYHoil GYHKLNI CHCTeMH
[42,6] unm npm BRYMCIEHMH ompefeTuTe el HEKOTOPBIX MATPII[ B MaK-
posKoHOMEYecKoit Teopun [2], ¢ moMOmMBI0 MOPO:KAEHNA BCeX OCTOBOB
COOTBETCTBYIOMMNX TIpadoB MOMKHO HOOMTBCH YUPOMEHNA BHYHACTH-
TEeJNBHHX TpONeayp.

Yncao pasiIMdHHX OCTOBOB HOJIHOIO CBSI3HOTO HEOPHEHTHPOBAH-
HOro moMedeHHOro rpada ¢ n BepmuHaMmu Gb10 HaliieHo BuepBuie Hann
[4]. Ono pasno n™~2. Y Mynua [45] nprBognTes cuncok 13 Goaee dem
25 pabor, comep:KamMux pasHooOpa3HHe JOKA3aTeNBCTBA 3TOI PopMmMy-
nu. (Cm. Takske 3amaqy 6.) MopMmMyam qas d9ncIa ocToBOB B Gonee
o6mux rpadax moskHo Haittn y Puopnana [49]. Xora atn dopmynm,
KaK OPaBy.10, 09€Hb CJOAHEIE IT IX BRBOJ AJs HAIMX Lie;1eil He HyKeH,
HO CTOMT, HOa.ayil, IPHBECTA CJAeAVIOMMUA pe3yIbTarT.

Teopema 1. ITycmv G — n-sepwunnnli epag 6ea nemeav u By —
e20 Mampuya unyudenyuil ¢ odnol ydasenrnoll cmporoii (m. e.cn — 1
HE3ABUCUMBMU ~ CMPOKAMU). Hyemv B — mpancnonuposarnas
mampuya k B,. Tozda onpedeaumessv | B, B! | PAasen HUCAY pasiuy-
HBT ocmosHwL depesves epadia G.

JloKka3aTenbCTBO 3TOM TeopeMH MoxiHo Haiite B [53] m B [1] (cMm.
TaKKe 3ajagy o).

-

%3 g

Puc. 7.4. Tpad G.
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2.1. 9nemenTapume npeofpasoBanus JepeBnes

PaccMoTpaM nBa (OpPHEHTHPOBAHHHX HJA HEOPHEHTHPOBAHHKX)
ocroBEHX fepesa I'; = (X, 4;) v Ty = (X, 4,) rpada G = (X, A).
«Paccrosanne» Me;xny NBYMA mepeBbsasa ob6osnavaerca sepes d (T, T,)
H ompefiefifeTcA KaK dmcao Ayr m3 T, KoTopHx mer B T, (mam, 9ro
9KBHBAJIOHTHO, KaK TuCI0 AYT B3 Iy, KoTopx HeT B T, MOCKOJIBKY
o6a nepesa T; m T, mmetor (n — 1) nyr). Ecam d (T, T,) = 1, 1. e.

ecyn
(4, U 42) — (AN 4,) ={ay, a3},

The a; € A, m ay € A,, 10 nepeBo T, MOKHO moAywnTh u3 Aepepa T,
ynaams ®3 T'; nyry a, m poGaBmB nyry a,. Takoe mpeoGpasoBamme
nepepa I'; B fiepeBo T, Ha3HBACTCA IAeMEHRMADHNM npeobpasosanuem
depesa.

Teopema 2. Ecau T, u Ty — ocmoentie depesvs 2paga u d (T,,
Ty) =k, mo depeso T, momem 6umv noayueno us T, ¢ nomowwwo
cepuli ug k aaemenmaprnr npeobpasoeanull.

JHoxasameavcmeo. Ilycts ab, a, ..., at —k nyr ma T,, KoTo-
pux ver B T, ma}, af, ... ap —k ayr ua T\, KoTopux mer B T,,.
Ecnm B mepeso T, no6GaBETh Ayry al, To B monyumsmeMcs rpade,
COriaacHO ompefesieHmI0 fepeBa, HaigercAa nmkia. (Ha pme. 7.5(a)
JKMPDHHME JIHHHAMA IIOKAa3aHo HEOPHeHTHpoBaHHoe mepeso T,
a MyBKTHDHO# JAnmed — nayra a} = (z;, Ze) nepepa Ty, OpABeIeHHOTO
Ha prc. 7.5(m).) B momywemnoM mEKJe Comep:KHTCA IO KpaifHeidl Mepe
ofHa Ayra, He mpmHannexamas AepeBy I',. CiexoBaTeNbHO, €0 MOMKHO
YIaJIATh, Pa3opBaB TeM CaMHM IHKJ, H 3T0 JAacT HoBoe mepeBo T,
Ilockoasky B T, gmcyo ayr, o6mux ¢ xyramn u3 T, Ha enmHALRY GoMb-
me (wem B T,), 10 d(T,, T}) =k — 1. TlpaMensas saeMeHTapHHE
npeo6pa3oBaHnA [aJbIle, HOAYIEM NOCAEIOBATENBHOCTh HEPEBLEB
Ty, Ty, ..., Ty, Ty, B KoTOpO#A d (T;, Ty4;) = 1 mas kammoro
i=2,..., k—1. Ha prc. 7.5(6)— (n) nokasano, Kak ¢ IOMOMbIO
4 anemenTapuHx mpeoGpasopanmit m3 nepesa T, moayduaercA mepe-
Bo T &

2.2, Iponenypa moposknenns Bcex nepesses rpada

ITockoabKy, KaK y7Re YHOMHHAJOCH B HAYAJIE TOTO pasjena, THCAO
OCTOBHHX JepeBLeB rpada o9eHb GHCTPO PacTeT ¢ POCTOM WHCAA €ro
AYyT, TO, OYEBHNHO, HY}KeH >PPEKTHBHHIE METON HMOPOKIEHEA uCIep-
OuBalomero, Ho 6e3 moBTopenmil, cmEcKa OCTOBHHX AepesbeB. OmmH
H3 TAKHX CI0CO60B COCTOMT B HCHOJb30BABHH 3J6éMEHTaPHHX mpeobpa-
30BaHHI lepeBLEB, ONMMCAHHKX B MPeAHAYIeM pasfele, LA IHOCJIeX0-
BATeJIBHOT0 HOPOKICHNA OCTOBOB, HAYHHAA ¢ HEKOTOPOTO HAYAJABLHOTO
ocroBa T,. Metonn, ocHOBaHHKE Ha 3TOM HmpEHOMIe, JaHW B paborax
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(aj

I

Puc. 7.5. Tlopomxaerne T, ua Ty mocpelCTBOM 3JeMEHTAapPHHX mpeobpasoBamuil
Aepesbes. (a) OcroB Ty rpada ¢ puc. 7.4. (6) Ocros T,y. (8) Ocros T,. (r) Octon T,.
(1) Ocros T) (k = 4).
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Maeau [42], Ilayas [47]1, Yena [8] m apyrax [20]. Onnako mpomeny-
paM, ONHpAlOMEMCA HA 3jIeMeHTapHWe Hpeolpa3oBaHMA NEpeBHESB,
OPMCYI{ CJOEAYIOIMEA HENOCTATOK: AAA HOPOKACHHA HOBOTO AepeBa
geo6XoAMO NpHBJEKATh BCe HalileHHWe paHee AepeBhbA. UHCI0
AepeBbeB CTAHOBHTCA CTOAL GONBITAM, 9TO MJA XpaHeHHA WX Heo6xo-
auMo (C BHYHCHHTENbHOH TOYKH 3pPeHHA) HCIOOJBL3OBATh BCIOMOTa-
TeJbHHE YCTpPOCTBa HDAMATH, TaK Kak OHcrpoaedcrBylomas onepa-
THBHAA NAMATH ANA 3Toil meam Maja. Ilockoasky npu o6pamemmm
K BCHOOMOTATeJHHKM YCTPOHCTBAM NAMATH 3HAUYMTENLHO BO3pacTaer
BpeMA BHUHCIeHHA, To J06oii Meroa, GasEpywmuiicA Ha 3JeMeHTAp-
HHX @Opeo6pasoBamAAX JepeBseB, OKaswBaeTcA Hea(deKTHBHRM,
ecaim He 6ynyr mpEMeHATHCA Takme npeob6pasoBaHUA, B KOTODPHX
HCHOJNb3YeTCA TOJBKO MOCHefHee H3 MOJYICHHHX OCTOBHHX [epPEBhEB.
(Cm. pazpen 2.4.) OueBmpgno, 9To HamayummM Gyaer Takoi aaropmrTm
HOOpO/KIeHAA BCeX OCTOBOB rpada, KOTa COHCOK OCTOBOB CTPOHTCH
6e3 moBTOpeHMIt B IOCTPOGHHHWE OCTOBH 3aNHCHBAIOTCA BO BCIOOMOTA-
TENBHYI0 HAMATh, HO B Ipomecce paGoTH aiAropuT™Ma M3 3ToM HAMATH
HEYero He Gepercs.

B cremylomem paanene Gymer ommcaH OfHH TAKOH aJNrOPHATM, OCHO-
BAHHH# Ha DOOHCKe, MCHOAB3YOmeM AepeBo pemeHmii. B paGorax
(10, 9, 43] manrca mpyrme anropmrmul, GasEpylomumeca Ha IOPOMK-
ACeHMHA BCEeX IJIABHHX KBAJAPATHHX NOAMATPHI NPABEACHHOH MAaTPHIH
HEOAfeHnn# B,, 0 KoTopo#l ymommEHANOCH B Teopeme 1.

2.2.1. OcHosHoii MeTon. MH npuBofEM ONHCAHEE AJTOPHTMA IAA
caydyas HEOPHEeHTHpPOBAHHOTO rpada, HO ero pacHpocTpaHeHHe HA
OPHEHTHPOBAaHHHE Ipadn — A4 NOPOKAGHHA BCeX OCTOBHHIX [peBo-
BOJHOCTell ODHeHTHPOBAHBOro rpaga — CoBepIIeHHO OYECBHIHO.

IlepBHit mar Merofa COCTOHT B IpMIOACHBAHAE HOMEpoB peGpam
rpada G (peGpa mymepylotca or 1 1o m, rae m — 9mcao peGep B rpade G).
Ha xampmoM aTame (T. €. DPH KasKAOM BETBJCHHA B [iepeBe peIICHHiT)
BubHEpaerca pe6po, KOTOpoe BMECTe C OCTAJBHHMHA, BHOPAHHHIME YiKe
Ha IpefAsAymMuX 3ramax, 6yaeT 06pa3oBHBATE Y4CTh KOHCTPYHPYEMOTO
nepesa. TaxkuMm o6pasom, mpeskme dem orobparh Takoe peGpo, BHfC-
HAOT, AelicTBuTeNBLHO NH fobaBieHHe ero K 4acTHIHO CHopMAPOBAH-
HoMYy fiepeBy (KoTopoe Ha 3TOM mare ABJAAeTCA HaGOopoM MOANEPEBLEB)
He NPHBOAAT K HOABJEHAI0 NHKJA: Eca:m OHKA NOABIAETCH, TO
AamHO® peGpo orGpachBaeTc H IPOBepKe MOABEPTaeTcd CJEAYIomee
pebpo, ¢ Gonpmmm moMepom. Ecnm mukna mer, To pebpo mobaBaserca
K JApyraM, yKe oToGpaHHHM, H OpoIecC IPOAOJKAETCA A0 TexX mop,
noxka He 6yager mocrpoeHo ocroBHoe AepeBo. PeGpa mepebmpalorcA
B NOpAAKe BO3PACTAHHA X HOMEpOB; 3TO IPHBORHT K HCYEPIHBAIO-
meMy B (Ge3 NOBTOpeHHil pemeHHI0 3afavH.

dna o6neruenns MaHANYAAUMA C DOXACPEeBHAME B KamAOM IOJA-
AepeBe BHAEJAIT IPOH3BOJALHNM 06pasoM KopeHb (HEKOTOPYW Bep-
MyHy NDOANepeBa) I 3aTeM PACCMATPHBAIOT MONEPEeBO Y:Ke KaK ApeBo-
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X

HoBbiA
KODEHb Xg4

Crapeint
KOpPeHb I

Xy

(6)

Puc. 7.6. 3amena xopeA 7, ¥3 (a) Ha z, ua (6).

BAAHOCTL. [l1A OpraHm3aalmu NPOBEPKH HA BO3MOMHOCTh ofpasoBa-
HAA uuKaa (opn gobasnennmm pebpa) KakAylo BEPHIMHY £; NOMEYaioT
napoi (r;, p;). Ipouenyph BhABIEHNA UMKIOB, HCIOJIb3 YIOIIHE IOMET-
KM BepIIMH, Bcrpedarorca y moncona [32], lpmampacana m Tommn-
cona [52], I'1osepa m Kuunrmana [25]. IlepBas nomerka r; ykasuBaer
«KOpeHb» HojjepeBa, Colepmxamero BepmuHy ;. llepBoHavaabHO
ry = x; ausA Bcex mepmnH r;. Ha Hekotopom mare gsa monuepesa T,
u T, cpamuBapTCA mocpencTrBoM nobaBiaenms peGpa a;, = (zq, Zg)
C BepmuHOil o ¥3 Ty u BepmuHoll x5 13 T,. Ecam va atom mare r;, —
«KOpHeBafA» MOMETKa BepmuH B T, a Iy — «KOPHEBaA» IIOMETKA Bep-
mue B Ty, nry <r, (RanmpuMep), To Bce BepmMUHK B T, JOTKHBI «CMe-
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HHTbY CBOH KODHEBHe HOMETKH Ha r, H fJBa moxuepeBa I, m T,
1CONBIOTCA® B eXHHCTBeHHOE HOBoe AepeBo I'p.

Bropaa momerka p;, HPEOACAHHAA BePIIHHE I;, YKA3HBAeT Bep-
MAHY, OPefMeCTBYOMYI0 BepPIMEEE I;, T. €. eCam (T, Zj) — Ayra
paccMaTpEBaeMoro HoafepeBa, TO p; = Zy. JJIA KopHeBo#l BepHIMHH
AepeBa TAKaA mOMETKa HoJaraerca paBHo# Hyxio. lns mepema, mao-
OpaskesHoro Ha pmC. 7.6 (), py = %g, P1g = %o B py = 0.

A. 3amena xopna depesa

Ecam xopBem fepeBa T’ sBisercs BepIIMEA ' B HY/KHO B KaueCTBe
KOpHSA BHOpPaTh HOBYIO BEPIMAHY Z,, TO TAKYIO «3aMEHY® I' Ha X, MOKHO
OCYImIeCTBETh HPOCTHM ofpameHmeM OpHEHTANHHE AYT, NPHHAMNJIE-
KamBxX nens, BAymeR OT I' K ,, He MEHAA OPH 3TOM OPHEHTAIMIO ApY-
rax AyT (cM. pac. 7.6). CooTBeTcTBYIOmMHEEe H3MEHEHHA HNOMETOK GynyT
TAKOBHL,

Hamenenue nomemor «npedusecmeosanusy

1. Ilyers z; =z, m z = p;.

2. Ilonoxers z; =z, & z = p;.

3. llar o6BoBIeHRA: p; = Z;.

4. Ecnm z; = r, To mepeiiT K mary 5, B IPDOTHBHOM CJy9ae HOJO-
MHATh T; = I; B OepedTH K mary 2.

5. Ionoxmrs p, = 0, crom.

Hanenenue KODHESHT nOMEMOK

1. V¥ Bcex BepmuH, MMEOIMEX KOPHEBYIO IOMETKY I, 3aMEHHTH €€
Ha HOMETKY Z,.

B. Cpawusarue deyx noddepesves

Ecnm ocymecrsneEo cpamuBamme faByx moxmepeBbes I; m T
(omyrem noGaBnenma peGpa (Z,, Zp), Kak OHJIO omECAaHO paHee), TO
B HOMETKH HeoGXOqAMO BHECTH Cliefyl0Imue MaMEHCHHA:

(i) ¥ BepmmEH ¢ KopHEBOH HmOMETKOH r, 3aMeHHATh 3Ty HOMETKY Ha
ry.

(ii) 3amennTtr B nepeBe T, Kopemb r, Ba zy (Tak, Kak GHIO omE-
CaHO BHIIe B IYHKTe A), HOoCJe Yero H3MeHATh MOMETKY ¢IpeAmecTBO-
BaHHA» Y BePMHAEH Zg ¢ pg = 0 Ha pg = Zq.

B. Pacuyennsenue Gepesa na dse wacmu

INocKonbKy METOR HOPOKICHEA AePeBbEB, PACCMATPHBAEGMH HAKE,
ABJAETCA IOBCKOM, ECHONB3YIOMMM JI€PEBO pelIeHMH, TO BO3HHKAaeT
Beo6XONAMOCTs YyAaJeHAA HEKOTOPHX peGep (BEa marax BoO3Bpa-
meHAn), YTO6H HCOHTATH 3aTeM ApyrEe pebpa. B Takoid cmryanmm
ynajdeEne pefpa OPHBOAAT K PACHIEIJIEHHI0 HEKOTOPOrO JAepeBa Ha
ABe vacTd, BanpEmep Ba I, B Ty, B B DOMETKM OJHOTO H3 3THX HOIMe-
peBbeB AOIKHH GHTH BHeCeHH HameHeHHA. Ilyctp ymansmercs pebpo
(Za, 2p), THE 2o € Ty m xp € T,. Torna mpm py = 2, (T. €. ec1m pebpo
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(Za, Tg) B IEPBOHAYANBHOM JlepeBe OPHEHTUPOBAHO OT I K Zg) IOMeT-
KH B JepeBe T'; MOKHO OCTABHTh NPE;KHMMHE, a IOMETKU B nepese I,
ROKHE OmTh M3meHeHH. Ecam ke pg = zp (T. e. pe6po (za, zp)
OPHEHTHPOBAHO OT Zg K Zg), TO MOKHO He MEHATh IOMETKH B J€pPEBe
T,, Ho HyxkHO u3MeHuTs nometkum B I',. IIpenmonaras, uro momerku
MeHAIOTCA B nepese 7', NOKakeM, KaK HAN0 «BOCCTAHABJIMBATLY
KOpPEHb B 3TOM JepesBe.

1. Tloaosurs S = {zg} m py = 0 (z4 6yner Kopuem mepesa T,).

2. HailTu BCe BepmuHHE z; ¢ p; € S B M3MEHHTh HX KOPHEBHI®
IIOMETKN Ha Iy = Zg. EcaM Takux BepmHE HET, OCTAHOBUTHCA.

3. Hlar o6nosnenus: § = § | {z; | p; € S}; BepAYyTHCA K mary 2.

Caexyer oTMETHTH, 9TO HH y ONHOM BepITMHEI, KPOME HOBOTO KOPHSA
Zg. TOMETKM NpeNIeCTBOBAHAA MEHATbH HE HYKHO. 3aMeTHM TaKkKe,
9T0 YHCJ0 ONMCAHHBIX BhlIe maroB 2 u 3, KoTopoe Heo6xoaumo I
BOCCTAHOBJICHHA KOPHA, PaBHO JIIMEe caMoll miamAHOH menn B 7Ty,
HMCXONAMEH ¥3 BePIINEN Ig.

2.2.2. Ouncanne anropmrma. Bo3bnMeM npousBonbEy0 BepmH-
Hy z* rpada G. [Iycrs ee cremens paBua d*. Ilepemymepyem pebpa,
MHOMJEHTHRE 3TOd BepUIIUHE: a4, 4y, . . ., (gs. 3aTEM NEPEHYMepyeM
ocraiabHble peb6pa rpada G: agesy, . ... ap. [IpEm  DoposkmeHuMEm
nepeBbeB pebGpa Oynyt mepe6upaThcA B COOTBETCTBIHM C BBEJEHHOI
HYyMepanuaei,

llaz 1. llpunnacaTh BepmmMHaM NoMeTku: (ry, p;), The r; = x;
m p; =0, Vr; € X. Hoxmomury k = 1.

lTaz 2. Bubpats naaA nccieosanus Hekotopoe pe6po. Hanpumep,
ay = (z;, r;). Ecim k << m, rne m — wucxo peGep rpada, To nepeiitn
K 2 (i). IIpu k= m + 1, 1. e. ecan «HeuccaenoBaHHEX» pebep HeT,
nepefiTH K mary 3.

(i) Ecan r; = r;, To 3To 03Ha9aeT, 9TO BePIIHHN Z; U Z; IPHHAJJIE-
JHAT OIHOMY U TOMY sKe mojiepeBy u gofasienune pebpa a, npmseger
K nogpiaeHuo muria. Or6épocurs pebpo ay, T. e. noaokuTs A = k& +
+ 1 n BepHyThCA K mary 2.

(i1) Ecan r; 5= rj, 1o pe6po a, MosxHO 106aBuTh K pe6paM mocTpo-
eHHHX mnoxngepeBbeB. IlepeiiTu K mary 3.

Hlaz 3. Cpacruts nBa mojgepeBa, Y KOTOPHIX BePIINHE ITAICIOT

KODHEBEIE NOMETKH T'; M Iy, OIPUMEHHB JJIA 3TOFO METOJ, OIMCAHHHKILA
Bhime B nyHkKTe B.

lllaz 4. OTo6paB n — 1 pebep, MH Ho1yYaem HEKOTOPOe epEBO.
3anoMHUTL 3TO AepeBo I HepeiitTa k mary 5. Ecam otobparo MeHbIIe
uwem n — 1 pebep, To nomomxnte K = k 4+ 1 u BepHyThCA K mary 2

llaz 5. (BosBpamenue.) ¥Ynmanats pe6po, mobaBneHHoe mHoCJen-
nuM. Ilpennonoum, yto Takum pebpom ssiagerca a;. Ecan e —
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Xy
a| az

ay

X, x’

&

as a‘

X r Xs
?

Pnc. 7.7. Tpad u3 mprumepa 2.3.

eHHCTBEHHOE ocTaBmeeca AAA nobGaBaenmsa pebpo, I = d*, To ocTaBo-
BETbCA. Bce ocToBHEE nepeBbs, TakEM obGpasom, mocrpoenw. (IIpn
no6oM manbHeliéeM BeTBJEGHHH [epeBa pemleHHA BepmmHa z* ocTa-
HeTCA n301HpOBaHHOIA.)

B nporEBHOM ciydae Hamo OGHOBATH NIOMETKH, AEHCTBYA TaK,
KaKk yxazaHo B nynkre B, moaoxets £ = 1! + 1 ®m BoaBpaTmThCH
K mary 2.

2.3. Tipamep

Ham Hy:KHO MOCTPOHTH BCe OCTOBHLIE AepeBbs rpada, n3obpaxkeH-
HOTO Ha pHc. 7.7. BuGepeM B KadwecTBe z* BepmnHy X,; AMeeM d* =
= 2. O6o3nauum pe6po (z,, Z,) 9epe3 a,, a peGpo (x, r3) Tepe3 a,.
Ocraanbnne pebpa mepeHymepyeM, HanmpnMmep TaK, KaK IOKAa3aHO
Ha pnc. 7.7 (pebpa ag, 4y, . . ., aj).

Ha pmc. 7.8 maoGpakeHO COOTBETCTByIOmEe HEPEBO pemmeHHil
(ono mnopokmeHo B Ipomecce paGoTH aiaropoTMa, NIPHBEJEHHOTO
B pa3a. 2.2.2). Ecam B3sarh peGpa, ykazanHnbe B KPY:HOYKAX Kakoii-
amubo uenn, BHXoIAmMElH 43 BepXHEro y3ia 3TOT0 AepeBa A OKAaHIABAID-
mefica B caMOM HHKHeM y3Jje, TO H3 HEX MO/KHO IOCTPOHTH HEKOTOPHII
0CTOB gaHHOro rpada. ITH OCTOBH ImepeHYMepoBaHM 9aciamu oT 1 mo
21 u npnsegeHH Ha pmc. 7.9.

Jlerko npoBepnrb, wro y rpada, usobpa:kenHoro Ha pmc. 7.7,
AedcTBUTENBHO 21 0CTOB. ITO MOKHO YCTAHOBHTH ¢ OMOIMBIO TEOPEMH
1 u3 paan. 2. Matprna nayugennail B nanHoro rpada mMmeer caemyio-
muii Boj (caaTaeM, 4TO Kaxkmoe pe6po opuenTupoBaHO OT ero KOHIe-
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Puc. 7.8. IlomHoe pepeBo momcka us mpEmepa 2.3.
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Prc. 7.9. Bce ocroBm rpada ¢ puc. 7.7,
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BOii BePIIEHH ¢ MEHbINAM HHAEKCOM K BepimuHe ¢ G0JbIIEM HHIEKCOM):

a a, ay, a, as a; a,

xx {1 1 0 o o0 o0 o
0 o
0 -1 -1 0 0 1 0
xx o 0 0 -1 0 -1 1
0 0 0 0 -1 0 -1

L]
~
|
(=]
—

VYnanss, HanpaEMep, CTPOKY g, HOAYYmM MaTpEOY B,.
Ilpomssesenne maTpun B,-Bi BHIAAZAT Tax:

1 2 3 4

1({2 -1 0 o
2(-1 3 -1 0
** 310 -1 3 -1
410 0 -1 2

Onpenennrtenn | B,-B! | pasen 21. CaemoBateanEo, mo Teopeme 1
9HCJI0 OCTOBHHX fepeBbeB RXAHHOrO rpada pasHo 21.

2.4. T'pad ocrosos

Kasmosmy octoBy rpaga G comocTaBEM ONIpEAeJeHHYI0 BepPIIRHY
(moBoro rpada). JiBe BepmmHH B HOBOM rpade coeguHsTCA peGpom
TOJILKO TOTZA, KOIAa COOTBeTCTBYIOMHAE HM OCTOBH rpada G aBasiorcs
COCeTHEMHE (T. ©. PACCTOSHMe MEKAY ITHMHA OCTOBAMH, ONpPeAEaAeMOe
B COOTBeTCTBHE ¢ pasf. 2.1, pasHo egmumue). I'pad, mocTpoemmnri
TakEM oGpa3om, HasuBaerca zpagiox ocmosos (rpada G). Ias rpada
G, m3o6paskennoro Ha pmc. 7.10 (a), monHKHIL COIECOK OCTOBOB HpHBe-
nex Ha puc. 7.10 (6), a rpad ocroBos — Ha pmc. 7.10 (B).

Kammnare [15] u Mank [51] xoxasaam, aro rpad ocroBoB moboro
cBa3HOTO rpada ABaserca raMaapToHOBRM. Ilozme Kucn m Hapxsmra-
mu [37, 38] = Kamaa [33] paspaborasm MeToRH HaXOMRAGHHA raMmib-
TOHOBHX IMKJIOB B rpade 0CTOBOB (H, CJIe0BATEIbHO, MOTOXH IOCTPO®-
HHSA BCeX OCTOBOB rpada G). ITH MeTONH OPEACTABAAIOT B OCHOBHOM
TeopeTHYeCKHA HHTepec H He 3PJeKTHBHH C BHYACIATEAbHOH TOYKH
8peHnA,
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1 2
4 3
(a)
1 2 1 2 1 2 1 2
? —0 O rr
I
4 4 4
r| 3 T! 3 7'3 Tg
1 2 1 2 1 2 1 2
: 2 3 3 4 3
3
4 Ts 3 Ty 4 T, Ts
(6)

Ta Tg
(8)

Puc. 7.10. Tpad G u ero rpad ocrosos.
(a) T'pad G. (6) Octomut rpada G. (B) 'pad ocromom rpada G.

3. Kparyvaiimuii ocros (SST) rpaga

PaccmoTpuy B3BemeHHHI CBA3HEI HeOpHEHTHPOBaHHEIN rpad
G = (X, A); sec pebpa (z;, z;) o6osragum c;;. s Gonpmoro uucna
0cTOBOB Tpada HYmHO HAUTH ONWH, y KOTOPOTO CyMMma BecoB pebep
pamMeBbman. Takas 3agada Bo3HuKAaeT, HampuMep, B TOM c.Jyuae,
KOTa BEPMHNH ABIAIOTCA KJIEMMaMM 3JIEKTPHYECKOH CETH, KOTODbLie
JOMKHK OBITH COENHHEHH APYT ¢ XPYTOM C NOMOIIBIO IPOBONOB Ham-
MeRbmeit o6mel AMUBH (117 yMeHbIIEHAA YPOBHA HaBOAOK). Jpyroit
opuvep: BEePIDMHH IPE[CTABJIAIOT TOPOAA, KOTODhiE HYKHO CBA3ATH
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X,

x‘ xs X, (6)

X3 Pme. 7.14.

(a) Tpad G.
(6) Xepeso kKparuaiimmx myTei

X, H3 I,.
(8) kpa‘maimnii octoB rpada.
Aq0- & Xz (8)
X3

cersi0 TpyGompoBooB; TOrNAa HamMeHbIAA o6maa gnmHEA TPYS, KOTO-
pas momkHEA OHTHL HCIOB30BAHA HJISA CTPOHTENLCTBA (IPH YCIOBHH,
YTO BHE TOPOJOB ¢PA3BETBJIEHHA» TPYGONPOBONOB HE NOMYCKAKTCA),
ompenenAeTcs KpaTIAfimmEM OCTOBOM COOTBETCTBYlomero rpada.
He coBceM HEmOCPEACTBEHHO, & KAK MPOMEKYTOYHHIl mar, KparTdaii-
mpit 0CTOB HMCHONb3YETCA NPH peINeHHH 3aJlaYA O KOMMHBOSKepe,
KOTOpAS [OBOJBHO 9ACTO BCTPeuaeTCA HA MPAKTHKE H JeTAJbHO pac-
cmarpupaerca B ra. 10.

Cnenyer ormernTb, Y0 SST rpada He EMeer HRKAKOrO OTHOINEHHSA
K JiepeBy, JAIOMeMy BCe KpaTdaiimme myTH, BHXOAMEE H3 HEKOTOPOX
pu6panHoit BepmmuEn. Tak nas rpada, nokasammoro Ha pumc. 7.11(a),
Iie d9@cja, CTOAmEe OKoJo pebep, ABAAIOTCA HX BeCamH, Aepeso,
Jalomee BCe KpaTduaiimue IyTH, BHXOAfAIMHEE M3 BOPNIMHH I, B306pa-
;keHo Ha pmc. 7.11 (6), a SST — ma pme. 7.11 (B).

3amaua mocrpoenmsa Kparsaiimero ocroBa (SST) rpada amasercs
OfHOM H3 HeMWOTMX 3844 TeopHm rpadoB, KOTOpHE MOKHO CUATATH
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moaHocThi0 pemeHHuMu. Hrak, mycts 7'; n T; — nBa mpou3BoNBHEIX
HOJNepeBa, NOJYYeHHBIX myTeM obaBieHns peGep mpm MmocTpoeHHH
SST. Ecau cumBon T; ucmonn3oBaTh TaK:#e IS 0603HAYEHHs MHO-
KecTBa BePIIMH [AaHHOTO mojjiepesa, To A;; MOKeT GHTH ompeeseHo
KaK KpaTdaiimee u3 DacCTOAHHH MeKIy BepmuHamu u3 T'; H Bepmn-
Hamu n3 Ty, T. e.

Ajj=min [min {e(z;, z;)}], i #]. (7.1)

x,€T) ;€T

Jlerko mokasaTe, 9TO MHOrOKpaTHOE HpPHMEHEHNE HIUKeCJeLyIomeil
omepanHd OpHBORMT K mocTpoenmio SST rpada.

Onepayus J: Jlan mompepesa T, HaiiTu Takoe momaepeso T e,
91068 A+ = min [Ag,]. ITyers(z,, 2;4) 6yner Tem peGpom, Bec KOTOpOTo
T

COOTBeTCTBYeT Beim4nHe A,y B Bupamenmu (7.1). Torma pe6po

(z5, z;+) nprHagnexnt SST u MoxeT 6HTH K06aBIEHO K JPYTHM peGpam
qacTH9HO cdopmupoBanuoro SST.

Hoxasameavcmeo. llpenmonoxud, 9To Ha HEKOTOPOM dTame, HALPH-
mep Ha k-M, pefpa B NOCTPOEHHBIX IOXIEPEBHLAX OpHHALIEeKaT OKOH-

qareapHomy SST, a pebpo (z,, z;+), BHGpaHHOe B COOTBETCTBHH C IpH-
BEleHHBIM BhIIIe yc.oBaeM, B SST He comepsurca. I[lockoabKy mon-
nepeBo T'; Mo/3HO GBITE CBA3aHO B KOHIE KOHIOB COTJIACHO ONpefesie-
HUIO C HEKOTOPHM Apyram moagepesoM, To 3 SST momsxmo cymecTso-
BaTh pebpo (z;, r;), Takoe, 9t0 z; € T, m z; ¢ T,. Yoanus pe6po
(zi, z;) ua SST, Ml pacmennM 810 [epeBo Ha [(Be CBABHbIE KOMIOHEHTH,
a nobasuB pe6po (z,. z;+), mOAyIMM HOBOE mepeBo, Gonee KOPOTKoe,
gem SST, uro mporuBopeant ompemenenmioo SST. Takmm o6pasom,

pebpo (r,, z;s) MoKHO n06aBUTE K YacTHYHO chopMEpoBaHHOMY
SST na k-m arame. 3ateM Hago DepeliTH K CeNyIoOmeMy 3Tamy oocTpoe-
HusA nepeBa. HyikHo oTMeTHTB, 9TO pe3yJibTaT He 3aBHCHT OT BhGopa
mopnepeBa T';. I[lockonbKy Ha HadYaipHOM odTame (T. e. IOKa eIne
HUKaKue peGpa He BHOpaHK) Ipenmoso/xKenne 0 IPUHANLIEKHOCTH pebep
kK SST aBTOMATHYeCKH BRIIOJHEHO, TO MHOTOKPAaTHOE OpUMEHEeHHe
omepamuu J macr B kKorue Konuos SST rpaga.

Muorue meroxs:, mossoasiomue crpouts SST rpadoB, OCHOBHI-
BAJOTCA Ha 4YaCTHBIX CJNydYasAX ONHMCAaHHOH BHIne omepammm [40, 48,
41, 46, 17, 35, 26]. IlepBmit #3 TakUX MeTOXOB BRI mpeIoKeH Kpa-
ckanom [40],

3.1. Anropatm Kpackana

lllaz 1. HavaTe ¢ BOONHE HECBA3HOIO rpada T, comep:amero
7 BEPIOHH.

lllaz 2. Ynopsnounts pebpa rpada G B mopsgke HeyOmBaHHA
HX BECOB.
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Illlaz 8. Hauas ¢ mepBoro peGpa B 9T0M CIHCKe, AobGaBiasaTs pebpa
B rpade T, cobmmpmas ycroBme: Taroe RobGaBieHwe He JOMMKHO IPH-
BOJHETh K HmoABIeEE® mmraa B T,

a2z 4. Ilopropare mar 3 fo Tex mop, moKa ymciao peGep B T
He cramer pasEHM n — 1. Ilonywmsmeecsa nepeso spaserca SST
rpada G.

B aroM aaropETMe Ris KobaBleHHA K YACTEIHO CHOPMEPOBAHHOMY
nepesy BHOEpaercsa abcompTHO Kparuafimee pomycrEMoe pebGpo,
a He mpocTo KpaTuaiimee peGpo Mexy omHEM moanepesoM I', mampm-
uep T,, m ApyrEM RakEM-a1EGO mopnepeBoM (Kak 3TO IpegmoJara-
aoch B onepauam J). Tak Kak BHGpaEHOE pPe6po ABAsAeTCA, OYEBHEHO,
KpaTdalimem MeRIZY Hexomopum IONAepeBOoOM H KAKEM-TO JAPYTHM
mo/lepeBoM, TO IPABAIO BHGOpPa B 9TOM &JTOpPETME IPEACTABJSET
coboif uacTaHil cayvait omepamen J. OgEaRo IPHE BHIOJHEOHHH 3TOTO
aJropATMa MOKeT BOSHEKHYTh TAKas CHTyamHA, KOIAA OYepesHoe
KpaTuaifimee pebpo, BHGpaHHOe H3 CHHCKa, IOCTPOSHHOro HA mare 2,
6GyReT CoemEHATH XBe BEPIIMHH OJHOr0 H TOTrO ;Xe momnepesa. J{oGas-
aaTh 310 pe6po kK T Heanssa, MOCKOJABLKY TaKoe fo6aBieHue IPHBOXHET
K noaBneEmo nukAa B I'. [losToMy HA mare 3, mpemne IeM X06aBIATH
pebpo k rpady T, Eaxo mpOBepETH, ABIAETCHA JH OHO MOIYCTHMEIM
B YKasaHHOM BHINE CMHCIe. TaKy®o IPOBePpKY MOKHO BHIOJHHTH
Gonee apPeKTHRHO (ITyTeM OCYIMECTBICHHAS ONHOTO CPAPHEHHASA C HCIOAb-
30BaHHEM NPONEAYPH pACCTAHOBKH IOMETOK, ONHCAaHHO# B pasp.
2.2.1), abcomoTHO TAaR Ke, KaK 3TO AeJaeTcs Ha BTOPOM INAT® &Jro-
pETMa B3 pasg. 2.2.2.

Boasme Bcero BpeMenn HeoGXOXAMO RJIA BHIOJHEHEH mara 2 pac-
cMaTpaBaeMoro aaropmarMa. Jlaa rpada ¢ m peGpaMm HyMKEHO' BHIIOJ-
HATHL DOPARKA m log,m omepamnmit, 9T06H COCTABATH HOJHHIA CIOHCOK
peGep B mopsgke BOSpacTaHHA HX BecoB. ONHAKO NONHHE CIHCOK,
BooOme rosops, He Tpebyercd, TaK Kak BechMa IpaBRomoAoGHO, 9TO
n — 1 ponycramux pe6ep, o6pasyrommx SST, Gynyr mafinenn mocie
OPOCMOTPAa TOJABKO ¢BePXHEH» HACTH CIOHECKA, Cofepmxamel r <m
pebep. Orcrona HeMeRJeHHO CJIeXyeT, YTO HPONEAYPA COPTHPOBKH,
HCIIO/Ib3YyeMaA HA mare 2, XoamHa GHTH Dponexypoill MEOTOKPATHOTrO
obpamenns, falomell KOPppPeRTHOe DPACIOJOKeHHe IepBHX p pelep
B KOHNE p-ro mEKAAa ofpamenmsa. C moMOmEI Takod HmpomexypH
[34] xparyafimee pe6po HAXORHTCA HOCPEXCTBOM ORHOro oGpameHws
K mary 2, sateM OCYmeCTBJASercs NOpoBepKa peGpa B COOTBeTCTBHH
¢ maroM 3; jianee. MPOACXOAHET BOSBpAameHHe K maraM 2 m 3 ® T. &.
ITpomecc mpopmoaxaeTcs KO TeX mOp, IOKA HoCle HEKOTOPOro YHCIA
r rarux npob Be GyAyT oToGpanu n — 1 peGep, Aawmue (opH Kobapae-
gre Bx K T') SST rpada. B xorne Taxoro mponecca 6ynyr addertapaO
PAcCOPTHPOBAHH TOABKO r peGep ®m mpE aToM GYyAyT BHIONHEHH
r log,m omepammit. Ocranbune m — r peGep me morpeGymrcs.
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N3 ckasaEHOro BHmE cleyeT, 9YT0, HECMOTPA HA CHeJaHHHe
yCOBEDIIEHCTBOBAHMsA, airopurM Hpackana ayume NDOOXOMAT JJA
rpados ¢ HeGonbmuM dHCIOM pebep, ueM Aaa nNoauwx rpados. Y mod-
BuX rpadoB m = n (n—1)/2; nas atoro caygas Ipum [48] m eiixcTpa
[17] mpepnoxmam aaropmTMu, Gonee addexTHBHO MCIOMB3yIOMEE
ocoberBOCTH omepanum J.

3.2. Aaroprrm Ilpama [48)

9tot anroput™ mopoxkaaer SST mocpencTBoM paspacTaEAA TOJALKO
ofHOTO mojnmepeBa, Hampmmep I,, cojepxkamero Goarme onHOR
BepmuaBEL. «ONAHOYHEEY BOPIIMBE DPACCMATPHBAIOTCA KAK OTHeJLHEHE
nopnepesra. Ilomnepeso I, mocTemeEHO paapacTaeTcs 3a CYeT HpH-
coenmpernns pebep (z;, z;), rne z; € T, u z; ¢ T,; nupayem nobasise-
Moe pe6po NOMKHO HMMeTh HAaEMEHBIIMA Bec C;y. llpomecc mpopoa-
MaeTca A0 TeX mop, moka ddciao peGep B T, He cTaneT paBHRM n — 1.
Torma momnepeso 7', Gyner TpeGyemum SST. Boepswe Takas wacr-
Haa ¢opma onmepanmm J Gria mpennokena Ilpmmowm [48], a addexTmB-
HYI0 TeXHAKY ee peaamsanma gand Jleitkcrpa [17] 1 Kesnr ¢ YurEm
[351.

Axroputv Haumnaer paboTy ¢ mpucsoennsa Kaxaou sepmuse z; ¢ T,
nometkE [a;, B;], rme a; Ha Kammom mare ects GamEaiimas K z,
BepmwpHa W3 mojnepesa T,, a B; — Bec pebpa (a;, z;). Ha xammom
mare BHIOJHEHHA ajJrOPATMA BepMAHA, HAIPAMED I+, C HAMMEHBIIOH
nomerxoit B; npmcoemmEserca k T, mocpencrsom aobasienma pe6pa
(aye, z4¢). Ilockonbry Kk T, no6aBleBa HOBasg BEPIIMHA Ij+, TO, MOMKET
6uTs, mpmpercs mamemmTh moMeTKE [ay, B;] y Hexoropmx Bepmmm
z; § T, (ecnm, BampuMep, ¢ (Z;, z;+) MEHbIIE CYMECTBYIOMEH NOMETKH
B;) m mocne aroro mpopomxmTe mponecec. Takas mpomeaypa paccTa-
HOBKH IIOMETOK 09€Hb IIOXOKa Ha Ty, KOTOPAs HCHOJIB3YeTCA B 3afia-
4We 0 KpaTdHaimeMm NmyTH IpPH ODPEMEHeHHH aiaropatMa JlefrcTpm (ri.
8, paam. 2.1).

ANropuT™M EMeer CJelyOIMEA BHA:

Maz 1. llyers T, = {z,}, rme z, — npomaBoabHO BHOpaHEAA
pepmurEa, B A, = J (A, ABAserca mMHOKecTBOM pebep, BXOAAMHAX
B SST).

ITaz 2. Ina xaxnpoit BepmuBH z; ¢ T, BaiiTe Bepmuny oy € T,,
TAKYI, 9TO
c (ah x]) = min [C (11, 't])] = ﬁh
ﬁET,
H OpPHOHECATL BepmmHe r; moMeTky [a;, P;]. Ecam Takoid BepmmEn

a; ger, T. e. opu I'(z;) | T, = ¥, npunucats BepIIMHE Z; HOMETKY
[0, oo].
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ITae 3. Bufpats TARY®D BEpHIEEY Zje, UTO

Pe = ;l;ég. (Bs1.
O6mopers pammme: T,= T, | {z;s}, A,= A4, U {(ae, = g}
Ecam | T, | = n, 10 ocTamoBETECA. Pebpa B A, 06pasywor g .
Ecan | T, | # n, To nepelita X mary 4.

Ilae 4. Nna Bcex z;¢ T,, Takmx, wro z; €T (zjs), o6moBETR
IOMOTRE caegylomuEM o6pasom.

Ecan ;> ¢ (z4s, z5), To momommrs P; = ¢ (zge, z5), @y = Z4e
# BOPHYTHCA K MIATY 3’

Ecam f; < ¢ (zg¢, z), T0 mepefita k mary 3.

3.3. Poncreenmnte sajaun

Jo cax mop MH sammManmCh safawedk Baxoxnerna SST m B ceasm
€ STEM UPRBEJH ONHECANHE ABYX AATOPETMOB, KOTOPH® MOKEO HCIONDL-
80BATH JIAA pememEs 5Tol samaum. IIpEMeEEMOCTE B3THX MeETONOB,
OfTHAKO, SHAUNTENLHO IMHPe, ieM KaKeTcA ¢ mepBoro Bsriaama. Onepa-
nEa J, Ea ROTOPYO OLHPANTCA OTH METOAM, He HAKJIANHBACT HERA-
KEX OTPAHHYOHMI Ea BSHAK BOCA C;; M, CIOJBATEIbHO, OMHCARHLE
MeTonu mocrpoernsa SST nmpEMeENMHE TaKKe A rPadoB ¢ TPOHSBOIE-
HHME (DONOKETENPHNME, OTPENATEABHHME HJIH HYJEBHME) BOCAME
peGep. OTcloza HeME[UIOHHO BHTERAOT, UTO OAunKelliee OCTOBHO®
mepeBo rpada MOKHO HAMTH TRKHM Keé cmoco6oM, HARO IMINL W3Me-
HEThH SHAKH BeCOB pefep BHA IPOTHBONOJOHHO H NPHEMOEHTH BaTOM
OAH M8 NPHBENGHHHX BHIN® aATOPETMOB mocrpoesma SST.

Bomee Toro, mpm J0KasaTeAECTBe YTBOP/RNGHAA, CBASAHHOTO
¢ onepanmeii J, He HcoAbBYeTCA TOT PAKT, YTO HONHKIL BOC OCTOBHOTO
Repesa paBseH cyMMe BecoB ero pebGep. Ilpeamomaramock TOALRO, 9TO
npr sameEe peGpa ¢ Becom C Ba pebpo ¢ Becom C’ << C Bec jepema
YMOHEBIIAeTCA.

Taxem ofpasom, ecim Bec fiepesa mpecTasiaser Co6oli MOBOTUHHO
BOBPACTANIMYI CEMMOTPHIHYIOD) PYHKIMIO, BABHCAMY® OT peGepHuX
BECOB, TO OCTOBHO® JI6PeBO, MEEEMASHPYIOMEe 8Ty BECOBYI (YHKIHIO,
RomxHo GurTh TeM ke caMbiM SST (RoTOpO® MEANEMESEDYET CyMMy
Becos pebep). Hampamep, ecan Cy, Cy, . . ., Cp — cTOEMOCTR M pPeGep
rpada G,T0 ocTOBHEHNM fiepeBoM Tpada G, MHHEMESHDYIOIIEM Cct +
<+ a. +. .. + Cf,._‘ HIR C(l'C(. LI C‘n-.' e C|l, C[., [P
Cy, — Beca rarmx-mn6o n— 1 peGep, 06pasymAX VCTOBEOE AEPEBO
rpada G, Gyner To e camoe SST rpada G. Jlo6apmr, TT0 HOCKOALKY

1) QyHRIEA BA3NBAETCA CHMMOTPEIHON  OTHOCHTEALHO TMePOMOEEHX
Z1) %3y + » oy Zpy, CCAA OHA HG MOHAETCS NPH 3aMeHe M060f MADH MOPOMORHKX APYT
HA APYra. YCJIOBEA MOHOTOHHOCTE B CHMMETPHUHOCTH JMKTYIOTCA TeM, YTO NpR
nepexope or C K C’' < C Bec NippeBa NOINKER YMOHMIATHCA.
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B II6PBOA M3 YNOMAHYTHX BHIE QYHKIHA TPOTHIO CTONEHL MOMKHO 3a=
MeHATH Ha J106yi0 Kpyryio cremens p > 0 B DOCKOIBKY OPH p— oo

n—1
[Zcpl —{_max _[Cy)P,

=1,..,n-

TO OCTOBHO® [€pPeBO, Yy KOTOPOoro pebpo ¢ HamGOJLIDEM BECOM HMEeT
MHHAMAJIbHO BO3MOMHHI Bec, coBmagaeTr ¢ SST rpada G.

3.4. Ilpamep [48]

Ha rpade G, maoGpaskemmom ma pme. 7.12, kampuas Bepmuma
OpefCTaBlIAeT HOKOTOpoe JmOo, a pebpa (z;, z;) orpamaior Tor dakT,
9T0 JHOO Z; MOXeT obmaTeca ¢ ammoM z; m HaobGopor. Tpebyercs
OIpefeaATh TaKOH cnoco6 mepemaum KoHOHIEHOHANBHOrO COOGIMEHHES
MeKAY 12 amOoamm, mpm KOTOPOM BEPOATHOCTH yTOUKE HEPOPMAMEE
Gyner mammensmei. Kasmo# nepenase coo6menns or z; Kk z; IPANACH-
BAeTCA HEKOTOPAs BOPOATHOCTH P;; TOTO, ITO HOCTAHHE® MOKET GHTEH
IePeXBATOHO LOCTOPOHHAM JHIOM. IJTH BOPOATHOCTA B LpPOMEHTAX
magx Ha pmc. 7.12. OgeBERHO, ITO NyTH Hepegadn COOGMEHES TOMKHH
o6pasoBHBATE OCTOBHOE AepeBo rpada G, m TpeGyeTca HakTH TaKoe
OCTOBHO® [[ePeBO, KOTOpoe MEHEME3HpYer mexmummy 1 — IT (1—p,y),
Ite mpomasenenme GepercA mo Tem peGpam, KoTopwe o6pasyior 3To
mepeBo. Ilockonbky aTa QyHKOEA BospacTamas W CAMMeTpPHIHAN
OTHOCHTEJBHO 0;;, TO Tpefyemoe ocToBHO® HepeBo GymeT coBmamaTh

Xy 15 X3
[
X, 8 n 8
11
X
5 ) 8
7 9 14
X; 4 X
Xg 9 9
5
15 0y p B 19
X
Xg 3 7 Xy 2 10
Xy

Pamc. 7.12, T'pad m8 npmmepa 3.4.
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¢ SST rpada G, mpm sToM p,; IPHHAMAIOTCA 32 ¢CTOHMOCTH® pebep
Cig.
Pemmm 3Ty samady, HCmOALSYA AJATOPHTM H3 pasf. 3.2.

Ilfaz 1. Bo3sMeMm z, =2z;, T, = {z,}, 4, = &.

IMaz 2. TlpuMeM 3a MOMeTKE NIA I,, Z; H g [z,, 6], [z, 11]
a1 [z, 5] coorsercrenno. Ocranbame momerrm paBaM [0, oco).

IlTaz 3. Hammenpman noMeTKa B; Gyner y BepIIMHN Zg, B TOCKOAB~
Ky Qs = Z;, To mocTpomM pebpo (z,, z5): T) = {x;, 25}, 4, = {(=,,

z)}.

Iaz 4. OGHOBEM HOMETKH BEePIIAH Zg, Zg, Z; CAENyIOIEM obGpa-
BoM:

naA Iy : By = 6 < (x5, z,) B Goabme 06HOBAATL He HANO;

IR z¢ : Pg = 00 > ¢ (x5, 25) = 15, caenoBaTeAbHO, HOMETKA MNJA
z4 npuMer Bup [z5, 15];

RAA Zp:P; =00 >c (x5, 2) =9 m moMerka AnA z, OpPHEMET
sHaveHme [zg,

ITockonbry 2z, ¢ I' (z5), ee momeTka ocTameTcA Takoil Ke, Kak
H Ha OpeAHAymeir @mrepanmm, T. e. [z;, 11].

Ilfaz 3. TloMeTkn Temephr TAKOBH: AAA Z, : [z, 6], maa z; : [y,
11], nna z4: [z, 15], mas 2; : [z;, 9). Hammensman momerka B,
6yner y r,, H HOCKOABKY Q3 = Z;, TO HOCTPOeHO peGpo (z;, z,);
Ty = {z1, 5, Za}, 41 = {(z1, 5), (21, z4)}.

Ilfaz 4. ABanorm4Eo 0GHOBEM IOMETKH BEDINEH Iy, Z;, Z; CAENYIO-
maM o6pasom:

naa z,: [z,, 15],

aaa z, : [z, 11] (o6mOBAATL He HanO),

A zp: [z; 9] (o6mOBasATH He HARmO).
ITomeTrka maa z4 ¢ T (z,) ocraercsa Takoif ske, KAK M Ha IpemHAymei
HTEpanumH, T. e. [zs, 15].

ITaz 3. Haumennsmasn nometka P; Gymer y BepmuanH r;, B IOCKOAb~
Ky a7 = Zg5, pebpo (-Tso z7) mocrpoeno. T = {xl’ Z5y Ty 37}’ A, =
= {(z1, 25), (71, 7a), (25, 7)}- -

Ilfaz 4. TloMerkE BepmEH OGHOBAAITCA TAK ’K€, KAK H paHbIIe,
H IDOKasaHH Ha puc. 7.13a BMecTe ¢ HEOGXOMEMHMH NI MOCTPOCHHA
JepeBa MONOJHHETeABHHMHE peGpammu.

IIponomkan Takmm ofpasoM, monysam B Komme SST, moxasam-
Hwii Ba pme. 7.136, ¢ HoMepamm pefep, yKasnBamomuEMm, B KAKOH
IOCJe0BATEHHOCTH OHH BBONMJHCH B JIEPEBO.

IIpomasenenne II (1 — p,;) nna peGep sroro nepesa pasmo 0,5214,
H, CJe0BATE]bHO, BeJHYHHA MHHAMYMA BEPOATHOCTH INePeXBATA
CoO0IeHEA DOCTOPOHHHM JuloM paBHa 47,86 %.
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Xy o Xy
(x,,15)
X,
7
0 X4 0 Xq
(x,.7) (x,,9)
— e e — —
Xs Xy :9
(x,,4%)
© Xg OXipg  OXy
(xg,15) ° (0,%0) (x,,13)
n
(X7,12)

Prc. 7.13a. Yacraano copumponammoe nepeso 7; ¢ MOMETKAME HA BepIIHAX,
HO IPHEAJIGKAIEX 1}1
— — — Hapmo pobaButs caenyiomee pebpo.

Xy X3
a
X
as
a, X3 Xg
Xg

Pmc. 7.136. SST rpadpa ma pme. 7.12.

4. 3apaua IllTe#imepa

B npepmnymem pasmene B samawe ompemenemms SST, T. e. Ham-
KpaTuaiimero nepesa rpada G = (X, T'), peGpaMm «IOKPHBAIACES BCe
BepmuEn MHOKecTBa X. C dToit 3ajaveil TecHo CcBA3aHA 3ajaua,
M3BeCTHAs Kak «adawa IMImeiinepa na zpagazs [27, 18), HO moC-
NeHAA 3HATATENLHO TPYAHEe.

B sroit 3agave Tpebyerca Haiirm mHamkpardaiimee nepeso 7', KoTo-
poe ¢cTATHBAETY (¢IOKPHIBaeT») 3afaHHO® HoamHOKecTso P — X Bep-
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mmua rpada G. J|pyree Bepmunn, npaBafae;kamue X — P, moryr am6o
CTATABATLCA fepesoM I, am6o Her, B BaBHCEAMOCTH oT TpefoBaHEA
MEEEMESanEY faeuH fepesa I. Taxmu o6pasou, sagaqa lltefisepa Ha
rpade 9XBEBANIOHTHA HAXORISHHIO HARKPATIAKIIEro OCTOBHOTO AepeBa
upoussoasHoro moxprpada G' = (X', I') rpada G mpm ycuosmm P =
e X =X.

Esxaudosa sadava IImeiinepa BunepBme OHIAa mHOCTABAEHA KAK
reoMerpruecKan safaga [13, 14, 44, 24], B Roropoil HyKHO MHOKECTBO
To9eR P Ha eBRIEZOBOA IIOCKOCTH COONEMHATH JIHHHAMH TAK, YTOOH
cyMMa JARE OTPe8KoB Onia MumEEManabHa. EciE He pomycramTcs
nepecevYeHHs JOOHX. ABYX AHHM B TOYRAX BHEe 3aJ[aHHOr0 MHOKECTBA

5 Py
(4,4)
A
03
(@) Wreinepa
h 1(4.0) %
[
4 %
Prc. 7.14a. Kparvaftmee Pmc. 7.146. Kparsafimee
OCTOBHO® A%peno. nepeso Ilreilmepa.
Nauga = 10,123. Namea 9,196.

P, To samaza cBORMETCA K oaHof ms samaw ompepenenEs SST arBE-
sanerTHOro rpada Ha | P| sepmmEax ¢ MaTpEneil BecoB, BHIHCIGHHKX
RAK eBKIH0BO DACCTOAHMe MERAY TOYRaME MHOKecrsa P. Ecam
ROIOYCKAGTCHA HA ILIOCKOCTH BBEJeHHe NONONHATeJbHHX (HCKYCCTBOH-
BHX» BepmmH (HasHBaeMuX TtouRamu Ilrelimepa), To pammy SST
Ha MHOKeCTBe TOMeK P’ > P MO0KHO yMEHBIOIHTH COOTBOTCTBYIOI[EM
nonbGopoM Tover. Hampemep, i dYerwpex TOYeK, NORASAHHHX
Ha puc. 7.14a, SST mumeer ymny, 66anmymo, yem SST rpaga, momy-
yaeMoro mocie nobaBieHms JABYX HOBHX TOYeR § H 8y, pacmoo-
MOHHHX ¢MeKIy» HCXONHHMH TOYRaM® (cM. pmc. 7.146). Tarmu
o6pasoM, nusa pemenus sajavm Illrefimeps MoxEO N0GaBETH B MIO-
6HX MOCTaX ILIOCKOCTH CTOABKO Touek IIlrefimepa, ckoaprko Heob6Xo-
OEMO JAS TOCTPOGHHA HAEKpaTdaiimero epeBa, CTATHBAKMEro
MHOKecTB0 H3 P Towexr. IHoamyuammeecs HaHRpaTdaiimmee pepeBo
HasHBAWT Haukpamualwux Jepeson IMTmeiinepa.

3anmaua itelinepa HA @BRKAHAOBON ILIOCKOCTH AOCTATOYHO XOPOIIO
maygena [44, 24, 11, 12], u msBecrHO Goarmoe WHCNO cBoficTB Ham-
rpargaitmero nepesa Illrefimepa. HamGomee BaKHHME cBoiicTBaMu
ApATes caexywmue [24, 11]:
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() Touxa IMreitmepa s; mmeer cremens d (s;) = 3. 3To MoKHO
JeTKo DOKa3aTh ¢ DOMOIIBI0 TeOMeTPHIECKOTO MOCTPOCRHS, HOCKOJIBKY
yroa Mesxny pebpamm, mHnEmeETHHME Touke lllTeitHepa s;, MOMMReH
6ure paser 120° m TogRO Tpm pe6pa mEMMAEHTHH x1060i Touke IlTek-
Hepa s;. CaemoBaTenbHO, 8Ta TOYKA ABJAETCA ¢HEHTPOM? (NEHTPOM
Iliteiinepa) BooGpamaemoro TpeyrolbHEKA, BepIIEHAME KOTOPOTO

P
A P,
|
2
5P |
4 P,
] i —’s
- )
P, 1%
3 Bomomnwj
TOYKA
liteAnepa
P
168 3
1] J | L
= RNV O IR A B A <5 g,
M B Toykn Wrennepa
Pmrc.Y7.15a. Kparaaitmee Prc. 7.156. Kpartwaitmee
OCTOBHO® [6PeEO. fepeso Mlrteiimepa.
Aumna = 18, Anmra = 15.

ABJIAIOTCA TPH APYTHE TOYKH [epeBa, ¢ KOTOPHIMH OHA CBABAHA C HO-
MOMPpI0 HaWKpaTdadmero fepesa Illteitmepa.

Hexoropue Toukm, aBisiommecs Bepmmmamm TakKoro TPEeyroib-
HHKAa, MOTYT OKa3aTbCA ApyruME Ttoukamn Ilrteitmepa. Hampmmep,
Ha pmc. 7.146 Touka Ilreiinepa s, ABNsETCA HEHTpOM BooGpazxaemoro
TPeYroJbHAKA C BEPNIMHAME Dg, p, H §,.

(ii) Xaa sepmumnn p; € P creuens d (p;) << 3. Ecar d (p:) = 3,
TO yroa Memjy JOGLIME nByMs pe6paME, HHNUIEHTHRME p,,
nonxer 6uTe pasen 120°. Ecam d (p;) = 2, 10 yrox MEXAY MOBYMA
pe6paMu, RENEAEHTHRME p,;, HOMKeH GHTL GoMBIe HIE paser 120°,

(iii) Ymeno Towek IllTeitrepa B HamkpaTdaitmem nepese IllTeiinepa
paBEO K, 0 Chk<Cn —2, rue n = | P |. JokasaTexncTBo yoomsany-
THIX BHINE CBOMCTB MOMKHO Haitg B [24].

HecmMotps ma 10 BHEMaRrEe, KoTopoe ypeasnoCE eBKIEIOBOK
safage Iltefinepa, npu momomum cymecTByoOmAX anroput™oB [44, 11])
pemeHHe BO3MOKHO TOJNBKO A HeGONLMEX IO pasmepy sajad (He
6onee 10 Towex B P) m, cleloBaTeNBNN, MOMKHO CYMTATE BRI I0BY
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santavy llTefimepa Hepemennoit. [lna safav Goabmoro pasMepa MoOKHO
o6paTeTECA X pAXY SBpHECTEIeCKEX MertonoB [7, 50).

B Gomee mosmmeM BapmamTe 3ajjaum Illtefimepa Ha IIOCKOCTH
HCIOABSYyeTCA OOWIHO AuNellnoe (BMECTO ©BKIHMJOBA) PacCCTOSHES
MoKy TouKaMH. Taras mOoCTaHOBKA 34189 BIEPBHE GHua mpesosKe-
Ha Xsmmom [28, 30] B cmasm ¢ paspa6oTroit TeopEE MOHTaska meuaT-
HHX CX6M 3JORTPOHHHX YycTpolficts. Paccrosamme Memmy TouIKaMm
C KOODRHHATAME (Z;, V), (T4, ¥/3) B 9TOM CJIy9ae ONPENEAACTCH CACHYIO-
muM o6pasoM:

dy,2=|z1— 23| +|y1—pa|-

IIpm 3THX ycHOBEAX MOKHO Jerro morasath [44], wro ecam uepes
KaKAyo TOYKY H3 MHOKeCTBAa P mpoBecTH BOPTHRAJLHEE H FOPR3OH-
TAaJLHHO JHHEH, TO pemeHEe 3afadm Illtefimepa MOKHO HOJAYYHTE,
paccMaTpEBas B Ka4eCTBe BOBMOKHHX Toduer Illtefimepa Touxm mepe-
CeYOHHA NOJYYOHHON COTKH JHHHH.

ITycrs rpad G mocTpoer Tar, IT0 MHOKECTBO ero BepmEH X sB-
JAeTCA MHO/KECTBOM TOYOK Iepece4eHMA HEOKOTOPOH CeTRE JHHEM
B pe6pa rpada G COOTBeTCTBYIOT JHHHAM CeTKH, COOMHHAKINAM JBE
TOYKE mepeceveHHs. Toraa samaua Illtefimepa Ha IJIOCKOCTHE C Jm-
HeifHo¥k MeTpHKo#i mepexommT B samavy Illreiimepa AnA KoHeYHOro
rpada, ompefieleHHY B Hayajde 3roro pasgena [54]. Ha pme. 7.156
IOKa3aH npuMep HamKparvaiimero nepesa Illteiimepa paa ammeiinoX
BaJlaYH C IECTLI0 TOIKAMH, & AJS CPAaBHOHMA Ha PHC. 7.15a moxasam
SST srot samaunm.

3apaua IMlreifEepa Mus OGWYHHX HEOPHEBTHPOBAHHKX rpadoB
paccuatpmBasach Xaxamm (27] m Jpeiidycom m Barmepom [18].
OHE HaIUIE TOYHHE AJTOPHTMH peIIeHEA TAaKEX 3amad. Onmakxo sTm
AJTOPHTMH C BHYHCJIHMTeAHLHOH TOYKH 3PEHAA ABAAKICA He sdderTns-
HEHIMA DpONEeAyPaMH, XOTA OHM H S3BAYHTEJAHHO Jydime, 9eM IOCJe[0-
BaTensEni mpocMorp SST Bcex moarpados G’ rpada G. B an6om
cayuae (Kak E B Caydae 3a/lau C 6BKIHAOBHM DPacCTOAHHEM) MAKCH-
MaJIbHHE pasmep safav Illre#imepa, nas pemenmsa KoTopHx Tpebyercs
pasyMHOe BHYHCJIHTONBLHO® BpeMs, He nmpepnmaer 10 Bepmmn (B MHO-
mecrBe P). C sto¥ Touxm spermusn sajgavy Illtelimepa Ha rpade MoKHO
paccMaTpmBATL KaKk HePemeHHYI npobiaeMy, B oda B BTOH KHHTe
Goxrme He Gyner o6cymmaThes.

5.. Jagaum

1. JlorasaTh, 9TO BCe TPH ONPE/IeNIOHEA OCTOBHOTO /lepeBa, faH-
HEe BO BBOJIGHHM, YKBHBAJOHTHH.

2. IlorasaTs, 9TOo B Aepese, mMewmeM Goabme OfHOX BOPIIMHEH,
CYIIECTBYIOT II0 Kpaiinek mepe ABe BepmmMHH cremena 1.
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3. IlokasaTe, uTo AeTepMEHAHT JIOGOH KBaApaTHOR mOAMATPHIH
MaTpHEOW HHEOAAeHnmiE rpada pasen + 1, — 1 mam 0.

4. Jlna maTpmou pasmepa n X m jwobas KBagpaTHafd MaTpHIA
paamepa min (n, m) X min (n, m) HasmBaercA rnaBHOH moAMATpE-
neid. Ilokasars, 49r0 ecnm B,, — rraBHaA NOAMATPHNA MATPHOM
AHOEJeHOAE CBA3HOro rpada, to |B,, | orimuen or myas (pasen + 1

X, Xy

Pue. 7.16.

maE—1) Torma ® ToxBKO TOrhA, KOTa OCTOBHWEA moarpad, coc-
TOAIMA H3 BCeX pebep, COOTBETCTBYIOMEX CTonbnamM mogMaTpunH B,
ABIAETCA [epeBoM.

5. Haiita Bce ocToBHMe AepeBa rpada, DoKa3aHHEOro Ha pac. 7.16,
B, ACOOJb3YA Pe3yabTar TeopeMH 1, yGegETBCA, 9TO HX YHCJIO paBHO
9HCY, OPHEBeJleHHOMY B Teopeme 1.

t
6. IlokasaTs, 9ro mpomasefenme marpmm B, ‘B, ECOOIb30BaHHOE

B Teopeme 1, He 06A3aTeJbHO BHYHECIATL HepPeMHOMeHmeM B, m B:,
HO MOMKHO DOJNYYHTh HemocpeacTrseHno ma rpada B Bmge (n X n)
marpan M = [myl, onpemenemmoit cremyiommm obpasom: xmaro-
HaJILHHA 3JIeMEHT m;; eCTh CTeNeHh BOPIIMHH I;, a QJIEMEHT m;; —
9MCIO0 NapajilebHHX pefep MeKQy BepIIMHAME Z; B Z; CO 3HAKOM

mEEyc. Yro6m moayumTh BO-B;, J0CTaTOYHO IOCTPOHTH TOJBKO
(n,— 1) cTpok m cronbnor maTpEoum M.

7. Hcnonpaya teopemy 1, mokasaTh, 9TO 9MCIO OCTOBOB IOJHOIO
CBA3HOIO0 HEODHEHTHPOBAaHHOIO rpada ¢ n BepmEHaME paBHO n™Z,

8. llycrs marpmma M = [my;] nas opmemTmpoBamEOro rpada
ompepesiena ciefyomum obpadom: m;; = d; (z;), cremenn mosysaxona
BePIEHH I;, My = — k, re k ecTs YmCJIO DapaJeNbHHX NYT H3
z; B z;.'[lokasars, 9T0 OpEEBTEPOBaHHNI rpad ecTL OPEEHTEPOBAHHO®
mepeBolC KOpDHeM I, TOTda ® TOJLKO ToTAa, Korma my,, = 0, m;; = 1
OpE i #r H ODpelleJATeNIb NOAMATPHIN, NOJNyJalOIedcs Baep-
KABAHEEM r-il CTPOKE M r-ro croiabna ma M, pasen 1 (cm. [19).
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3
Pmo. 7.47.
4 3
3 X,
y X
2 < S
1
X3 Xe
0 1 2 3 4
X —
Pxc, 7.18,

9. Ilycit M — marpuEna, oupepeueHHas B sagave 8. Hcmoassya
DOJIYYeHHHI BHIN® pPesyJibTAT, HOKASATH, 9TO YHCIAO OPHOHTHPOBAH-
HHX OCTOBOB C KODHeM Z, B opnemponarmon rpade (Ges meresn)
PaBHO OUPeRENHTeN NOAMATPHOH, NONYIOHHON BHYeDKHBARHOM
r-#t cTpoRE ® r-ro cron6bna ms M (cM. [i] crp. 163, = [2]).
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10. Hanmcate aaropETM nepedmcienus BCeX oCToBoB rpada Ges
HOBTOpPeHHHA, HCHONBL3YA dJeMeHTapHEe npeobpasoBamms fepesa

(cm. 142, 47, 8]).

11. Haiita SST rpada, noxasansoro Ba pmc. 7.17, AByMa anropmt-
mama — Kpyckana v [Ipmma.

12. Hafite pna nmonsoro rpada Ha MHOMKECTBe BepIIME {T;, I,
Z4, Z;}, KaK IOKa3aHO Ha pHC. 7.18, ¢ Becamm pebep, onmpefeneHHHX
KAK €BKJIHIOBH PacCTOSHHAA:

(i) SST,

(i) Hepeso IMlTeitmepa Ba nmockoctE. (McmoanaoBaTh CBoOMCTBA
Touex Illreiimepa Ba ninockocTH, maEEHe B pa3n. 4, @ paccMOTpeTh
BC® BO3MO}KHHIE TONOJOTHH (T. e. MaTpUmu MHNAAeHOEH). PemnTs
Ty e 3aflaqy, nojnaraf seca pe6ep paBHKMHE JHHEHHEIM PaCCTOSHHAAM
MEXAY TOYKaMH.

13. IloBropmrs ympamuenme 12, no6asms JoUOTHETENBLHYIO BEp-
MABY Is A ONEHHTh yBelHYeHAe o6heMa BHIYHCICHUI,
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KPATYAWLLUME NYTU

1. Bpepnenne

Ilycrs pmaE rpad G = (X, T'), AyraM RoTOpOro NpENECAHH B6C&
(crommocTr), sanaBaemne MartpEmedt C = lcy). Sadava o xpamuaii-
Wem nymu COCTOAT B HAXOMK/EHEH Kpatd9afimero OyTE OT sagaHHOX
HauaapHOR BepmueH $ € X 0 sajaEHO% KoHewmo#t Bepmmmn f € X,
OpE YCHOBHH, UTO TAKO#l OYTH CYIIECTBYeT, 7. ©. IPH YCIOBHH
t € R (s). 3necs R (s) — MHOeCTBO, MOCTH;KHMO® H3 BODIIEHH 8,
Kak 9710 GHIO onpefieeHo B rA. 2. JIeMeBTH ¢;; MaTpEOu BecoB C
MOTyT GHTh NONOKETeAHEHMHE, OTPANATONbELME BIW ByAsamu, Epmn-
CTBeHHO@ OTDAHMYEHH® COCTOMT B TOM, YToOH B G He OHIO IHK-
0B ¢ CYMMAPHHM OTPRAOATENBHNM BecoM. Ecam Takoi mmra @
BCO jKé CYIeCTBYeT H I; — HOKOTOpas ero BepmmHa, TO, NBETAACH
OT 8 K ;, o6xona sareM O mocTaToIHO Goabmoe YHACIO pas H moma-
fad HAKOHeN B {, MW NOJYYAM NIYTh CO CKOAb YTOAHO MAJBIM
(— — oo) BecoM. Tarmm oGpasoM, B dTOM cayuae Kpardaiimero
OyTH He CYIeCcTBYeT.

Ecam, ¢ Apyroff CTOpOBN, TAKHe QERIN CYMECTBYIOT, HO HCKJIO-
YaJ0TCA H3 PACCMOTPEHHS, TO HAXOKIGHHe Kpardyaiimero myTE (mpo-
cTofl memm) Me)KAY 8 H ! SKBHBAJGHTHO HAXOKJGHHI0 B 8ToM rpade
Kparuaiimero raMEJABTOHOBA NYTH ¢ KOHIEBHMH BepDIIEHAMH $ H {.
910 MOXKHO ycMoTperh M8 ciaeayoniero ¢axra. Ecam m3 Kamporo
9JIeMBHTA C;; MATPHIW BecoB C BHYECTh NOCTATOUHO Goabimoe gmcio
L, 10 nonywarca HoBas Martpmma BecoB C’ = [ci], Bce anemenTH
ci; KoTopoil orpEmareqsEH. Torfa KpaTdaimmit myTh OT § X ¢ —
C HCKJIHNYeHReM OTPHLNATeNbHHX MEKIOB — Heo6xonmmo Gyner raMmin-
TOHOBHIM, T. €. IPOXOAANIAM 4Yepes8 BCe APyrHe BepmEEN. Tark Kak
Bec mo6oro raMmabrToHOBa IyTH ¢ MaTpEmelt BecoB C’ paBeH Becy
8TOro myTH ¢ MaTpEOe# C, HO YMEHLIIOHHOMY Ha IOCTOAHHYIO BeJH-
auny (n — 1) <L, T0 KpaTeafimmi nyTH (IpocTan memb) OT 8 K £ C MAT-
pune# C’ Gyner KpardaifiimaM raMBIBTOHOBHM IyTeM OT 8 K ¢ HpH
nepBoHauaAbHo# MarpEme C. 3afaua HaXOiJeHEA Kparsafimero
raMEAbTOHOBR NYTH HAMHOTO CIOKHee, UeM 8ajiada O Kparqaifmen
nyTa; ona obcymmuaerca orneasno B ra. 10. IlosTomy Mu Gymem mpen-
IOJATaTh, ITO0 BCO MUKJIH B G MMeOT HeOTPRIATeABHHE CyMMapHHE
Bec. OTcIONa TAaXKe BHTEKaeT, IT0 HeOPHEHTHPOBAHHNe Ryrm (pe6Gpa)
rpada G He MOTyT EMETH OTPHIATENbHHE BECA.
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Crnenylompee 3ajaud SABAAIOTCA HONOCPENCTBEHHWMHA 0600meHRsIME
cPopMyIHpOBAaHHOR BHING 3afa9M 0 KpaTdaifimem IIyTH.

(i) dna 3apaEHOHR HaYaJbHOR BePIMMAHEHW § HAHTH KpaTdaiIIHe IyTH
MOKAY § H 6cemu ApyramMm BepmmHaMm z; € X.

(ii) Haittm kpaTyafimme IyTH MeKAY 6CeMU nAPAMU BePIIAH.

B mocmenyromux paspgenax 6yner moxazaHO, YTO IIOYTH BCe METO-
OH, M03BOJAKIMEE POMHTL 3aJady O Kpardaitmem (s-t)-myrm, HawoT
TaKKe (B Ipomecce pemeHMs) H BCe KpaTYadIiEme IyTE OT §
K z; (Az; € X). Takmm o6pa3oM, OHH HO3BOJAIOT PEMATH 3afady
¢ HeGONLMHEMH [ONOJHHATOJIBHHMA BHMYHCIATONLHHMHA 3aTPATaMH.
C npyroit croporH, 3afgada (i) Mo:keT 6HTb pemeHa JHGO n-KpaTHHM
OpHEMeHeHHEM aJropaTva 3afgadd (ii), IpHdYeM HA Ka)KOAOM IIare
B Ka4eCTB® HAYaJbHOH BODIMMHH § GepyTcs pas3iW4HHe BEPHIMHH,
nr60 ONHOKPATHWM NPAMEHEHHOM CIEMHAJBHOrO aJTOPHTMA.

B macrosmei rmase Mu fagEM o6muEe aJrOpPATMH PemeHAs cPopMy-
JAPOBAHHEHX BHIN® 3a7aY H JACTHHE aJTOPHTMH [JIA CIydaes, KOrJa
BCe C;; HOOTPHNATeJILHH. JTH YACTHHE CHyYad BCTPOYAlOTCHA HA IpPaK-
THKE [J0BOJBHO JacTo (HampAMep, KOTAa C;; ABIAIOTCA PaCCTOAHAIME),
TAK 9T0 PACCMOTPEHHM® 3THX CIeNHAJbHHX AJTOPHTMOB OIPABJAHO.
Mu 6ynem mpeguvaaraTe, 90 MaTpEOa He YAOBJETBOPAeT, Boobme
roBOpPs, YCIAOBHK) TPeYroJbHAKA, T. 6. He 06A3aTeNBHO Cpy < € +
+ cxy nasm Bcex i, j m k. B npormBHOM ciydYae KpaTdaiimmit myTh
MEKAY Z; B Z; COCTOMT H3 O/{HOR elMHCTBEHHOA Nyru') (z; z;) m 3agaua
CTAaHOBHTCA TpHBHAAbHOK. Ecim B rpade G nyra (z;, z;) orcyrer-
BYeT, TO ee BeC IOJaraeTcsi PaBHHM oo.

Ha npaxrtake 9acto TpeGyerca HaiTH He TOJBKO KpaTdaRmmit
OyTh, HO TAKKe BTOPOH, TPeTHH H T. . Kpardaifmme mnyTm B rpade.
Pacnonaras aTAME pe3yibTaTaMH, MOKHO PEIIATH, KAKOH IyTh BHIG-
paThb B KadecTBe HamAydYmero (yKasaHHHH OONXOA M0JNe3eH IpPH
HCOOJb30BAaHAE TAKHX KPHTeDHEB, KOTOPHE ABIAITCA CYOLeKTHBHH-
MH II0 CBOEl MPHEpoJe HIM Hé MOT'YT OHTH HENOCPE[CTBEHHO BKIIOYEHK
B aaroprt™). Hpome Toro, BTOpo#t, TpeTHi ® T. A. KpaTYaimme nyTH
MOKHO HCIOJb30BATh IPH AHAJA3E (IYBCTBHTEJILHOCTH» 3aJadud
0 Kparvaidmem nyTd. B aToif rmaBe MH oIMIIEM HEJABHO IOJIydYeHHbLIH
anaroparM BuuAcIeHAA K KpaTYaMmmX OpPOCTHX memedr MemKpy
AByMsA 33JaHHHIMH BepmmHAaMH obmero rpada.

B macTosme#r riaBe ofcyKpamTcsa Takme 3aJaum HaXOMKIeHHS
B rpadax myTed ¢ MAKCHMAJBHOH HAMEKHOCTBIO H C MaKCAMAJILHOM
OPONYCKHOR cmoCo6HOCTRIO. JTH 3ajadd CBA3AHH ¢ 3afadeit 0 Kpat-
JaiimeM OYTH, XOTA B HHEX XapaKTepDHCTAKA NYTH (CKaskeM, Bec)
SAIBJIAGTCH HE CYMMOi, a HOKOTODOR Npyro#t pyHKImeA XapaKTepPHCTHK
(Becos) nyr, obpasylomumx myTh. Takme 3agaum mMoxHO mepedopmyan-
poBaTh Kak 3ajaud o Kpardaidmem nyTH. OQHAKO MOKHO IOCTYIHATH

1) Ecam Takas gyra cymecreyer — ITpuy peds
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HHaYe: HeNOCPENCTBeHHO MPHCIOCOGATH MJIA HX PemeHAsA Te MOTORH,
KOTOpHe IPEMEHAIOTCA B 3a/la98X O KparuailmeM OyTH.

O6GcympaeTca Tagke ciyuaif, KOTAa YIATHBAIOTCA H IPONYCKHHE
cmoco6HOCTE, H HAfE/KHOCTH AYr. OTO HPHBORHT K 3ajase O OYTH
¢ HauGonbpmel o;REAaeMOil mponycKHOM cnocobmocTrio. U xoTA Takas
9aCTHAA 33/]a94 He Mo)KeT OHThL pemeHA IpPH MOMOIH TeXHAKH OTH-
CKaHHA KpaTdaiiiero OyTH, HO HTEPANMOHHHE A&JTOPATM, HCIOAB-
SYIOIEA 3Ty TeXHUKY B KaveCTBe OCHOBHOTO mara, ABiaAerca 3¢gdex-
TABHHM METONOM HIOJAyYeHHS ONTHMAJLHOTO OTBETA.

3agaum o KpaTUaitmeM OyTH, B KOTOPHX Ha IYTH HAKJIAAHBAIOTCHA
HeKoTopue orpammienmsa (cm. [4], [12], [23]), B macrommeit riase
He PacCMATPHBAIOTCA, TAK KAK K HAM HEmOCpPeACTBeHHO He HpEMeHH-
MH Te METONH PACCTAaHOBKA HOMeTOK, HA KOTOPHX GasmpyloTca Bce
ONHCAHHHE 3[eCh AJNTOPATMH HAXOKAGHMA KpaTdaiimero myrda. OTH
330a9H ¢ OrPAHAYCHHAMH UACTO HACTOJABKO CJIOKHH, 9TO COOTBETCT-
BYOIHe AJTOPATMH HO3BOJAKT HAXOAATH ONTEMAJBHHE pemeHHSA
JEIb TAKAX 3aJa4, pasMepH KOTOpPHX (HampEMep, 9HCIO BepIInH)
HA HECKOJNHKO HNOPAAKOB MeHbINe, 4eM y AHAJOTHIYHHX 3ajmau Ges
orpaHudeHmil. PaAx BaKEHX 3aga9 ¢ OrpaHMYCHHAMH, HANpPHMEp
aafaga o0 KpaTdaiimeM TraMEALTOHOBOM IYTH, PpAaCCMATPHBAETCA
B OTAEABLHHX IJIaBaX.

2. Kparvaiimuii myTh Memxpy ABYMA
3aj(aHHRIMH BepmMHAMA 8 1 { ]

Cravana Mu mpEBeReM O9eHb IpocTodl ® 3¢PeKTHBHWE anropmrm
pemeHnsa 2Toit sajavE ANA ciaydaA ¢;y = 0 (Vi,j), a s3aTem pacmpo-
CTPAHAM ONMCAHHHEA MeTOx Ha obmmit ciywait ¢;y = 0 ¢ oroBopkoi,
9T0 IEKNH C OTPANATeNLHHMH BECaMH OTCYTCTBYIOT.

2.1 Caysait meorpEnaTexsEOd MATpPAUL BECOB

HanGonee apdoxTABHEIE anropaTM pemIeHNs 3aa9A 0 KPATIaAmeM
(s-t)-nyta mepBoHavansHO fan [leitkcrpa [10]. B obmem caygae aror
MeToli OCHOBAH HA NPHIHCHBAHAH BEpPIMHAM BPEMEHHHX IOMETOK,
OpEYeM IOMETKA BEePHIMHH JaeT BePXHII0 TpPAHANY MJIAHH NDYTH
OT 8 K 9TOil BepIIHHe. JTH IOMOTKE (HX BeJMYAHH) OOCTENEHHO YMEHB-
MIAJOTCA ¢ HIOMOIMILI0 HEKOTOPO# HTepanAOHHOE HPOMEAYPH, H HA KaiK-
AOM INAT® MTOPALME TOYHO OfAHA H3 BPEeMEHHHX IOMETOK CTAHOBHTCH
nocroAannoif. [locnenmee ykaswBaeT Ha To, YTO IOMETKAa YKe He
AIBIileTCA BepXHe#l Trpanmnel, a RaeT TOYHYM MIHRY KpaTdaidmero
uy;n OT § K paccMaTpmBaemoif Bepmmue. QumEmeM 3TOT MeTOR mOJ-
po6Ho.

2.1.1. Axroparu [lefixcerpt (c;y = 0)
IIycrs 1 (z;) — moMeTka BepmMIEEH Z;.
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IIpuceoerue HavasvHBZ 3HAuEHUILL

Mae 1. Tlonomuts I (s)=0 7 cumrTaTh 3Ty IOMETKY NOCTOAHHOM.
ITonoxuts I (T;) = oo AnA BCEX Z; 5% s B CIATATH ITH IOMETKHE BpPEMEH-
BuME. [lonommte p=s.

O6rosrenue nomemox

ITae 2. nsn Bcex z; €T (p), DOMETKE KOTOPHX BpeMeHHHE,
H3MEHATL IIOMETKE B COOTBETCTBHH CO CJEAYIONEM BHPAMKEHHEM:

L(z;) < min [l (z,), 1(p)+c (py Z)). (8.1)

Il pespaujenue nomemrw 8 NOCMOAHKYKI

Ilfaz 3. CpenE Bcex BepIIMH ¢ BpPeMEHHHIMH LUMETKAME HaifiTm
Takyio, AaA kotopoit I (z?)=min [l (z,)].

Illlaz 4. CaaTaTs ;'OMETKY BepIIMHH I} IOCTOAHHOH H IOJOMKHTH
p =at.

ITae 5. (i) (Ecau nado walimu auwv nymov om sk t.) Ecnm p=t,
To [ (p) ABNAeTCA NIHHOE KpaTYaiimero myTH.

Ocranos.
Ecam p 5 t, mepeiiTe k mary 2.

(ii) (Ecau mpebyemea natimu nymu om s KO 6CeM OCMAALHBM 6€D-
WUHaM.)

Ecnnm Bce BepmuEL 0TMEYeHH KAK NOCTOSHHHE, TO 3TH IOMETKH JAIOT
ANHHH KpaTdafmux nyrei. OcTaHoB.
Ecam HeKOTOpHe DOMETKE ABASIOTCA BPEMEHHLIMH, DEePedTH K mary 2.

JlOKa3aTeabCTBO TOTO, 9TO BHIMENPHBEACHHHH AJTOPHETM JEHCTBH-
TeJBHO Aa€T KpaTialide OYTH, IpesBHYaiHO mpocroe, JagEM Habpo-
COK 3TOr0 JOKA3aTeJbCTBA.

JonycTHM, 9TO HA HEKOTOPOM 3Tale NOCTOAHHHE IOMETKH JaioT
ANMEHEH KpaTiaimmx myreit. Ilyers S; — MHOKeCTBO BepImEH ¢ 3TEMA
IoMeTKaMH, a S, — MHOKeCTBO BEPIIHH ¢ BPSMEHHHME IIOMETKAMM,
B xomne mara 2 wammoi mTepaneEm BpéMeHHas mnomerka l (z;) maer
KpaT4afili®é OYTh OT § K Z;, IPOXOAANIAA IOAHOCTHI0 II0 BEPITHHAM
muOKecTBAa S;. (Tak Kak OpE KaMaoi HTEepalHE B MHOMECTBO S,
BKJI0Ya€TCS TOJNbKO OJHA BepmMHA, TO oOHOBIeHme moMmeTKE [ (z;)
TpebyeT TONBKO OJHOTO CpaBHeHHs HA mare 2.)

ITyers kpaTyaiimmii oyTe OT § K 2! He DPOXOMHT HENHKOM mo S,
4 CONEep/KHT DO KpaiiHedl Mepe ONHY BepmEHY H3 S, H DOYCTh
z; € S, — mepsasA TaKas BepIIEHA B 3TOM OYTH. TaK Kak IO mpen-
OONOMEHHI0 €;; HEOTPHINATeNbHH, TO 94CTh OYTH OT I; K i HOMKHA
AMeTh HeoTpHOaTeNbHHE Bec A m [ (z5) <l (z}) — A < A(z}). Ao,
ONIHAKO, IPOTEBOPEYHT yTBep:KAeHmw, 9710 ! (z}) — HamMensmas Bpe-
MEHHAs IOMETKA, H, CIeJJOBATEJIbHO, KpaTiafImEit OyTh K I} IPOXOMHT
OOMHOCTHI0O IO BePINHHAM MHOKECTBAa S;,  moatoMy [ (z}) aBaserca
ero ATHHOH.
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Tax KaK BHAYAJe MHOKECTBO S; PaBHO {s) B IPH Kaxgoll Hrepanan
K §; noGasaserca zf, To npeamoiomenme, d9ro ! (z;) paBHO AamEHe
gpsTIalimero myTr V z; € S;, BHIOJHAEGTCA OPH Ka/KROH HTepaIEH.
Orcopa mo WHAYKOAHE CJHeAyeT, 9TO AJTOPATM [AeT ONTEMAJBLHEHE
OTBeT.

Ecam Tpe6GyercA HaiTH KpaTiaiimme IyTH Me;RAY 8 H BCOMH JPYTH-
MH BepHIEHEAMH HONHQr0 CBASHOTO rpada ¢ n BepmMHAME, TO B LpO-
necce paGoTH anropmrma BHIOAHANTCA 1 (n — 1)/2 onepanmii ciosxe-
HHA H CpaBHeHHA HA mare 2 ®H eme n (n — 1)/2 onepannii cpaBEeHEA
sa mare 3. KpoMe Toro, npm ocymecrsinessr maros 2 m 3 HeoGXomm-
MO ONIpPeJIeIHNTh, KAKA® BOPIEHH SABAAITCA BPOMOHHHMH, a RSN
aToro HyRHo0 eme 2 (n — 1)/2 onepammii cpaBHeHHEA. 3TH BeAHIHHK
ABJIAITCA BePXHMMH TDAHHINAMH [AA THCIA omepamui, Heo6xomm-
MHX OpPH OTHCKAHME KpaTdaiiliero NyTH Me;KAy S8afaHHHMHA BepIIA-
gamMm 8 ¥ [, OHA [eHCTBATONHHO JOCTHTAMTCH, €CIH OKAMKOTCA, 9TO
BepmEHa ¢! Gymer HoclefiHedl BepPIIEHOH, NOJYIMBINEH HOCTOAHHEYHO
noMerry. (B ([22] [{»oHCoB mpepao/KENA TAK HASHBAGMHI Merop
COPTHPOBKH, NOSBOJAIIEA YMOEBIIHTH TACIO Omepamuid HA mare 3.)

Kak Toapko namEH xpartafimmx myred or 8 6yAyT HafinemH (omm
6ynyT SakMOYMTENbENME SHAYEHHAMH MOMETOK BOPIIMH), CAMH IyTH
MORHO IOJMYYHTH OPH NOMOIA PeKYPCHBHOH NpPONEAYPH C HCIOIb30-
BaEEeM cooTHomeHHA (8.2), Tak Kaxk BepmEHA Z{ HOIOCPE[CTBEHHO
OpefecTByeT BepmEHe r; B KpaTdaiimeM OyTH OT 8 K Z;, TO AASA
a060#f BePMEHH Z; COOTBeTCTBYIOIMYK) BEepIIEHY Zi MOKHO HaiTH
KaK ONHY HS OCTABIIMXCA BEePNIAR, AJA KOTOpPOH

L(z) +c (=5, 2)) =1 (zy). (8.2)

Ecam xpatuaiimwit oyth or 8 Ao A06oil BepmMEEHN z; ABAAETCA
eXEHCTBOHHKM, TO AyTA (z{, z;) 9TOro Kpardaiimero myrm o6pasymor
ODHOHTHPOBAHHOE AepeB0 (CM. OpefHAYIyl0 TIJAaBy) ¢ KOPHeM 8.
Ecam cymecTsyeT HECKOJBbKO ¢KpaTiafimmx» myTtedi oT 8 K KakKol-
ambo Apyroi BepmEHe, TO NPH HEeKOTOPO# (EHKCHPOBAHHOH BepmmAHe
z{ coorHomenme (8.2) Gypmer BmmoaHATHCA nnA Gomee e opfHOR
BepIIMHH z;. B aToM cayuae BHGOp Moxer 6urh aE60 mpOASBOMLHEM
(ecnE HymeH KaKo¥-10 ONME KpaTdyaimmi myTh MeRAYy § ®H z;), Aubo
TAKEM, 9TO PacCMaTPHBAITCA Bce AyTa (i, ;), BXOAAmMEe B KaKOMA-
ag6o ES KpaTdYaidmux myTed, H NPH 3TOM COBOKYINHOCTH BCOX TAKHX
ayr ofpasyer He OPHOBTEHPOBAHHO® JepeBo, a obmumil rpad, HaswBae-
MHEE 6asoll omKocumeabro 8 BIM KPATKO — $-6asoii 1),

2.1.2. IIpamep. PaccMoTpEM rpa¢, H3oGpaskeHHNE Ha pmc. 8.1,
Tle Ka/KNoe HeOPHOHTEPOBAHHO® Pe6po paccMATPHBAGTCA KAK Iapa
OPOTHBONOJOKHO OPHEHTHDOBAHHNX AYI paBHOro Beca. Marpmma

1) 3ameTEM, 9TO HET AHKAKOM CBABH MEXKAY NonsTHeM 6a3H n nonATEeM Gasu
rpada, BBOeHEHM DaHee B Fa. 2
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secor C, npuBefieHa HEke. Tpebyerca HaiiTm Bce Kpardaiimme nmyra
OT BeDIIEHW Z; KO BCEM OCTaJlbHHM BepmuHaM. MH Bocmoibayemcs

Xz X3
Xy
X Xa
X
EN 6
Canst —
Xg Xs

Puc. 8.1. T'pad m3 npmmepa 2.1.2.

anropatMom [leiikctpu. IlocTosumsie momeTku 6Gymem caabmats
8HAKUM -, OCTaJIbHHE HOMETKM PACCMATPMBAITCA KAK BPEMEHHIE.

x, b A A X,  Xg Xg X,  Xg Xy
X, 10 3 6 12
Xy 10 18 2 13
X, 18 25 20 7
Xq 25 5 16 4

C, = x4 S 10

Xg 20 10 14 | 15 9
X, 2 4 14 24
Xg 6 23 15 5
X 12 13 9 | 24 5

Aaroparm paboraer rak:
Mae 1. 1(z) =0* l(z;) = 00 Vz, z,, p =2x,.
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ITepeas umepayus

Mae 2. T (p)=T (2,) = {x4, 27, Ty, Z9} — BCe NOMETKHE BpeMeB-
dane. BosbMmem cHauana z,. M8 (8.1) monygaem

l (z3) = min [eo, 0* + 10] =10,
asanormamo I (z;) = 3, I (xy) = 6, I(z) = 12,
Iaz 8. min (10, 3, 6, 12, o) = 3 coormercrByer z;.

Xg Xy Xg X3 Xa,X4,XgsXg

Ilaz 4. z; nonyvaer mocroAHEyI0 moMeTRy {l(z7)=3*|,p = »,.

ITaz 5. He Bce BepmMHNW AMEIT NOCTOAHHHE IOMETKH, IOSTOMY
mepexoxmM K mary 2. IlomeTrkm B Hauaje cienyome#t HTepanEm
moKasaHH Ha pmc. 8.2 (a).

Bmopasa umepayus

Iaz 2. T (p) = T (z;) = {z,, 7i, Zg» Ty} — BCE IOMETKE BpeMeH-
awe. Hs coormomenma (8.1) mmeem

I (z3) =min [10,3* 4 2] =5,

apagoraguo [ (x) = 7, I (zg) = 17. l{xg) = 12. Ilomerkm wumaoGpa-
KeHH Ha pmc. 8.2 (6).

Maz 3. min [5, 7, 17, 6, 12, ool = 5 coorBercTBYeT Z4.

a2z 4. z, monyvaeT NMOCTOAHHYI HOMETKY |l(z,)=5*‘, D=2y
ez 5. Tlepeiite kK mary 2.

Tpemds umepayus

IMaz 2. T (p) =T (z3) = {z;, %3, Zyy Ty} — TONBKO BepPINHK
Zy B Zg MMEIOT BPEMEHHKE IOMETKH; H3 cooTHomeHnmA (8.1) monyzaem

1 (z3) = min [oco0, 5* + 18] =23

a aHAJOTHYHO
l(z,) = 12.

Maz 3. min (23, 7, 17, 6, 12, oo} = 6 cooTBeTCTBYeT Z§.
T % 3 ® E %

ITaz 4. zz mony4aeT MOCTOAHAYIO noue'rxy‘ l (xs)=6*| , P=28
MMaz 5. Tepeiitn k mary 2. ‘

IIpomon:kana 3ToT mpomecc, MOJNYIEM OKOMIATENbHYK) KAPTUHY
paccTaHOBKHA HOMeTOK, m3olpakernyio Ha pmc. 8.2 (8). [dna maxox-
ASHHEA KPaTYadillero NyTH MEXKAY BePMAHOA r, (HampuMep) A HAYANb-
HOH BepIIMHOH Z, MH NOCJAEA0BATEIbHO HCHOJb3yeM COOTHONMEHHE
(8.2). Takum o6pasom, monarag z;—2,, RAXOXHUM BEPIUHY Z;, REIO-
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o+

Pmc. 8.2. (a) Momerkm B Komme 1-i mrepanmm. (6) IlomeTKm B Komme mara 2 ma

10 o2
3+
W oo
o= Jm
. (@) -
3+

(6)
5t —n23*
3+
TR 7t
6t o) 12t
]

7+

2-# mrepanma. (B) OKoHUATENLHKE NOMETKO BepmIAH B Z,-Gasa.



2. KPATYAADIAA OYTh MEXRAY ABYMA BEPIIAHAMHA 183

CPeACTBOHHO NPERUIECTBYIOMYIO Z; B KpaTiaiflleM IYTH OT Z; K Ty:
BOPHIEHA Z; RO/MKHA YNOBJIETBOPATH COOTHONIOHHIO

1 (z2)+ ¢ (zp za) =1 (z2) = .

Enmncreennoll Tawxoii BepmuHoill ABamercA z;. [lamee, mpEMeHseM
sTopoii pas coorHomenme (8.2), Gepa z;=z;; moayIaeM BepMAHY
Z,, HemMOCPe[CTBEHHO MPeRUWIECTBYI(Y® 2; B KparjailmeM OYTH
OT Z; R Z,. Bepmmna z_ ynoBIeTBOPAGT COOTHOLIOHHIO

L(z7) + ¢ (27, 21) =K(21) =3.

EnwnacrBeEHO#A Taroil BepmAHO# ABIAGTCA I;, H MOdTOMY KpaTdaimmmix
OyTh OT Z; K Zy 6CTh (T, Z7, Z3). Z;,-6asa, Maomasa Bce KpaTdaiimme
OyTE OT Z,, Opencrasiser cobofi nmepeBo, H306pa’ReHHOe REPHLIMH
amHEAM# Ha puc. 8.2 (B).

2.2. Cayuaii of6meit mMaTpHnn BecoB

.Tonbko wro ommcamHui anaropar™ J[edRCTPH OpAMvnEM JHENIb
B ToM cayZae, Korda ¢,y » O mna Bcex { m j. OqHaRo ecam MarpEna
C sasnmerca marpmmeil cromMocTeil, TO AYrd, IPAHOCANMEE XOXONX,
ROMKHH HMeThb OTPHIATOAbHHEe «CTOEMOCTH». B atoM caywae ana
HAXO/RNOHAA KPATIAHMEAX myTeil Me:KAy BePMAHOE $ @ BCOMH NPyTAMA
BOPIIAHAMA MOKHO BOCIOJb30BATHCA ONHMCAHHON HE/Ke mpomexypoi.
9roT MeTOX TAK)Ke ABAAECTCA HTOPANHOHHHM H OCHOBAH HA IIOMOTRAX
BepIIAH, OPEIEM B KOHIE X-ii HTepANHW MOMETKH PABHH NJAMHAM TeX
KpaT9aiimux oyredi (oT $§ Ko BCeM OCTaJbHHM BEPUMHAM), KOTOPHE
comepsatr He Gonee & + 1 nyr. B ornmume or anropmrma [eiikcTpu
HHEKaKaA A3 IOMETOR BO BPeMA 3TOr0 mpomecca HO DPACCMATDHBASTCH
KaK OoKoHuaTenbHaA. OmBCHBaeMHis MeTOX GHUI mePBOHAYANbHO Hpen-
aoxen B cepenaue 50-x ronos ®opmom [14], Mypom [26] m Bemama-
Hom [2]. Ilepefizem K ero omucammo.

2.2.1. AaropaTa gaa odmeidl MaTpagn Becos

Ilyers I* (z)) — momerxa BepmmEX z; B Komme (k + 1)-t mre-
panen.

I pucsoerue nauaabnuuz sxanui)

Iaz 1 .Tonomam S =T (s), k =1, ' (s) =0, I* (z;) = ¢ (s, 2))
nas scex z; €T (s) m I (z;) = oo nmuA BCex oCTANBHHX Iy,

O6rosrenue nomemon

a2z 2 Nlaa ramnoét sepmanw z, € I' (s) (z) + 5) {memenmTH oo
TIOMeTRY clexyomuM obpasoM:

P (z) = min [ (z), min (P (2) +e (2 2l B3
ot it
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rge Ty = I't (z;) N S. (MroxecTBO S ComepKUT Temeph BCe BEPIIH-
HhEl, AJA KOTOPHX Kpardadmpe OyTH H3 § COCTOAT M3 kK Ayr.)
MguoxkectBo T'; comepsKET Te BepIIHHE, MJIA KOTOPHIX TEKymue
KpaTyafimme myTA ®3 § COCTOAT @3 Kk Ayr (T. €. Te, BEPIIAEK KOTOPRIX
nexaT B S) B AJA KOTOPHIX CYMeECTBYKT AYru K sBepmmHe z;. OTM™Me-
TAM, 9T0 ecam I; ¢ I' (S), To KpaTyadmmi nyTh OT § K Z; He MOKET
cocTosTh B3 k + 1 Qyr m nosToMy M3MEHATH MOMETKY BEPIIAHME I;
e HyxHo. Husn sepmmr z; ¢ T' (S) momoxum I (z) = I* (z)).

ITposepra na oxonuanue

Ilaz 3. (a) Ecta kb << n—1 = ™ (z;) = I* (z;) nna Beex z;, To
IoJy9eH ONTMMAJbHHA OTBET M IOMETKH DaBHH [JIAHAM KpaTdafimux
nyrefi. Ocranos.

(6) Ecam k <n—1 = ™' (z,) = I* (z;) mna mekoTopod Bep-
IIAHH Z;, TO NEPeHTH K mary 4.

(8) Ecim £k = n —1 m ™ (z;) 5= I* (z;) nna mHexoTopoir Bep-
IAHH Z;, T0 B rpade CymecTByer MK OTPANATENbHOTO Beca M 3afada
He mMeeT pemenmsa. OcraHos.

ITodzomoexa x caedywwel umepayuu
Ilaz 4. O6HOBETL MHOKECTBO CJERYIOMUM 06pasom:

S =z, | M (z;) 5~ I* (z1)). (8.4)

(HoBoe muosecTBO S COREP:KUT Temeph BCe BEPmEHL, KpaTdalimme
OyTA A0 KOTODHX M3 § mMeloT aaany k -+ 1.)

Hlaz 5. Tlonoxnats k = k + 1 m nepeiita k¥ mary 2.

Kak ToabKO moJyYeHH AJIMHN KpaTdaiimux nyTed oT § K Kamkmod
ApYyrofi BepmuHe, TO CAaMH TYTH OLATH HAXOMATCA IPOCTO, C MOMOIIbIO
coorHomernuA (8.2). ITyre moryr 6uTh monydenn m apyram cmocobom,
ecilu B JONOJHeHHEe K moMeTke [* (z;) MiA Kasolf BEPIIMEK XDPaHUTH
BO BpeMA BHUMCIeHEH Jpyrylo mometky 60" (z;). Ilomerra 6% (z;)
YKaseBaeT BepIIDHY, HENOCPEACTBEHHO NPE[MEeCTBYIOMYI0 BepmunLe
Z; B KpaTval meM OyTH OT S K Z; BO Bpems k-ii aTepanmna. Mo HO HauaTh
¢ 0! (z;) =sV z; €T (s) u mna Bcex ocTanbHBIX BepmHEH z; BLGpaTh
8! (z;) ompomasonbHO (ckasem, pasmoil 0). Ilomerkm O* (z;) MoxmoO
TOTJla B3MEHATh B cooTBeTCTBHE ¢ cooTHomeHneM (8.3). Taknm obpa-
aoM, 0" (z;) = 0" (z;), ecnm B KBampaTHMX CKOGKAX B BLIPa’KeHHH
(8.3) 6ymer mauMenbmmM mepBHil uixen, mam 6" (z,) = z;, ecam
HaAMEHbIIAM ABJAETCA BTOpod wieH. Ecam B (z;) — BekTop, cocras-
JeHHHII M3 NoMeTok O mpm saBepmenmm paboTH anropmTMa, TO Kpart-
9afimmii IyTh OT § K Z; NOJdydJaeTcA B 06paTHOM IOPAIKE, a MMEHHO
s ..., 0%(x)), 6% (zy), O (z;), z;, tie 6% (z;) ABAAETCA COKpameHueM
gas B (0 (z)) m 1. 1.

JlokasaTenbCTBO TOro, 9YTO HPHEBENEHHbII aJroOpNTM M[aeT ONTH-
MaJIbHOE Pelnenue, BeCbMa IpocToe. 3ech MH ero He npusoguM. Onna-
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KO pamMeTmM, 9T0 OHO 6asEpyeTcs Ha NpHHIANE NAEBAMHYECKOTO IpO-
TPaMMEPOBAHEA B ToM QaKTe, 9T0 6CJHH He CYNECTBYeT HEKAKOTO
ONTEMAJILHOTO NYTH H3 Kk AYT, TO He MOKET TaK/Ke CYIECTBOBATH
H HERAKOTO ONTHMAJNLHOTO NyTH, copepmamero k + 1 ayr [4]. Onm-
CaHHHIH 8JTOPHTM MOKHO NIDEMEHATH W B CAydYae HeOTPHUATEJAbHOI
MATPHIN BECOB, X0TA 8T0, Boo6me roBops, HAMHOTO XYysKe, 4eM HCNOJb-
soBanme aiaroputma JlefikcTpH. B cayuae moaHoro cBssHoro rpade
C n BepPITHEAMH 2TOT aaroputM TpeGyer mopsnka n® onepanmi cioxe-
HHAA B CPABHeHHA, B TO BpeMA Kak B aaropaTtme [ledfixcTpu TpeGyercs
n? onepanmii. HexoTopue yiydYmenEs ODMCAHHOrO aiArOpHTMA, Npej-
nomenEne Menom, NosBOAAIOT YMEHEIATH TACAO ONEPANAX B YeTHpe
pasa, HO NOPANOK POCTA OCTAGTCA PABHEIM TPEM.

2.2.2. Ilpumep. Paccymorpum rpad, H3o6paskeHEni Ha pmc. 8.3,
TA® ONATH HEOPDHEBTHPOBAHEHE peGpa PpacCMATPHBAKTCA KaK IApH

X3 -5 X3 24 s
-3 15 8 -10 16
. 6 (R 4 /
1 12 . 7 22
X 20 Xe -13 Xy

Puc. 8.3. T'pad ma mpamepa 2.2.2.

IPOTHBONOJOEO OPHEHTHPOBAEHHX AYT C PaBHHME BecaMH. Beca
YKa8aHH Yy COOTBETCTBYIOMMX AYT B MOTYT 6HTH KAK NOJ0KUTEALHEIME,
TAK B OTpARATEIBHENME YBCAaME. Tpebyerca HaliTH KpaTuaiimae nyTR
OT Z; KO BCeM OCTaAbHLM BepIIEEAM, NPH YCJIOBHH, 9T0 rpad He conmep-
/KET NEKJIOB OTPHIATEJBEOr0 Beca, MJIH HAHTA TAKOH MHEKJ, eCNH OH
CYImecTBYer.

AnropET™ paboraer caemylomnm oGpasoM.

Il puceoerue nauasvruir snavenul

WMaz1l.s = 2,8 = {z,,24), ! () =0, (z,}‘
= 2, ! (;) = oo paa Bcex ApPyrEX z,. IllonoxnTs

=3, B (z5) =
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llepsas umepayus
MMaz 2. T (S) = {x;, z3, xi, x5, 3}. IloaToMy gaa z5: Ty =
= {7;, Z5} | {Ts, Zs} = {zs} @ m3 coorHomerma (8.3) moxyuaem

B (z;) =min[—3, {I!(z5) 4 (5, zz)}) =

=min[—3, (2+12)]==
AnA Zy: Ty={z,, 7, T7, 2g} N {3, 75} ={23}»
B (z3) =min [o0, (—3—5)] = —8;
et
xj=:'
ARz Ty ={z,, z3, 5, T1s Ty} 1 {T2, Ts} ={T2, Zs}»
I? (z,) =min[ oo, min{(—3+15), 2—7)}]= —5;
——— et e et
x,:x’ xj=xb

AnA Iy Ts={z,, 22 Zg} N {Z2: Z5} ={T2}»
1*(z) = min [2, (—3 +12)] = 2;

Ijsxz
Ana Zg: To={z, Ts, T, To} N {Z2r T5} ={Ts}»
I2 (z4) = min [oo, (2+20)]=22.
N e’
xy=x,
ITomerka /? (z;) Takopm: [0. —3, —8, —5, 2, 22, oo, oo, ool naa
£ =22, Tq, ..., Ty COOTBETCTBEHHO.

Waz 3 (6). Ilepeitrm k mary 4.

Maz 4. S = {z5, z,, xs}

IMaz 5. k = 2, nepeiTm ® mary 2.

Bmopas umepayus

a2 2. T (S) = {z1, 24, %1, Zs, T4, 21, Zg, Zo);

AIA Iy Ty={zy, zs, Tq, x5} N {23, 20s Tg} = {21},
I*(zy) =min[—8, (—5+48)] = —8;
N et
xj==x‘
AIA 2yl Ty ={z, x5, x5, 3, Zo) N {Z3s Z4s zg} = {z3},
B (z) =min[—35, (—8+48)]= —5;
(S

==z
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nna g Ty ={zy, z3, Zo} 1 {Z3s Tis Ze} ={ze}
13 (2,) = min [2, (224 20)] =2;
e e

SJHC.
RAA Zg: To={zi, Z5, 21, T} N{Zss Ts» Za}={zi}s
BB (z4) = min [22, (—5+18)] =13;
=2

RAA Zy: T7={Zi» Zos Za} N {Z2s Zi» Za} ={Ti» Ze}
P (2:) = min [oo, min {(—5+4), (22+0))=—1;
o ! [ SR
=%y *5~%s
naR zs Ty ={z3, Z2}() {3y Zas Ze} ={Zs}»
B3 (zs) =min [oo, ( —8 - 24)] = 16;
2,42
Rt |
A o To={zss zs} N {Z3s Ts» Ze} ={Ts}»
1% (zp) = min [o0, (—5 -+11)]=6.
R
SJ#‘
Ilomerrx P (z;) pasau [0, —3, —8, —5, 2, 13, —1, 16, 6] xan
Z; =1z, Xy, ..., Ty COOTBETCTBEHHO.
IMaz 3 (6). IlepeiTa k mary 4.

Iaz 4. S = {zy, zy, Ty, Tp)-

a2 5. k = 3, nepefira k mary 2.
Hr na

ITpononmas sToT Dmpomecc, mOAyJIaeM pesyJAbTATH, DPHEBENCHHLE
BEXe B KpaTroil dopme.

Tpemwa umepayus
az 2. T (S) = {z3, 24y Tss Zay T1y T3y Ta)s
= {37, 3‘}1 I (z,) = —11,
{z3, Z2}y B (2) = =5,
Ty = {ze}, I (z5) = 2,
{31, Zo}, It (xg) = 1T,
{ze) 73}, I8 (27) = —1,
{za}, B (z) = 15,

To = {z}, I (z) = 6.
5 %errop nouerox I¢ (z;) pasem [0, —3, —11, —5, 2, —7, —1

WMaz 4. S = {z4 %3, 25}.

¥
|

o
mnn
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Yemsepmas umepayus
MMae. 2. T (S) = {as, 74, Z5, T9, Zg, To},
T3 = {zg}, I®(z5) = —11,
T, = {z4}, I* (z) = =5,
Ty = {z¢}, I (z5) = 2,
Ty = {xs, z8}, I (z7) = —1,
Ty = {zs}, I° (z5) = 13,
Ty = {zs}, I* (z) = 6.
Bextop mnomeror I® (z;) pasem [0, —3, —11, —5, 2, —7, —1,
13, 6].
llaz 4. S = {zg).

Mamasa umepayus

Waz 2. T (S) = {z5, 27, T},
Ty = {zg}, I8 (z5) = —11,
Ty = {ag}, I8 (zq) = —1,
Ty = {zo}, 1% (zy) = 6.

ITaz 3 (a). Ocranos.

Bextop momerox ¢ (r;) cosuanaer ¢ I3 (z;), B, cregoBarenbHO, aTRA
OOMETKW pPaBHb AJAAHAM KpaTdafimmx nyteft. Camm mytm crposrcs

-3 -1 13
X, X3 Xy
©

Xy

Proc. 8.4. OxoHuaTenbHL® HOMETKM BepmDH M I,-Gasa.

I0Cc/Ie0BaTeIbHO, KAK H B TOM CJIyYae, KOI[a MCI0Jb30BAJOCH COOT-
aomenne (8.2). CooTBeTcTBYIOmAan 7,-6a3a NOKa3aHa }KUPHLIMM THHUSA
mMu Ha pac. 8.4.
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3. Kparuaiilume nyrs Me:xay BcemMH# napaMs Bepmms

IIycrs Tpebyerca mafiTe KpaTuaiimme DYTH MeKAY BCeMH IapaMn
sepmuHE rpaga. OvepmAjHHE COOCOG DONYYHTH OTBET HA S3TOT BODPOC
SaKJIAETCA B N-KPATHOM LPHEMOHOHHH A&JTOPETMA DPOIHYIIETO
pasnexa, OpHueM KamALE pa3 B KavyecTBe HAYAJBHOH BePNIMHH §
Gepyrca pasnmuBEHe BepmuEH. B caysae moamoro rpada ¢ meorpmma-
TenbHOM MaTpHmedl Becop C BpeMs, HeoGxomAMoe AJA BHYACHCHHI,
DPONOPOHOHANLHO n®, a A DPOE3BOJBHOM MATPHIN BECOB OHO IPO
nopmmonanbHo n*. IToaToMy ecnm samada o xparvalimem myTm EMeert
Goasmy0 pasMepHOCTD, TO 66 HEBOBMOKHO POITHTH ¢ DOMOMBLI0 TOCIe-
AOBATOJBHOT0 IPEMOHEHHAA AJrOpPETMA H3 pasa. 2.2,

B BacToAmem pasgene MH ONHMmeM COBOPMOHHO HHOH NONXOX
K 3aJiaue HAXO/KAGHHA KpaTIadmmax OyTeif MeRIy BCeMH IapaMp
BOPIIAH. 3TOT METOX DPAMOHHEM KAK K HOOTPHIATENLHLM, TAK H K IPO-
H3BOJbHLIM MATPHANAM BeCOB H BpeMs, HOOOGXOAEMOe AAA BHYAC/IEGHEMN,
apouopEoBEaabEo n®. Ecia atoT Meron DpEMEHEHATH K rpadaM ¢ HeOTPH
OaTexbHOM MaTpHNeH BecoB, TO OH C3KOHOMHT mourE 50% Bpemenns
{11] Do cpaBHeHEW ¢ n-KpaTHWM DpAMeHeHHeM airopmrma JlefikcTpH
Meton Gna mpensomer mepsoEavaasHo Daoiigom [13] m passamr
Mepuwrannonm [27]. Or Gasmpyercs Ba HCIOIB30BAHAM DOCIEXOBATOND-
HOCTH B3 1 mpeobpa3osaHnil (aTepanait) EaganbEOK MATPEON Becop C
IIpm oToM Ha k- ATepamwem MaTpHIA DpeACTaBAAET NAMIWHH KpaTuaii
mmXx nyrell Me;RIy KasKmoil mapoll BepIIME ¢ TeM OTPaHAYEHAEM, TO
OyTh MeRAY T, B Z; (ANA MOGHX Z, A Z;) CONGPUT B KAYOCTBO IPOME-
ARYTOYHHX TONBKO BOPIIMHH H3 MHOMKOCTBA {Zy, Zs, . - ., ZIa}.

3.1. Aaropary ®uoliza (A1A UPOE3BOALEOH MATPHNH BECOB)

IIpemmonoReEM, TT0 B HATAABbHEOK MATPHNO® BecoB ¢;; = 0 maa Bcex
=1,2, ..., nE¢y = oo, ecam B rpade orcyrcrsyer Ayra (z,, z;).

I pucsoenue navasvruz suavenuil

IMae 1. Monomars k = 0.
Hmepayus
Maz 2. k =k + 1.

MMaz 3. fan Bcex i 5~ k, TakHUX, TT0 ¢4y 5= oo, H A BeeX j 7= k,
TAKHX, 9TO Cx; 5= 00, BBOJ6M OUOpALHIO

¢y =min [¢,;, (cin +cry)l. (8.5)
IIposepxa na oxonxanue

Maz 4. (a) Ecam ¢;; <<0, To B rpadie G cymecTsyer MEKA OTPANS-
TeABHOTO Beca, Cofep:Ramall BePMERY z,, B pemeHnsa mer, Ocramos.
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(6) Ecam Bce ¢;; >0 m k = n, 10 nonyseno pemenme. Marpuna
le;;] naer mnmem Bcex kparvaimux nmyteil. OcranoB.

(8) Ecnm Bce ¢;; == 0, 50 k << n, T0 BepEYTHCA K mary 2.

Joka3aTenbCTBO OOTEMATBLHOCTE OTBETA, HOJYIEHEOTO ¢ IOMOMBIO
9TOr0 aJTOpHTMa, Ype3Bwdaiino npocroe [21], [27], m Mu mpepmocras-
ngeM ero dmrartemo. OCHOBHasA omepamdsa aJTOpHTMa, ompefesseMas
cooTHomeEmeM (8.5), HasnBaeTca mpermecmuol onepayuei. Omna
AMeeT pasHooGpas3Hne OPEMEHEHHA B 3a[adaX TOH Ke NPAPOAH, TTO
o 3afada o KpaTdaidmem nyTu. Takee sagadd ofCy:KHaOTcA B mocie-
AYIOmMAX pasgenax.

CaMn KpaTyalmpe OIyTH MOMHO HafiTH 0O HX [JIHHAM C IOMOIIBIO
peKypcuBHO# mpomeayps, moaoGHOH To#l, KoTopasa BWme ompenens-
nachk cooTHomeHEeM (8.2). C mpyrod CTOPOHH, MOKHO HCHOJb30BATH
TeXHEKY, npegnoxenayo Xy [21], nia sanucn madopmanmm o cammx
nytax (Eapany ¢ mEJopMaiMed O IJIEHAX OyTel). 3TOT DOCAeNHEH
METOJ 8HA&JOTHYeH HCOOJb30BaHHOMY B pasf. 2.2.1 m ocoberno mose-
3¢H B TeX CJy4aaXx, Korpa tpebyercsa HaiTm B rpade OEKJ OTPHIE-
TeJbHOTO Beca (ecim TaKoil cymecTByeT). B aToM MeTone B jononuenne
K MaTpHIE BecoB C xpaHATCA B o0HOBIAETCA BrOpaAa (n X n)-maTphua
6 = [6,;]. SnemenT 6;; ykaswBaeT BepIIEEY, HENOCPENCTBEHHO Hpej-
MecTBYOIYX BepmEHe I; B Kpariaidmem OyTH OT z; K z;. MaTpurne
6O npmceBamBalTCA HavaJbHHE 3HavenmaA 0,; = r, maaA Bcex z; m z;.

B coorserctern ¢ (8.5) Ha mare 3 anropaT™a oGHOBIEHEE MATPHIL
LHPOACXONAT TaK:

Oy, 5, ecm (cyp +Cpy) << Cy; B KBaIpPaTHHX CKOGKax
6;;= ¢ B Bupaxenmn (8.5),
He H3MeHseTCA, eclE Cy;<C(cqn+ Cay)e

B KoHOe anropETMa KpaTdaiimme NYTH DOAYYIaKTCA HENOCPEICTBEHHO
A3 3aK/M0YATeNbHOA MaTpEnm O. Takmm o6pasoM. KpaTyadimmi nyTh
MEMKIY [OBYMs BepIIMHAMHA I; H I; JaeTCA CIEAYOMEe# nociemnoBa-
TEJIBHOCTbI0 BEPIIHMH:

Ty Tyy o o oy I\n Tg, Tg, z}:

e o = 0y, 25 = Oja, Ty = g m 1. 1. 10z, = B,

3nech ciemyer OTMETHTb, 9TO €CJH BCeM C;; OPHAATb H&YAJbHHE
sHaveHHsa oo (a He (), To KOoHeYHOe 3HAYEHWE BeJHIAHH ¢;; Oymer
paBHO Becy IlenH, IPOXoJsmei 9epes BepIKRY Z;. JIeTKo TaKKe BANETD,
9T0, ECXOMA K3 CTPYKTYPH MaTpHEnu O, moxydemHo# B nmpomecce Toi
HTepan¥m, KOT[8 B3JeMeHT ¢;; CTAHOBHTCA OTPHIATENbHEIM, JErKo
HaHTH @IWKJ OTPUOATEJIHLHOTO Beca, COOTBETCTBYIOIEA aTOMy 3Je-
MEHTY.

910 o6cToaTenscTBO Hcmoabayerca B ria. 11 nopm peanmsanmmm
OCHOBHOTO IIara B aJTOPHTME OOHCKa B rpade NOTOKa MEHHMAJIBHON
cronmMocTH. OHO OKa3KBAGTCA TAKMKE NOJE3HKM H BO MHOTHX JIPYIruXx
npuioKeHnAX (06 8TOM rOBOPHTCA B CHENYIOMEM Dasieie).
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4. OOnapy:xeEMe IHEIOB OTPHLATEILHOTO BeCa

3aiaua BHABIGHNA OHKJIOB OTPHOATEIHHOTO BeCA B IPOH3BOJb-
HoM rpade BakHa Kak caMa mo ceGe, TaK M B KaueCcTBeé OCHOBHOTO
mara B 6ouxee caoRHHX aaropmrmax (cM. pasm. 4.1 Emwe m ra. 11).
B Bacrosmem pasfiene dTa sajaua o6GcyAcfaeTci HOCKOABKO Goiee
mofipo6HO, 7eM B OPEefHAYIEM.

B pasa. 3.1 otMewasoch, wro aaropmTM Quoiifia BaxomAeHMA
KpaTuafimmx myTeil Me;Ky BCOMA IaPaMHE BePIIRH MOKeT GHTH HCIOaL-
80BaH W JnA ofHapyeEma B rpade WHKJIOB OTPHOATEILHOTO Beca.
Kpome Toro, B Tex cayuasx, xorfa B rpaje HEmeeTcA BepmHEHA §,
H3 KOTOpOoH ROCTE)KHAMH BCe OCTAJNbHEE BEDIIMHH 3Toro rpada, ans
HAXOKAEGHUA IEKJIOB OTPHIATEHHHOTO BECA MOKHO TAK)Ke HCIOJb3O-
BATH ajropaTM B8 pasn. 2.2.1 (kak sTo yxasuBaercA Ha mare 3(B)).
Ecan He Bce Bepmmun rpada G mocTHREMH B8 § (HAIPAMep, Korma G
fIBIAETCA HEOPHeHTHDOBAHHKWM rpadoM, COCTABIGHENM HEe MeHee
9eM BB IBYX CBABHHX KOMIIOHEHT), TO &JAropaTM pasf. 2.2.1 saBepmuaT
pabory (xak ® fo/MKHO GHTH) mpH CIENYHMEM pacHpefieeHHA MOMe-
TOK: Y BepIIMH H3 KOMIOHGHTH, COfiep/Kameil s, IOMeTKH KOHEYHHE,
a IOMETKM BepIIME B JAPYIEX KOMIOHEHTAX PaBHH oo. B aTOM cayvae
OEKIH OTPHNUATEABHOTO Beca, Je/KamEe B JPYTAX KOMIOHEHTAX,
He GynyT o6Bapysenn. TeM He MeHee BO MHOTHX BA/KHHX IPHJIOKe-
HHAX aJroparMa oGHapy/KeHHA IHKJIA OTPHNATENLHOr0 Beca (cM.,
HampeMep, ra. 11, pasu. 5) Bcerma EMeeTcs B pacHmOpAsReHHH Bep-
MABA §, M3 KOTOPO# [OCTE/KMMH BCE OCTAJbHHE BepPIERHH. B Taxmx
cIOydYasX AJTOpPETM M3 pasf. 2.2.1 mpE momcke IMKAOB OTPHEIATONB-
HOTO Beca IPeNOYTHTEJIbHeH ¢ BHYMCIETEILHON TOYKH SPeHHA, UeM
aaropard @aoiiga.

Ilpasmia ocranoBKm ajroparda E8 pasf. 2.2.1 mamorca B dopme,
mO3BOJAKOMe! MHHEMESHPOBATH 00B6M BHTACIGHHE npH IOHCKe
Kpardaiimux nyTell A3 BOPIEEH $, 6CIH TOJIBKO B rpade G 0TCYTCTBYIOT
IHEAH OTPHIATEILHOTO Beca. ITH MPABHIA MOTYT OHTH BAIOMBMEHEHH
TaK, ITOOH KA OTPHUATEJHHOIO Beca 06GHapYREBaIWCH IO BOB-
MOKHOCTE GHicTpee.

IToce xammoro M3MeHEHHA IOMETKH BOPIIRHH Z; B HAXOK/CHAA
mopxofsmeli BEPHIMEH Zjye, YROBAeTBopAlme# cooTHomesmw (8.3),
MOKHO IPOBEDHTH, AEHCTBHICNbHO JH Z; NPWHAJNGKHT TEOKYIIEMY
KpariafimemMy myTm o'r 8 K Zy+ (9TOT myTH MOKHO HABTH, HCHOIBBYH
rexymmue nomerrn 0). Ecam 810 Tak, T0O BepmEHA Zje 6suta momeuena
gepes z; B E3 HepaBeHCTBA [* (zj0) + ¢ (z4e, 2;)) <P (z) caemyer,
9T0 9YACTHL TOKYMero Kparsaiiliero IYTH OT Z; K Zy» BMecTe ¢ Jiyroi
(z4¢, z;) mommEa 06pasoBHBATH MEKJI OTPHOATENBHOTO Beca H paGora
QJrOPHETMA MOKET 3AKOHTHTHCH. ECHH 7Ke mOMeTKAa BePIEHM Z; Jm6o
He mameHserca (B coorsercTBEm ¢ (8.3)), 1m6o msmeHmercs, HO I;
He Oyper ODpEEAANERATH TOKYmEeMY KpardalilleMy OYTH OT 8§ K Iy,
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To pafora ajJiropATMa MOKeT Opofo/iKaThca A0 mara 3(a). Caemyer
3aMOTHTh, 4TO OOHCaHHAaA Mofnduramus fAenaer maammHAM mar 3(B)
aaropurMa H3 pasf. 2.2.1, Tak Kak Temeph OHKJ OTPHIATEIBLHOTO
seca o0Hapy:KHBaeTCA Cpaay Ke [OCIe ero HOABJGHHA, A He B KOAIE
RCeH mponefypH.

%.1. OnTamansaue queam B rpadax c ABoiimmME Becamn [24.9)

Bo MuorEx caryanuax BosHmKaer ciefynmas sagaua. [am rpad,
IyraM KOTOpPOr0 HOPHOHCAHH [BAa YHCJa — BeC H HOKOTOpPOE ApPYyroe
ancao b;;. Hymnso maiitm rtakoit muka @, nina Koroporo mesnesas
dyuKiaa

Cij
(x4, X7)ED
N1

Z((D) = b-j
i
(x4 xj)EQ

MHHHAMaJIbHA (HJH MaKcHMaJjbHa).

PaccmoTpuM, Hampumep, ofcayskmBaHue CYIHOM HAM CAMOJIETOM
HEKOTOPOH CETH MAPWIPYTOR H IPEALOJOKUM, UTO C;; — YBHIOJAN,
& by — «Bpemsa», HEOGXOMEMOe NJA UPOXOKIGHHA W0 nyre (z;, z;).
Jamava HaXOMKIEHHA 3aMKHYTOTO 06CIYXABAEMOTO MapIIPyTa MAK-
CAMHE3HPYIOINEIo BHIOAY, OTHOCHTCA K 3aflayaM OMHCHBAEMOI0 THIA.
Boaee peanmcrmunne 3agaydm, yYMTHBAOMAE €MKOCTb TPAHCIOPTHHX
CpejAcTB H T. [., paccMoTperH B paGore [9).

A pyramn 3agauamm, KoTOpHe MOKHO cHOPMYITAPOBATh KUK 3afadl
HaXOK[eHHA OUTHMAJBHHX IIHKJOB B rpadax ¢ ABOMHLIMHE BeCAMH,
ABNAIOTCA 3aJIa4H IVIAaHADOBAHHA NapaJuUleIbHHX BHYMCAeHmH (31)
H yOpaBJeHHA TeXHOJOTHYeCKEMH mpomneccaM: [6).

3anauy HaxomKaeHns B rpade ¢ fABoiHHME Becam: muxiaa @, nia
KoToporo ormomende z* (D) MAHAMAJILHO, MOKHO peMIATh, HCIOIB-
3ya ajaroparM o6napy:eHHA B rpadie OAKJIA OTPHIATENBLHOrO BeCd.
J1o penaerca Tak. HomycrmM, 4ro Beca ¢;; B b;; — IPOH3BOIBHEE
ReACTBHTEbHKE Jucia (HOJO0KHTeJbHHE, OTPANATENbHEe HIH HYJIB)
C e[HHCTBeHHHM OrpaHEYeHHeM, 4T0 A Bcex nakaoB @ ma G

> by >0. (B 6oapmmuacTBe OPaKTAYeCKHX CHTyaOu#d, HaOpH-
(xg, 31)50

Mep, YOOMAHYTHX BHIe, cy; = 0, HO by > 0 naa Becex i @ j.)
Boanmem mexoTopoe mpoGHoe smauemme z* peneBoil yHKIEM
z (D) = paccmorpam rpad G ¢ MogrdENEpPOBAHHKEMA BECAME

c?,:c”—z"b”.

[Toonwrka HafiTa B G ODEKJA OTPHOATeNBHOTO Beca C MaTprned
h
{e45] Momer mpmBecT: R caenyiomEM TPeM BO3MOKHOCTAM,
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A. Cymecreyer makn @~ oTpEmaTenbHOro Beca, ANA KOTOPOTO

2 Cihj < 0.
(x‘ » x])EO-

B. He cymecTByeT HEKAKOTO IHKJa ¢ OTPHNATEJLHEM BeCOM H

Y  efj>0 pnaa ncex mmkmos @.
(x‘o xl)EO

B. CymecTByeT OHKA ¢ Hy/leBHM (HO He OTPHIATENHLHHM) BECOM,
T. €.

¢ij=0 nna mexoroporo mEkaa @°.
(xgs X)EDO

B cayuae A z* (MEEUMAaNBHOe SHaYeHHE z) MeHbIIe TeM 2z, Tax
KAK HEepaBeHCTBO

h
Y di=m X ey— N byy<0
(x4, xED™ (x4, x))ED™ (xpy x)ED”
MOKeT BHIONHATHCA TOABKO UPH

ey
(x5, x))ED™
_‘_-l__ < zh’.
byy

(x‘o x I)EO-

a 8TO0, OYEBHIHO, 0BHAYAET, UTO z* MOIKHO GHITH MeHBIe deM z°.

Ananormaro B cayiae B z* > z*, a B caysae B z* = z*. Bce
CKA3aHHOEe NUPHBOAHT K CJAeAyOmMeHR npomeaype momcka. Haumem
¢ Hekoroporo 3madeHms z!. Ecam 210 3HaueHme CAEMKOM BOXEKO
(T. e. mMeer MecTO caydait A), BospMeM 22 << z!; eCaH jKe OHO CAMITKOM
mano (1. e. mMeer Mecto caydai B), Bossmem z® > z'. Kax Toanko
Gynyr HafifeHH BOPXHAA H HWKHAA TPAHENOH (COOTBETCTBEHHO Z,
B z;) naa z*, Gepem z* = (3, + z,)/2 m samensem B cayuae A z,
Ha 2", a B caysae B — z; Ha z*. Tak Kak uEcI0 HTepammit mpomop-
OEOHANHHO YHACJHY BHAYAmEX paspafoB TpebyeMol TowHOCTH, T. €.
mponopneEosansao log 1/v, rae 1 — BeAMYMHEA NOrpeNIHOCTH, B TaK
KaK KayKAas HTepamEa (HAXOKICHHEe OTPHINATEALHOr0 IHKIA WIH
BHYNCJIEHIE NONHOR MAaTPHNH paccTosHmIA) TpeGyer mopsaxa n® ome-
panmii, To pemenme cPOPMYNHPOBAHHOH BHIIC 3aAAYA C JABOMHHMH
Becamm Tpebyer O [n® log 1/] omepammit.

5. Haxoxnemme K xpaTuaifimmx myreif
MEeXAY ABYMs 3aXAHHHIMH BepPIIAHAMM
B pa3an. 2 6uar gaEH METORH HAXOKAGHHA B IPOHSBOARHOM rpade

KpaTiaiimero nyT® oT s K {. Ho Bo MEOrAX mpPaKTHYECKHX UpPHIOKE-
HAAX TpeGyercsa eme, uTo6H KpaTealimmil WyTh 06AaMan HEKOTOPHME
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JONOJIHHTEJbHHMHA CBOHCTBaMH. JTY 3ajady MOKHO, KOHEYHO, pac-
CMaTpHBATh KAaK 3aJady KpaTdaimero OyTH ¢ HEKOTOPHIMHA JONOJIHHA-
TeJIbHEIMH OTPaHAYeHHAMH (4] mam kak MEOTONLENeByl0 3ajmadvy,
B KOTOPOH YYMTHBAIOTCA HE TOJABKO NJIHHA IYTH, HO B Apyrne ero
ceoiictea. Ho atm yciaoxmenua Gynyr, Boo6me roBops, CH;IBHO yBe-
JHYABATH BHYHACJHTEJBHYI0 PaboTy, I ¢ DpaKTHYECKOH TOUKHN 3peHHAH
6osee npocro Haditm K Kparyailmmx myredl or s X ¢ m BuGpaTh cpeanm
HHEX TOT, KOTOpH# o6jamaer HYXHHMH cBoicTBamH. XOTA TakoHk
MeTOd H He 9KBHBAJEHTEH NPAMOMY PacCMOTPEHHIO MONOJHHATEIbHEIX
cBOficTB nyTH (mpEMep 3Toro GymeT KaH B pa3l. 7 HACTOAMEH I.I1aBH),
HO OH NPUMEHHM Ja’Ke B TeX cJydJadxX, KOT[a 3TH CBOHCTBA cHOPMYIH-
pOBaHH He CTPOr0 HJHM KOTHAa.OHA IO CBOEH IpHpofe CyOHLeKTHBHHL.
B aTom Mertome mpennoiaraercs, 910 K KpaT4aAmmx nyTed mMexny s
¥ ¢ Moryr OHTh HalfieHH RocTaTodHO 3ddextrBHO. MenHO 3TO 6ynmer
OpeIMeToM H3YyYeHHAA HACTOAMEH TIJIaBH.

Mu 6ynmem 3amecs mpemosarath, 49TO PACCMATPHBAIOTCH TOJIBKO
opocte nenm. M xora Kpatsadmuil myrh HeoOXOXHMO HOJKeH OHTH
opocToil mensio (OpE ycaoBHn, 970 Trpad He CONEP/KAT LHEKJIOB OTPH-
IaTeJBHOTO Beca), HO BTOPOIl, TpeTH i T. A. KpaTiadmue OyTu He 061~
8aHK OHITh TAaKEMH Jajke B clIydYae, KOTAAa BCE €;; [OJOKHTEIbHHL.
3anagva maxomxpenna K kpartuaiimmx nyreir 6e3 TpeGosaHHA, 9TO OHM
SIBJIAIOTCA NPOCTHMH [UEeNAMH, HAMHOTO Opole, M [JIA €€ pemeHAs
Xoppman m Ilamam [20], Caxaposuu [32], Beramar m Kana6a [3)
IPeNJIOKHUIM HTePAIIOHHBIE METOMbI, AHAJOTAYHEE ONACAHHEIM BHIIE.
OnEako MmommduuupoBaHMEe ITHX METOAOB C IEJbI0 OOJNYIEHAA HPO-
CTHIX Ienedl OCYMEeCTBATH HE COBCEM JIETKO, 4 TAK KaK NOYTH BO BCEX
IPaKTHIECKAX NPAIOKEHHAX AITOPUTMA HAXOK[IEHHA K xpartvaii-
mAxX nyTei 'rpe6y10'rc;1 HMEHHO IPOCTHE LeNH, TO ME ONHIIeM METOX,
npemnoxenani Wemom [35] m mossoasomuit naxommrs K kpardai-
ImAX npocmux lenei.

Hycrs P* =5, zh, zh, .. zgh; t — k-it kpaTyailmui nyTh OT §
K t, tne zk, zh, ..., zgk — COOTBETCTBEHHO 2-fI, 3-f, - .., (y-A
BepImEHEH k-ro KpaTyaiimero nyte. Ilycrs P — «otkioHeHHEe oT IyTR
P*-1 B Touxe i». Ilon aTHM HOHHEMaeTcs clefylomee: P? — KpaTvai-
mei# B3 nyTedl, COBOafalomux ¢ P?—l OT § [0 i-i BepIIAHH], a 3aTeM
HOYmME#A K BepmmEe, oTAMIHOA oT (i + 1)-z BepmmH Tex (pamee yxe
DOCTPOEHHHX) Kpatyaimmx oyreir P! (j =1, 2, ..., k — 1), xoro-
pHe HMEIOT Te jKe caMile HavaJbHEE NONOYTH OT S K i-il BepIIHHE, YTO
m P*-1. P} npuxonur B BepmmHY £ 0 KpaTdaimemy IOXIYTH, He IpPO-
XONAmMeMy HH d9epe3 ONHY H3 BepmuH §, zi~l, zk-1, . | 27, yua-
cTBylomEX B jopMApPOBAHHE NEpBOI JacTH Oy TH P?. Orciopa caenyer,
ato myTh P} HE06XONMMO ROMKeH GHTH NPOCTOH Memsio.

Iepsuit nonny'rb s, I’;, 8 ..., z! (coBmamarommit ¢ s, zhl,
oL, ) nyru P! nasmiBaerca ero kopmeM m 06o3HA-
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waercs R}, a BTopol moxmyTs z}, . . ., ¢ myre P} HaswmBaercs oTBeT-
BiIeHEeM B oGo3HagaercsA gepes Si.

Axroprtv HaumHaeT paGory ¢ HaxopmeHEs P! ¢ moMompio aiaro-
pETMA KpaT4aiimero myTH OT § K [, ONECAHHOTO B pasA. 2. JTOT OyTh
nomemaercs B cnacok L, (xo'ropun IOJIREH conerxca'rb k-e xpaTuaii-
mme nyrta). B o6mem c.uyqae i HAXOKMAEeHEA P* HY)XHO yKe EMeTh
KpaTuadimme myrm P, P, ..., P*-1, Hwxke mpHBONMTCA OmMECaHEE
aJIropATMa.

9.4. Onmcanme aaropETmMa
ITpucsoerue nawaavHuz sxavweHul

Ilaz 1. Haitrm PY. Monoxuts k = 2. Ecim cymecryer TOAbKO
onuH Kpardafimmir myte P!, BRIOYETH ero B cmmcok L, m mepefitm
K mary 2. Ecam Takmx nmyrelf HeckoJbKo, HO MeHbIe, 9eM K, Briio-
9ATH OMHH H3 HHEX B COHCOK L., & ocTajibHEHE B cOMCOK L,. Hepenm
K mary 2. Ecam cymecreyer K nam Gonee KpaTuaBmmx myre#t p!, To
samaua pemena. OcraHoB.

Hazoxcdenue ecex omxsornenuil

IMlaz 2. Hatire Bce otriomenms P} (k — 1)-ro kpaTuafimero myTm
L ana seex i =1, 2, ..., qu_y, BHIUONHAA QAR KARIAOTo i MATH
¢ 3-ro mo 6-i.

IMaz 3. IlpoBepnTh, cOBIAafaeT JH NOANYTh, 06PasOBaHHHN Iepe
BHMHE i BepmmHaMu wyTH P*-1, ¢ moamyrem, o6pasoBaHHEM MePBHME {
pepmuBamm moGoro ms myrek P/ (j =1, 2, ..., k —1). Ecam ma,
monoxeTs ¢ (z; ', 7],1) = co; B IPOTHBHOM ciIyune HAIETO HO HBMe-
HATHb. (IlpE BHNOJNHEHMH aJrOpHTMa BepumHA I, 00osHAauaercsa s).
Ilepeiite Kk mary 4.

ITaz 4, Ucnonpsys aaropETM KpaTdaiimero nyTH, Halitm KpaTdali-
mme OyTH S? or ;™! K f, ACKNWUAA M3 PACCMOTPEHNs BOPIIEHH §,
4, £, ., Z¥"'. Ecam cymectByer HeckoxbKo KpaTyafimux
myreli, B3ATh B KadecTBe S, ONMH H3 HEX.

Hlaz 5. TlocrpomTh P}, coemumenss R} (=3, z %, z 1, ...
e+ ¢S mmomecrars P B comcok L,.

Ilaz 6. 3aveHnnATs 31eMEHTH MATPANN BECOB, ABMEHEHHHE HA ITare .
HX NepBOHAYANHLHHME 3HAYEHHAMH B BO3BPAaTHTHCA K ATy 3.

Bubop xpamuatwuzr omraoneruil

IMlaz 7. Hafite kparvaiimuit nyts B comcke L,. OGosHaumTh 3aToT
nyts P* m nepemectats ero ms L, B Ly. Ecim k = K, To anropums
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sakag4ymBaer pabory u L, maer tpebyemuit cmmcox K xparsaiimmx
nyreit. Ecnr k£ << K, nmonoxuate kK = k 4 1 1 BepHyThCA K mary 2.

Ecam B L, mmeercs Gonee 4eM ogME KpaTdaiimmi oyTts (cKaskeM, h
nyTeit), To noMectTaTs B L, mo06oil B3 EEX A OPOROJKATh, KAK M BHIIE,
RO Tex mop, NOKA yBeJHYeHHOe Ha h 9HCJIO myTed, yiKe HAaXOAAIIHEXCH
B L,, Be coBnagar ¢ K mam He mpeBHICHAT ero. Torxa ajropnT™ 3aBep-
maer paboty.

O6oCHOBaHAE BLINENPHBEJEHHOTO &JTOPATMA OCHOBAHO HA OYe-
sEgEOoM dakre [11], [20]: myrs P* nommen GHTH OTKIOHeHHEeM Ha i-M
arane (IpdA HeKoTopoM i > 1) or omHOro m3 6Golee KOPOTKHX myrei
Pl pz ..., P*1 [Jlosromy Heo6XogmMo HPOCTO HOCTPOHTH BCE
KpaTuafimme OTKJIOHEHHS OT Kaskmoro @3 P’ m mpocMoTpers mX AJas
HaXOKIEHHA CaMOT0 KOPOTKOTo OTKIOHeHHs. Jro W Oymer myTh PR,
Crnenyer 3aMeTHTh, YTO HpH k-d HTEpalHHE BCe KpaTJadIIme OTKIOHE-
gas i PP j =1, 2, ..., k— 2, y®e BKI09eHH B L, B HYXHO
HafiTM TOJIBKO OXHO OTKJIOHeEHe oT P*~! m momoiHHTh HM AMEOIHAACH
CIIHCOK. .

Ha mare 3 Mu monaraem c (x?_i, zl, 1) = oo maA Tex P’ mavanp-
Hhle OOAOYTH KOTOPHX, COAepsKalide { BepIIMH, COBOANAIOT C HAYAJIb-
HHIM i-BePIIMEEHIM mopnoyteM mytE P*-1. Jro meiraerca ;ias Toro, 9to-
6L He moayunTh cHoBa P’ B KauecTBe OTKIOHEHHA (B TOUKE i) OT HyTH
P*-1, 4qro BHIOJEHE MOTIIO CIYYATHCA, ecad 6K MH JeACTBOBaJIH HHaYe,

Tak Kak npm j <<k — 1 Bec nyrm P’ ge 6oapme Beca myrm PR-1,

XoTsi Ha mare 5 aJArOPETMA KaKAH MOPOMACHHNHE myTs P,
A IoMemaercA B cmEcok L,, COBepmEHHO 0YeBHAHO, 9TO Ha k-ii mTe-
panEA 3TOT COHCOK He NoJKeH cofepxartb Gomee K — k -+ 1 kpat-

qaitmux oTkiaoHeH®HE Py, C BHYMCIHTeNbHOR TOYKE 3peHHA Hamboee
CJIOKHKIM fBJIAeTcA mar 4, rae tpebyerca O (n?) uam O (n®) omepanmit
B 3aBHCHMOCTHE OT TOT0, 6yayr am Bce c;; == 0 mam ¢;; = 0. Tak xak
3TOT mar npm k-i ATepPalAE BHIOJIHAETCA ¢, Pad H TAK KaK g = N,
a udECcJ0 HTepanEid pasHo K, To paccMaTpHBaeMEIH aJTODETM HpH
HAaXOKAEeHHMM Kpardaimmx nyreir tpebyer mopagka Kn® mam Knb
onepanmit. IlepBas BeaWYEHA OTHOCHTCA K rpadam C HEOTpPHIATENb-
HHIMH MATPHIAMHE BECOB, a BTOopag — K rpadaM ¢ IOPOH3BOJbHEIMHE
MaTpuname 1),

1) Jlerko BEAETH, 9T0 KpaTJafiime IIyTH OT § K £ GYAYT TeMH e CAMEIMA OTHH
OTHOCHTEJIbHO NPYrOro, €cAH BCe Beca c;; 3aMeHNTL HA ':i_; = ¢;; + hy — hy,
T BeIWYMHN h — NPOM3BOJLHNE YHCIA, TPANECAHNANEe BepmuHaM rpada. IToms-
ayscs otuM daxrom, Ii. KEyT (B 9acTHOM coofmeHAn) moKasak, 9T0, B3AB h; =
= d (s, z;), MOHO BCeIfa NOAYYHTH c’; « 0. Tak kak paccroaEma d (s, z;),
Moryt GHTE monydYeHH B o6mem caydae ¢ nomomso O (n%) omepamuid, To Ha ca-
MoM fene (npeofpasys mpenBapATeNbHO Beca) X B ofmeM ciaydae MOMHO HafTH
K wparsaiimux nmyreii, ncnossaya O (Kn®) onmepamait.
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6. Kparuaiimmii myTs MeRRy AByMA 3aAaHHBIMH
BePIIAHAMH B OPHCHATHDOBAHHOM AIMRKIAYECKOM rpage

Meroan, pasBETHE B HPeANAYIMEX pasfeaax 5Toi rAaBH, HPHME
HEMH K COBePHIENHO Ipomr3BoAbHNM rpadam. Ho Ha mpakTrke sagavy
KpaTiaitmero myrs gacTo TpefyercA pemars JUIf Kiacca OPHEHTHPO-
BAaHHEHX anERAIEyeckmx rpados. Taxme rpadH BO3HHKAIOT B MeTOJaX
NEPT = MKIT ?).

HomycTmy, 4T0 HY:RHO peanH30BaTh HEKHH G6OJBIIOE IPOEKT,
B 9TOT IPOEKT COCTOHT B3 Gobmmoro amcia aTanos. Mu MoxeM mso6pa-
SHTb Ka)KAHH 3Tam BepmMHON HexoToporo rpaga m mOCTPORTH AYTY
OT BEPIEHH Z; K BEPIIEHE Z;, ITOOH IOKA3aTh, YTO BTAN i JOJIKeH
mpeamecTsoBaTh sTamy j. Haskmo#t Ayre mpENHCHBaeTcA HEKOTOPHH
BeC ¢;;, PABHHI MABAMAJBLHOK 387I6P/KKe BO BPeMEHH MO;RAY HAJAJI0M
sTama [ @ HagajgoM stama j. IlycTh, Hampmmep, IPOeKT IpPeACTABAAET
coboit mporece CTPORTEAbCTBA 8AAHAA. JTAl { MOMKET COCTOATH B CTPOB-
TeJABCTBE CTeH, BTAN j — BCTABKA OKOH, 9Tam Kk — IPOKJIAAKA IpO-
BOJIOB B cTeHAX U T. . O9eBAXHO, 9TO B 9TOM CJIy4ae HYHHO IPOBECTH
AYTE OT Z; K Z; B OT Z; K 7. Ho MEHEAMAJNBHHE CPOK MERTY HAUAIOM
CTPOHTEILCTBA CTEH A BCTABKOR OKOH MOKeT GHTH OTJIMIHEM OT CPOKA
MEKIY CTPOHTOILCTBOM CTOH W IPOKJIaAKO# mpoBoxos. Ecam, Hampm-
Mep, OKOHHHE pPaMH JepeBAHHHE H CTeHH XO/KHH CHAYAJIA BHICOX-
HYTH, & JUIA ONPOKJAAKA HPOBOAOB 3TO He BAIRHO, TO Cyy => Cix.

CoBepmenHO 09eBRAHO, ITO PacCMaTpHBaeMHil rpad Gymer opmen-
THEPOBAHHHM H anuKIHiecKHEM. [leficTBATeNbHO, IPEANOJIOKEHHES
0 CYmECTBOBAHHHM HEKOTOPOTO IHKJIA, COJep:Ramiero BepmIUBY I,
OpHBOAET K (HejemoMy AJA Hamell 8ajlaum) BHBOXY O BOSMOKHOCTH
IOBTOpPeHHEA JTama i.

B sagaue rpebyerca HafiTa MEHEMAJIbHOE BpeMsa, HeoGXOMEMOe 1A
peanmsanuE npoexra. VIHKIMEA cloBaMH, HY#HO HaiTh B rpade camuil
Oaunnwi nymv MERNY BepIIHEHOK s, msobpasKammiell HAYANO, H Bep-
mmHol ¢, rsobpaskarmeln saBepmenne BCOX BeOGXOMEMHX AJAA peayn-
samue mpoexta paGor. Camiii NNEHHENE DYTh HASHBAETCA KpUMUle-
CKUNM IIyTeM, TAK KAK STAIH, OTHOCAINHAECA K 9TOMY ITyTH, OIPEAEIAT
HONHOe BpeMsA peajHsaNiE IPOEKTA B BCAKAA SafNep/KKa C HAYAI0M
BHIIOJIHOHEA JI060T0 B3 S9THX 3TAOB NPHBEET K 8afep/KKe BHIOJIHE-
HAA IPOGKTA B IHEJOM.

CxoacTBo 3Toi sajaum ¢ safgavedf 0 KpaTuaiimeM DyTE MEKAY S | ¢
COBEpIIeHHO OYEeBAAHO M €6 MORHO DeITATb, HCIOJL3YA AJITOPATM

1) PERT (Project Evaluation Research Task) m CPM Critical Path Method).
Jlaa mepBoro MeTojA B oTedecTBeHHOE amteparype mpEmaT Tepmmm CIIV (cere-
BO® NIAHHPOBAEEe E ynpapieHme). Bropoit MeTo[ HASHBANT METOROM KPHTHYO-
croro myta.— Ipux. ped.
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n3 pasfg. 2.1.1 (tak Kak Bce ¢;; > (), saMeHHB Bce omepanmE min
#a max. Ho aTor aaropaT™ 6ni1 6m CAMIIKOM HEIKOHOMHYHEIM, TAK
KAK OH He YYATHBAET CIelHaTbHOH CTPYKTYPH rpada. Moxeo mpm-
MEHHTb [PYrod aJropATM HaXOKAeHHA CAMOr0 JJIAHHOTO OYTH. JTOT
HOBHHA QITOPATM ONACHBAETCA HHKE HMEHHO B TEePMHHAX CAMOTO
AJEHHEOTO OYTH, TAK Kak oOnYHO TpeGyeTcs HaiTH Kak pas Takoi
OyTh. 3afada 0 KpaTdaiimeM OyTH B OPHEHTHPOBAHHOM AMAKIHIECKOM
rpade Taxike MoeT GHITb pemeHa ¢ DOMOIIBI0 IPABOXUMOTO AJTOPHT-
Ma, HY/KHO JIHIOb BCE OMEPALME max 3aMeHATh Ha min.

6.1. AxropaTM HaxOKIEHEA €CaMOro SIAEHHOIO (kpoTHYECKOTO)
OyTH B OPHEHTHPOBAHHOM ANHKIMdIECKOM rpade

Ilycts BepmEEN mpoHYMEpPOBaHH TaK, 9TO Ayra (z;, ;) Bcerma
OPHEHTHPOBaHA OT BODPIIEHH Z; K BePMEHE z;, AMeOMmMed 6olbmmi
Homep. JlnAa aumkamdeckoro rpada Takam HymepamdA Bcerga BO3-
MOKHA H OPOH3BORMTCA O4eHb Jerxo. IIpm sTtom HawanbHas BepmmEa
moaydaeT HoMep 1, a KoHeUHAA — HOMEP n.

Ilprceomm BepmEme z; momeTky ! (z;),— paBHYI0O AJHHE caMoOro
IImHEEOTO IyTH OT 1 KO Z;, ACOOAB3YA AJA 3TOrO COOTHOMEHHAS

I(z))= max [I(z;)+cyl; (8.7)
xiEI‘_(x])

BaTeM NPHCBOHM IOMETKY BepmmEe (Z; 4 1), mpEmeBHmB cHoBa ¢op-
myny (8.7), m Tak fazee Jo Tex mop, HOKa HOCIENHAA BepmHHA N
He moayuaT moMeTkKy ! (n). B coorBomemmm (8.7) I (1) moaaraercs
paBebM Hym0. Ecim sepmuna z; momedena, To moMetkH ! (z;) mapecT-
HH 1A Bcex BepmuH z; € I'™! (z;), Tak Kak B COOTBETCTBHA CO CIO-
cobov HyMepanHE 2TO 03HAUAET, 9TO Z; < Z; H, CJIOJOBATEIbHO, BEp-
IOAHH Z; y/Ke IOMedeHH B IPONEcCe IPEMEHEHAA AJTOPHTMA.
Ilomerka [ (r) paBEa [iIMHE CaMOro MJHHHOTO OYTE OT 1 HO n.
Camu gyrm, ofpasyoomuae OyTh, MOTYT GHTH HAHNEHH OOKYHEIM CHO-
coboM mocienoBaTelLHOTO BOBBpaNmleHEA. A HMeHHO Ayra (z;, zj)
OpEHAAJNEKAT OYTH TOTAa M TOJAbKO Torpa, korma l(z)) =!I (z;) +
—+ ¢;;. HaumHaA ¢ BepmEHHK z; paBHO# n, mojaraeM Ha KayKAOM IIare
Z; paBHOH TaKoil BepIIAEe Z; (CKasKeM, Z}), AJIA KOTOPOH BHIOJTHAETCH
8TO mOCJeHEee PaBeHCTBO, A TAK OPOJOJKAEM [0 TeX HOp, moKa He 6y-
JleT T0CTUrHyTa HavaJbHas BepmmHa (T. e. moka He Gymer zf = 1).
CosepmenEo oueBHAHO, 4TO HOMeTKa [ (z;) BepmMEEW z; Jaer
BInHHelimA# nyTh ot 1 A0 zy, T. €. caMoOe paHHee BO3MOKHOE Hadalo
BHIOOTHEHAA 3Tama, W3obpaskaemoro BepmEHOA z;. Takmm oGpasom,
ecan (z;, ;) — nyra B rpade, To ! (z;) — I (z;) — c¢;; (meoTpunaTenn-
HafA BeJIMYHHA, Kak 3To BEAHO u3 (8.7)) maer camoe 6oapmoe BO3MO:k-
HOE BpeMaA 3aflep’KKH Hadaja arama i, He OKa3WBawoIlee BIHAHAA
Ha BpeMA Hadajga srama j. 13 BumeckazagHoro BHAHO, 4TO ecaHl i
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7 30 9

-

(6)

Puc. 8.5. (a) I'pad us mpumepa 6.1.1. (6) OxoHvATeAbHEHS NOMETKE BOPIIEE
H KPHTHYECKEH OyTh.

E j — Ba NOCHeNOBATONLHHE ?TANA B CAMOM JJHEHOM IYTH, TO
l(z)) —1(z)) —cy=0.

6.1.1. Ilpamep. Paccmorpum mmarpammy ITEPT, msoGpaxenmyio
Ha pac. 8.5 (a), rae Tacia, cToAm@Ee y AYT, YKASHBAKOT IPOAONKHATONE-
HOCTh 3aflepKeK B AHAX. HaKoB HamMeHBIIMI BOSMOKHHI CPOK ¢,
punoxHennsa aroro mpoexra? (IIpemmonaraerca, wro Bepmmua 1
ABAAGTCA KOHEYHOH H eil COOTBETCTBYeT HYJAEBAS IPOROJHKHTENb-
HocTh.) Bepmmnu rpada yme mpoHymMepoBaHH TaK, 9To xyra (z;, z;)
CymecTByeT JHMb OpHE Z; > z;. lIpEmenenme Bupa;kem:a (8.7)
x rpady, msobpaskenHoMYy Ha pmc. 8.5 (a), IPHBOXHT K PacCTAHOBK®
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HOOMEeTOK, IOKa3aEHoH Ha pmc. 8.5 (6); kpaTATeckmit nyThL n306pasken
MHEDHOH JaHmed. JlamHa 3TOro myTH H, CJel0BATeNbHO, HAIIMEHLIITAA
BO3MOKHEII CPOK BHIIIQJHEHHA npoexra paseH 93 guam.

Ecim ommn m3 3TamoB, npmHajsie;KamHX KPATHIECKOMY INYTH,
sanep:xmBaeTcsa Ha D QHel, TO U BeCh MPOEKT 3afeP;KATCA HA TOT Ke
cpok. C npyro#t cTOpoHH, 3afep#Ka, CkaskeM, 3Tana 8 (He mpmuapgie-
/KAMero KpPUTAYECKOMY OYTH) Bo3moxkHa Ha 79—19—21 = 39 pmeit,
OpHYeM 3TO HE OTPA3HTCA Ha O0OIMEeM CpOKe DPeaamsanul IPOeKTa.
Jlnmb Japepxka Ha cpok D > 39 nuedl mOBIMAET HA MOMETKY Bep-
murEH 12 (DpEEajse:Kamyl KPATHIECKOMY IyTH).

Meton IIEPT ommcaE B 3TOM raaBe B TEPMHHAX CaMOTO I JITHHOTO
OyT® B rpade, BepmMHH KOTOPOr0 OTBEYAIOT HTANAM BHIIIOIHEHAS
OpOEKTa, a JAYTH — OTHONEHMAM NpeIMeCTBOBANNA, INpHYeM Bec
¢i; AYTE (z;, Z;) paBeH MHTEPBANY BPEMEHD ME;KAY HATaJIOM 3Tama &
nm j. Ha npakruke nmarpammut ITEPT mcToakoBLIBAIOTCA HECKOTBKO
HHaYe, a AMEHHO OYTA OpeACTaBJIAIT 3TANbI, 4 BEPIIRHK H306paskaror
abcTpakTHNE «COOKTHA», YKa3HBAalOM@e HAYaja A OKOHYAHHMA 3Ta-
noB. Xo0TA Takoe OpeACTaBIEHME camo 0 cebe SABJIAETCA HEIO.THHM
(Tak KaK OpPH 3TOM OTHOIIEHWS NPENIIECTBOBAEMA TOYHO HE OIMCHI-
BAIOTCA), YKA3aHEHH HEJOCTATOK MOKHO YCTPAHHUTH, 106aB1sAA UKTHB-
HBI€ 3TAIL JJIA TOYHOTO OIMCAHMA OTHOUIEHHH npegmecTBoBanus [34].
C npyro#t CTOpOHH, TaKOe HPEACTABICHHE MMEET BayKHOE IpenMyIie-
CTBO @epel NEPBOHAYAJbLHHM, NOCKOJIBKY LIDPABOAHMT HA NPAKTHKEe
k 6osee MPOCTHIM AMarpaMmaM. JTO NPOMCXOAHT B CHIV TOTO, 9TO
BPEMEHHAA 3aJepKKa ¢;; MEKAY HavaJaMm 3TAmoB { W j ABIAETCH,
Boobme roBops, NOCTOAHHOM AJIA JAHHOTO { M COBEPIIEHHO HE 3aBHCHT
OT CIENYWMmEro 3Tana. Pefkdme HCKIIYEHAA BCETda MOKHO Y9eCTh,
BBOJA HEKOTOPHEe (MKTHBHHE 3Tame. B TakEx ciaydsaax nomobHoe
OpefCTaBlIeEAe IPHBOAMT Ha HpPaKTEKe K GoJee mpocTeM rpadam
(name ¢ yderoM QEKTEBHHX BepmIMEH), B TO BPEMA KAaK LpPENCTaBJe-
HUE, PacCMOTPeHHOe paHee, OCTaeTCA HEeM3MeHHEM. [|pyroii ocofeH-
HOCTBI0 NPAKTAYECKOTO HMcuoib3oBaEma Merofa IIEPT asasercsa To,
9TO MHTEPBAJH BpeMeHd (T. €. BpeMeHHEE 3afleP:KKA) MERIY 3TallaMH:
CYATAKTCA CJIYJaHHEIMH BeJAYAHAMH, & HE JEeTePMHHHEDPOBAHHLIMH,
KaK CYATAJIO0Ch 3/€Ch.

3ajave nJaHMpOBAHHA, pemaeMie ¢ noMompblo Metoma IIEPT,
HEe Y9YUTHBAIOT HAJHIHE PECYPCOB M He PacCMATPHBAKT IOTPeGHOCTR
3TaloB B pecypcax. Bmecrto 3Toro mpomasogaTca (mociae HAXOMICHHA:
KPATHIECKOTO OYTH) TaKOe pacupeneeHHe PECYPCOB IO STAlaM HPOeK-
T4, OIPA KOTOPOM 3aJep:KMBaeTes BHIOIHEHAE HTANOB, He NMPHHAJIE-
HamMAX KPATAYECKOMY nyTH. Ecam jKe orpaHrYeHEns HA peCypCH ydd-
THBAaTh HA CTAJAM IJAHADOBAHHA, TO 3a[a49a W3 0YEHb .JETKOH mpe-
Bpamaercsa B o4eHb Tpyanymwo [1, 30, 37] u pemmTs ee ygaercs amms.
naA pasmeprOCTeif Ha 3—4 HOPANKA MEHbIIMX, YeM B CJIYYae COOTBET-
cTBYIOmeil 3amada Ge3 orpaHuYeHmH.
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7. 3apaum, GuH3KMe K 3ajade O Kpardalimem myTm

B aaropetMe Dmoiina HaXoMJeHHA KpaTdaiimero OyTH MEXAY
BCEMH IapaM¥ BepmHEH (CM. pasi. 3 HACTOAMEHR IJaBH) GHJIA ECIOMb-
soBaHa TpexmectHasa omepamma (8.5). IIpaMenHenme aroit omepammm r
pas K MaTpEIe BecoB [c;;] maeT ¢3aKIOIATEABHYION MATPALY, dJIEMEH-
TH KOTOPOM PaBHH JJAMHAM KpaTJafmmx myTeif. ITa omepamus ABAAET-
cA 9acTHEM caydaeM Gosee o6meit TpexmecTHOR onmepanum

243 =OPT [24;, z0n @ 2], (8.8)

rne 2 — QYHKOEA OyTH, DOMJIEKAMAA ONTAMASANME, 8 @ — HEKOTO-
pasa o6mas onmepanma. Omepanua @ HajaraeT e[HHECTBEHHOe OrPaHH-
JeHMEe B CiIydae ee ONPAMEHCHHA K PASIMUYHHEM 38a9YaM HAXOKICHHS
KpaTiafimeEx nyrei B rpagax. A HMEHHO e€CJIH IYTh OT Z; K Z; IPOX0-
BHT Yepes IPOMEKYTOYHYIO BePIIMHY I, M Z — HEKOTOPas XapakTe-
PHECTHKA OYTH, HA KOTOpo#l G6asEpyeTrcA ONTHMHSAmEA, TO AaAA &
JOJ/KHO BHIOJHATHCA YCJOBHE

Zu= Zip ® Zh]. (8.9)

Hmke mpEBORETCA HECKOJABKO IPEMEPOB HCIOJL30BAHHA 3TOH oOme-
pamumm.
7.1. Ham6Goaee mapmexmnlii myTs

B sapjave o kparvaiimeM nyTH B KauecTBe «[IHHH» NyTH Gpasach
cyMMa BecoB Ayr, ofpasylomumx 3aToT OyTh. PaccMoTpEM Temeps cay-
9aif, KOrjia ¢Bec» AYTH NPEACTABJIACT ee HANEAKHOCTb. Hame:RHOCTDH
IYTH OT § K £, COCTABJGHHOT0 U3 AYT, BBATHX K3 MHOKecTBa P, naercs
dopmynoit

P)= . 8.10
e(P) (:,.L],)GP Piy (8.10y

Ime py; — HANESKHOCTh AYTH (Z;, Z;), T. €. BEPOATHOCTb €6 CYMmECTBO-
BagEHA B rpage (aa1m — B caydae ¢ESHUECKHX CHCTEM — BEPOATHOCTH
TOr0, 9TO OHA HAXOAMTCA B paGoTocmoco6HOM cocTOAHRARE).

3anavy maxoxueEns Hambojee HANEKHOTO IYTH OT $ K { MOMKHO
CBECTH K 3ajiaue 0 KpaTqaiimreM OYTH OT § K #, B3AB B KAYECTBE ¢BECAY
¢y AYTE (z;, z;) BenEaEAY ¢;; = — log py;. IIponorapadmuponan obe
9acte cooTHOmenusA (8.10), monyunM

logp (P)= lo = — Cije
gp (P) (x,.gj)el’ 8Py (=1-§,>EP i

Orciofa BHEAHO, YTO KpaTYaiimmii myTh OT 8 K ¢ ¢ MaTpEneii BecoB [c;]
6yner B To ke BpeMa m RamfoJee HANEKHHM IyTeM C MATPHIEH
[py;], a magemuocTs aTOr0 myTEH pABHA AHTHIOrapU(MY €ro JJHHH..
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[Ipm gpyroit dopMyiampoBKe 3amaud o HamboJiee Hame:KHOM IYTH
BO3MORHO HeINoCpPeICTBEeHHOE MCIOJb30BAHME TPEXMECTHOM oIepalnm;
2 IIMEHHO ONepanus BBONHETCA C IOMONIBI0 COOTHOIMEHHA

Piy=max [pi Pin-Pryl-

B kauvectse HavaibHOH [p;;]-MaTpmnu Gepercs MaTpuna HameKHOCTER
AYyT, OpHYEeM HyJeBHeE DJeMEeHTH YKAa3HBAalOT Ha OTCYTCTBHE COOTBET-
<cryromux ayr. Takas ¢opmMynmpoBKa I03BOJAET, OYEBHIHO, HAHTH
Hanbosee HaJeKHLHE OYTH MEKAY BCeMH NapaMH BEpIOWH.

7.2. Ilyts ¢ HamDOXbwiEd NPONMYCKHOH CIOCOGHOCTBIO

B aroit 3amage kaxnas ayra (z;, ;) rpada EMeeT OPONYCKHYIO CIO-
€OGHOCTS ¢;; B TpebyeTcss HANTH IYTh OT § K ¢ ¢ Hamboabmed TponycK-
Hoit cnocobuoctrio. [Iponyckras cnocobHocTs mytun P ompepensercs,
KOHEYHO, Ayroi m3 P ¢ HauMeHbmel NPONYCKHOMH cnocobHOCTEHIO, T. €.

Q(P)= min [g,]. (8.11)
(xi' xj)EP

Teopema 1 '). IIponyckras cnocobrocmy nymu ¢ Hauboavluel npo-

nyckHoll cnocobrocmbio om s K t pasna

min{ max [g;]}

(xi' x]' €

2de K — a06oii (s-t)-paspes (¢ mnoxcecmee dyez).

Joxkasateancrtso. Hyers § — nponycknas cnoco6HOCTH
nvTi ¢ HanGoabmed mponmycKHo# cmocobHocTbo. Tak Kak Kammuil
IVTH OT S K ¢ JOJIKEH COJep/KaTh IO KpailHedl Mepe oqHY AYIY U3 KajK-
zoro (s-t)-paspesa, TO OJAA KaKAoro paspesa K OymeT BHINOJHATHCA
HepPaBeHCTBO

~

max [gy]<<O. (8.12)
(xi' xj €K’

ITockoabKy B KaEAOM (S-t)~-OyTH J0MKHA NPACYTCTBOBATh IO Kpaii-
Hell Mepe ofHAa Iyra ¢ NPONYCKHON cnoCcOoOHOCTEIO, HE OPeBOCXOAAmEH
(. Il TOCKOMBKY, B3AB II0 OXHOM TAKOH Ayre U3 Ka)KAOro (s-1)-nyTH, MH
Ho.1yYaeM HEeKOTODH (s-f)-paspe3 (OO ompepesneHHI0), TO CYmeECTBYeT
xota Gu oguH paspes, ckaskeM K', mna Koroporo

max [g;]<<OQ. (8.13)
(xi' x]')EK'
“Taruy o0pa3som, paspe3 K, MOCTABIAIOWMH MHHIMYM BbIpaKeHHIO

min{ max [g;;]}, (8.14)

K (xi' x])E

1) O6GpaTuTte BHOMaHAe HA CXOACTBO TEOPEMH 1 C TeopeMoOil 0 MaKCUMANBLHOM
DOTOKE N MEHAMAJbHOM pa3pe3e m3 rJ. 2; Ha CaMOM [eJe Teopema 1 ABJIAETCA
MAHOMAKCHRIM BapHAHTO M Hocjaexmei.
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JOMKeH OXHOBPEMEHHO YNOBIETBOPATh HepaBeHcTBaM (8.12) m (8.13),
T. e. AJA Hero MO/JKHO BHIOOJHATHCA paBeHCTBo. OTClOma caegyer
CIpAaBeJIABOCTh TEOPEMH.

OueBHAHKA aJATOPATM HAXOKACHAA OYTA ¢ HamGoabmed mpomyck-
#H0it cnocoGHOCTHI0, OCHOBAHHHI HA TeopeMe 1, COCTOHT B ciaegynomeM.

Maz 1. Hasats ¢ (s-t)-paspesa K = ({s}, X —{s}) = maitra Ham-
6oapmyo npomyckayio cmocobHocTs @ ayr m3 K.

M a2 2. TloctporTsb ocroBEmit noarpad G’ = (X, A'), e A’ =
= {(z1, 7)) | 9y=0).

Mlaz 3. Hajite mEokecTBo R’ (s) BepmME, JOCTE/KAMHX M3 $ B Ipa-
¢e A°. (IlocTpoenme muomecTBa R’ (5) ommcamo B ri. 2.)

a2z 4. Ecan t € R’ (s), To 0 = Q = mo6oii (s -£)-yThb B 0OCTOBHOM
goarpade G’ Gymer mmeTs HABGOALIIYID NPONYCKHYI CHOCOOHOCTSH,

pasayo Q. Ecam £ ¢ R’ (s), nepeiite k mary 5.

a2 5. Basrs B xauectBe K paspes (R’ (s), X — R’ (s)) m maiita
BaE6oaLIIyI0 HPONYCKHEYIO cnocoGHOCTE () AYT B 3TOM HOBOM paspese.
(Texymee 3HaueHHe BeJdmYnHH () MeHbIIE, 96M NpeAHAyIIee, B CRIY
onpeneneHas muokecrsa R’ (s) ma mare 3 m mmomecrsa ayr A’
Ba mare 2.) BosppatEThCcA K mary 2.

Ina meopmenTEpoBamENX rpados G ®pamk m ®pam [16] npen-
Jokmaa eme Golee mMpPocTyO NMponeAypYy HAXOKAGHHA OYTA C Hamd-
Goapmeil nponyckmoit cnNOCOGHOCTEIO, COCTOAIIYI0 B CJAEXYIOMEeM.

IIycrs K; — Hekotopuik (s-f)-pa3pe3, a () — HamGoabmas mpo-
nyckHas cnoco6HocTs peGep m3 K;. Ecam Temeps «3akopotuTh» moboe
pebpo (z;, z;) ¢ npomyckHO# crOCOGHOCTHIO g4y = ¢, T. €. BEPIIMEH T;
H I; 3aMeHATH OfHOH BEePMMHOH Z, MOJOMKAB

FP@=T@)UT (@), T @ =T" (=) UT? (=),

" pebpo (z;, z;) ynaants, To Wonywmpmuiica rpad G, Gyner HMeThH TOT
JKe caMulii nyTh ¢ HanGoAbMeH NPONYCKHOR CHOCOGHOCTRIO, UTO B mep-
BoHAYAJBLENE rpad G. CupaBefIEBOCTL 3TOr0 YTBeP;KACHHA BHTOKAET
3 Toro pakra, uro  ABAAeTcA Bepxmeii rpammmeii maa @ (s cooTser-
cremn ¢ (8.12)), &, cenosatennHo, pebpa ¢ g;; = Q me MOTYT HOBJAATH

HA ONTHMAJLHOe pemeHne, T. €. He MOryT Boiita B pa3pe3 K. Ilockons-
Ky ¢3aKopaumBanEe» pebpa (z;, r;) MOKeT HOBIHATL TOALKO HA pas3-
pean, comep:ramue (z;, ;) (3T paspesn ypmaaswTcsa), To paspes K
rpada G (mam Bce pa3pe3H, AOCTABJIAING MEHAMYM BHPAaKeHHIO
(8.14), ecim mx HecKoabKO) Gyder TaKie m paspesoM mpeoGpasoBaH-
Boro rpaga G;.

IIponeaypy, NpAMEHEHHYI0 K IepBOoHadaabHOMY rpady G, MoxKHO
noBTOpHTH B AuaA rpada G,, BubGmpasa apyrod# (s-f)-paspes K,, 3ako-
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paunBas Bce pe6pa u3 &y, IPONYCKHEAA COOCOGHOCTE KOTOPHIX He MEHb-
me Hambopmeidl nMponyckHoi cnocoGrOCTH a10Goro peGpa m3 K,. o
naer rpad G, m T. 1. Ilponecc saakorgmnTcs, Korga GyAYT 3aKOPOYEHH §
n t. Teneps kamxawii (s-£)-oyTh B rpade G, 06pasoBaHELl BepIIMHEAME
H3 G m Temu peGpamm, KOTOPHE OKa3aJHCh 3aKOPOUYEHHHMI, Gyjer
HMETh MAKCHMAJILHO BO3MOKHYI0O IPONyCKEYIO cuocobrocts (). Orpa-
HHYEHHE HA NPHMEEAMOCTH JaHHOTO AJTOPATMA TOJBLKO K HEOPHEHTH-
poBaEHHIM rpadaM BLH3BAHO HMMEHHO NPOLECCOM (3AKOPAIMBAHHAN,
TAK KaK IPH 3TOM HEABHO IpeANoJaraeTcd, 9T0 OYTh C IPONVCKHON
COOCOGHOCTEIO, He MeHbINed, 4eM (), CymecTBYeT MexAy TI06HMA
BepIHAHAME (ABYMA wiH GONBITEM IMCJIOM), BAMEHAEMHMH B OIMCAH-
HOM Ipollecce €MHCTBEHHOH BEpPINMHOH, HO TaKOe IPeANOJOKEHHE
MOKET He BHIOJHATBLCA, €CJH 3aKopadumBaeMue pe6pa MMEOT OpmeH-
TaLHIO.

*
{x7-x12} |

Puc. 8.66. 'pad mocne mepsoro cTaruBammA.
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Puc. 8.68. I'pad mocie BTOPOro CTArEBAHHA,

X, 15 Xs 16 Xg

L4 -

Xas Xg Xy

Prc. 8.6r. I'pap ¢ E myrs ¢ mamGomsmedr mpomyckmok CocoGHOCTEI.

7.2.1. Npumep. 3amaua cocTOHT B HaxOmAeHEE (s-f)-myrm (s)
ganboapmei nmponyckHo#l cooco6HOCTE B HEOpEEeHATHPOBaHHOM rpade,
m3o6pakennoM HZ pmc. 8.6a, rme mpomyckeEHe cmocoGEocTE pebep
YKasaHH YHCJIAMHE, CTOAUIAMHE y 3THX pebep.

Bubpas npomasoapno (s-f)-paspes K,, moxasamHuE Ha puc. 8.6a
OYHAKTEpPOM, HalifleM, 9ro pe6poM ¢ MAaKCEMAJbHOH IPONYyCKHOM
cnoco6uocThio B K 6yner (z3, zg) € g5, = 16. 3akopaumsas Bce peGpa
¢ nponyckHoi cnoco6HOCTBIO —>16, momywmm rpad Gy, H306pareHHHI
wa puc. 8.66. BuGepem Temepp (s-t)-paspes K, rpada G, rak, Kak
IOKa3aHo OYHKTEHpoM Ha puc. 8.66. HamGoapmas mpomycKHas CHO-
cobroCcTh pebep B K, pasma 14. Ilosromy 3aropaumsaem Bce pebpa
¢ nponyckHoi cnocob6rocTei0 >14 E monyuaem rpad G,, maobparen-
HHit Ha pHEc. 8.68. Bepa B xauectee caegywmero (s-f)-paspesa Ky —

OH NOKa3aH IyHKTHPOM Ha puc. 8.68,— moaysaem Q = 13, a B mo-
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cTpoesHOM rpade (monydeHHOM H3 (G, HOCIe 3aKOPAYHBAHNA BCEX
pebep ¢ mponyckroii cnoco6EocTRI0 >13) BepmEEH s M ¢ GyayT 3aKo-
POYeHH.

OxomuatensEnM rpadom G Gyner octoBmmii mourpad rpada G,
cofiepxamuit Jumb Te pebpa, KOTOpPHE 3aKOPAYABANHCH BO BpeMA
ONHCaHHOH HpolefypH (T. e. Tonsko pebpa (z;, z;) ¢ g;;=>13). 3ror
nocnenami rpad maobpaxen Ba pmc. 8.6r m BEAHO, YTO cymecTByer
TONBKO OAHMH (s-f)-myTh ¢ HamGoabme:d OPONYCKHOH CIOCOGHOCTBIO.
ITOT IyTH NOKA3AH KAPHLMHE JHHAAMHE, IPATEM KPATHIECKAM peGpom
aToro myrtm Gyner (z,, z¢) ¢ DponyckHO# cmocobEOCTRIO 13.

Ecnm tpebyerca maiiTe nyTE ¢ HamGoabmeil mpomycKHO# cmoco6-
HOCTBIO MEKIY KaK[0# napoi BepmuE rpada, TO TPEXMECTHYIO omepa-~
nuio u3 BHpa)eRHA (8.8) MoxHO HCmONb30BaTh B dopme

gy =max[q;;, min{g, qu}l, (8.15)

OOCKONBKY TAK BBeJleHHAA ONEepanus yAoBJIeTBopAeT Tpe6GoBaHAAM,
Hasnaraemum coorHomernueM (8.9). Hawanpmoi MaTpuneit [g;;] asaser-
€A HCXOJHAA MATPHNA NPONYCKHWX cmocobHOCTEH nyr (C HyJeBRIMA
9JIeMEHTAMA HA MeCTaX OTCYTCTBYIOIIEX AYr); KOHEYHAA MAaTPHIA
lg;)] maer npomyckEme cmocofEoCTH myTeHl Mexuy BCeME mapamm
BEpIIVH.

7.3. Nlyrs ¢ mamGonsmelf npmeenennoii mpomyckmoii cmocobHOCTHIO

Pacemorpmm rpad G, B koropom kaxpoit ayre (z;, ;) OpAORCAHKL
ABa 4HCAA p;; H ¢;;, OPENCTABIAIONHAE COOTBETCTBEHHO HAIEKHOCTDH
H OpPOOyCKHYI cmoco6HoCTh ayrd. 3ajada HaXOMKIEHHA IYTH OT S
K ¢ ¢ Ham6oapmeR IpPEBEEHHOH NPONYCKHOMR CIOCOGHOCTHIO ABIAETCA
KoM6mHEanuUed JBYX IOCIeNHAX 3389 O OYTAX, 06CYKIaBIIEXCA BHIIe
B pasf. 7.4 m 7.2, Ecnm npuBefennyio 0ponycKEY0 cnoco6HOCTD OYTHE
P o6osmaumTs uepes e (P), To 3ajaga COCTOHT B HaXOMKJEHHAH IYTH,
MHHEMHSHDYIOMEr0 BHPAaKeHHE

e(P)= H pi;+{ min [g4]}) (8.16)
(x'. =j)EP (::,. xj)eP

B artom cnyuae Hens3sa BOCHONB30BATHCA TPEXMECTHOH omepanmei,
TAK KAK He yNaeTcs HalTH omepatopa ®, KOTOPHH (NJIA OYTH OT I,
K Z) 9epe3 BePIIHHY Z.) YAOBIETBOPSET YCIOBHIO €45 = 4. ® egp.

HecymecTBoBaHHe TaKoro omepaTopa MoHO 060CHOBATH CJA€AYIO-
muM obpasoM:

ev= || py- min' [g]=
(xi. ::j)ea-b (x'. ::j)ea—-b

= Puy pyy-min{ min [g;], min [g;]},
(x4 xy)EQ~C (x;, xy)Ecb (x;, x;)€a—~e (x, xp€c—~b
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I7le 8amACh @ — b M T. A. ODPEMEHACTCA KAK JJA OYTH OT Zq K Tpy
TAK H JQOA MEOKeCTBA Ayl 3TOro IyTH.
BBoga o6o3mavenus

Bac = n Py Bcb = n Py

(xp x j)ga-—c (xg :J)Ec-b
Qoc MiD  [gy], gep= min' [gy],
(xpe 2p)Ea—c (x0 = _,)Ec-—b

MO/KeM 3aIdcaTh _ _
€ac = Pac*Jacr €cb= Ecb 'acb'
CnenosaTtensHo,
€qb=in [Eucecb' EcbeacIO (8.47)
Ha atoro BHpaeHHA BHAHO, 9TO TAK KaK HAaJEKHOCTH Pq, H Pop

He MOTYT GHTL BHpa/KeHH «HA ASHKE» BEIHIHH €qc, €cpy Pgy H §ijy TO
HEeBOSMOZHO HAHTH OmepaTop, YAOBIETBOPAKIMEA oOmUM yCIOBHAM

2:¢=10,p=0,6 2:4220,p=07

§:q=50, p=0,2

d:¢=30,p=01

9=8, p=0,7 q=9, p=0,8

Puc. 8.7.

(8.9) m, cnenoBaTenbEO, HEBOSMOKHO HEMOCPEACTBEHHO HCIOJIb30BATD
TPeXMECTHY0 Omepanmm.

Ha camom fiete HeTpynHO NOXasaTh, 9T0 ONTHMANLHHE IYTh OT T,
K I; 9epes I, He 3aBHCHT OT:

(i) omTEManBENX myTeil OT Z, K I, M OT I, K Tp;

(ii) oyret mamGoapmelt mpomycKHOE CmOCOGHOCTH oOT Z, K Z.
H OT T, K Ty,

(iii) myreli EamGombmeii HAACKHOCTA OT Z, K Z. H OT Z, K T, BN
n06oil AX KoMGEHAIME.

B aroM moxEO yGenmThecs, paccMaTpmsaa pmc. 8.7, Ha KoTOpoM
n306pakeHH IYyTA BCeX TpPeX BHIMEYRASAHHWX THIOB OT Z, K .
L OT T, K Z,, OpHYeM ONTHMAJbHOEe SHAUGHH® BEJHMIHHH €, KOTOPO®
MOKHO HOJYYHTh ¢ IOMOIBI) HEKOTOpod KoMOEMEADHE 9THX HIyTei,
paBHO 4,20. Ha pmcyHke m306pasKeHH, KpoMe TOro, TAKHO JBa OYTH
OT Tq K T, H OT I, K I, HA OJJAH H3 KOTOPHX He ABIACTCA ONTHAMAJDL-
HHM B J1060M H8 TpeX BHINENPHBOAGHHWX CMHCJIAX, MEKNY MX COOT-
BEeTCTBYOIIMMA KOECYHHMHE BepmmEamu. OfHAKO 2TH ABa myTH 06pa-
3YI0T ONTAMANLEHE NYTh MeKAY BePIMHHAMA Z, H Zj, KOTOPOMY OTBE—
9aeT 3HAUYeHHe BEJIMIAHH ¢, paBHoe 4,48.
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7.3.1. Meton Haxoxnemusa myrn HamGoabmeii npuseneHHOMK
IPONYCKHO# cnocoGHOCTH

3pmecs MH JafHM HTePAaNUOHHKA MeTOJ HaXOMKIEHHA OYTH C HaH-
Oonpmed npEBeEHHOM NPONYCKHON CHOCOGHOCTBIO OT HEKOTOPOM
yKa3aHHOH BePIIEHH § B JAPYrylo Bepmury ¢ rpada G = (X, A).
JTOT METOJ COCTOMT B NOCTENEHHOM HMCKJIIOYeHHMH Tex ayr rpada,
KOTOPHIE He MOTYT IPHHAJJIEKATh OOTHMAJIbHOMY nytu. Mckmogerne
OCYINEeCTBIAETCA A0 TeX HOP, HoKa rpad He CTaAHET HECBA3HEIM.

CHava1a HaxomuM OYTh PE MEXAY s B ¢, EMeomuil Han6oabpmIyIo

HafexkHoCTh. I[ycTh 03 — IPONYCKHAA COOCOGHOCTH 3TOTO NYTH, T. €.
05 = (xi,T;)répA (9451
p
IIpu srom wepes P Gymer o6osHavaThCA TaKiAKe H MHOMKECTBO AYT,
obpa3yomnx paccMaTpEBaeMuid nyTe. Ecaum n3 A ypgaamTe MHOMKe-
crBo ayr A, = {(z;, z;) | (z;, z;) € A, ¢y <05} u 06pa3oBaTh MHO-
mectBo A’ = A — 0, To aubo rpap G = (X, A'), asasompmiaca
octoBHEM moarpagom rpada G, comepKET oOTHMaJbHHEE nyTh M3 G,
aubo PG 6yner onTEMaABHHM OyTeM. JTO MOKHO 060CHOBAaTH TaK.

OnTeManpHHd OYTeE B G OMIKEH MMETHh IO OUpPEeIeHHIO Haje-
HOCTb, He OGOJBIIYIO, YeM HaJeKHOCTh OYTH PS‘ CrenoBartennHo,
3HaveHWe INPUBEJEHHOH DNPONYCKHOH CHOCOOHOCTH MOMKHO 6HTH
He MeHbIIEe, YeM 3HaYeHHe JTOH BeJMUYMHH JIJIA PS' Ecan PS —
He ONTHMMAJBHHHA NYTh, TO NPONYCKHAA CHOCOOHOCTH ONTHMAaJBHOIO
oytn B G Goxbme, 1em 05, a 3HAYAT, eMy He IPUHANJIEKAT HAKAKafA
ayra us A,.

Hanee yxe B rpade G’ HINETCA OyTh P'a ¢ HanboJabmell HageK-
BocThi0. IIponyckHas cmocobHOCTH 0'6 aToro nyTm Gosbme, deM 05,
HO ero HA/e’KHOCTb HEe NPEBOCXOANT Hajexsoctm nyta Py, Ecau
3HaveHHe NPHBEIEHHOM NPONYCKHOH cmocobHOCTH myTH P'S 6on1nmIe,
9eM 3HaYeHHe 3TOM BEeJHIYMHEI JJIA PS’ TO P'E 6eperca kak Jayqmmit
OyTh I XPAaHHTCA A0 TeX OOP, NOKa He Oyder HaiimeH nyTe ¢ Goapmei

npuBefieHHOI mponmyckHoOH cmocobmoctnio. 3ateM m3 A ynaaserca
COOTBETCTBYIOINEE MHOKECTBO AYT

Ay ={(z1, 7} | (z;, z)) € 4’5 9, <Q%).

ITonygaerca muomectBo A” = A' — A, m ocroBHHi moarpad G” =
= (X, A”). Ilo TeM Xe caMhIM OpHUYMHAM, YTO M BHe, Jubo rpad G”
COAIEP/KUT ONTUMAJBHHI OYTh, Tu60 ONTAMAIBHEM GydeT Hamaywmmi
B3 HafJeHHHX J0 TaHHOI'0 MOMEHTa IYTh. JTOT HPONECC OPONOTHKACTCH
0 TeX mop, IOKa He HOJYyIHTCA OCTOBHHEA moarpad G', ymopieTBopsio-
muil OIHOMY H3 CJIENYIONUX YCJI0BHi: 1u00 OH ABJIAETCA HECBA3HBIM,
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opudeM B HeM HET IYTH MOKRY S W f, 1uGo mpHBeNeHHAsA HPONYCKHAA
coco6EOCTL HAHAYYImero W3 HaiJeHHKX paBee myTeil Gymer Gonbme,
geM OPOM3BEICHNE HaXeHHOCTA MYTH P'S Ha IPONYCKHYI0 CIOCOGHOCTD
Takoro myte B rpade G, koropuii o6ranaer HanGoabmeil mpomyCcKBOK
c¢noco6EOCTHI0 (3TOT IYTh MOMKHO HANTH ¢ MOMOM{LI0 METOXOB, OMHCAH-
HHX BHIIe); TOIfla, OYeBHAHO, HAKaKoil ocToBRHIl moarpad rpada G
H6 IPHBOAHT K JydlieMy pPeIeHM0.

OrraManbEnM myTeM GymeT Texymmii BEamnyImEl WyTh, MOTYIeH-
HHI B KOHI® OMHCAHEOH IPONEeAypPH.

Ha s¢dpexTHBEOCTS BHIIENPHBEAGHHOTO METOAa BJIMAIT ABa dak-
ropa. IlepBuit — «ckopocTh» ymanemma Ayr w3 rpaga. B xymmem

xl (610 |6) J‘J
)
D {4 7
R 2 leo.aN%
N (14,0,8) .
s
Wl %0
X,
(19,0,8) (8.0,9) t
0
50, 8 \\0.0 )
(10,0,5) Xe o
) 3
\\69 > (9:0.8) 0

X3 ('2,0,7) Xy
Prc. 8.8, T'pad me mpmmepa 7.3.2.

clyuse, KOria Ha Ka)KROM aTame HamGosee HaXeKHHE IyTh HCHOJNb-
3yer NyTy ¢ HaMMeHbIIeH HPOOYCKHOH CmOCOGHOCTHIO, mMoHamoGHTCA
m — k sTamoB (XA HaXOKAGHHA NYTH ¢ Hamiaydmell Hafe:KHOCTHIO),
rae m — 9mcao Ayr B G 1 k — q@cao AYT B onTEMAaNbEOM IyTH. CaMEIM
xopommM ciyvaem fymer TOT, KOrfa y:Ke HmepBHIi ocTOBENIl moxrpad
G’ sABiIfeTcA BOCBASHHM H BODIIMHH § U ! HAXOXATCA B PasHHX KOM-
momernTax. Torma morpeGyercs TOJBKO ORHE 3TAI.

Bropoit daxTop CBA3aH C TeM MeTOAOM, KOTOPHil HCIOAb3YyeTcs
RIA «OepeBHYMCACHEAY (Ha KaKAOM 3Tame) OYTE ¢ Hamboabmeit
HaJ[e’KEOCTHI0 B 0CTOBHOM mOATpade. IIpm aToM claexyer saMeTHTh, ITO
XOTA yAaJeHme XYT MOKeT IPHBECTH, Boobme rosopsA, K SMAMHEHANAH
HOCKOJILKEX ANyr m3 s-6asw mpegmecrsyiomero rpada (malomero
BanGonee Hafe:KHHE INYTH OT 8§ KO BCeM APYTEM BepHHAM), HO Ta
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44acTh s-6a3ml, KOoTopaa CONCPKHAT § BMeCTe C NOMETKaM# BOpPIUHH,
«CTAGTCA HEUSMPHHOA M ee He HYXHO HaXOIHNTh 3aHOBO.

7.3.2. Ilpmmep. Hadith nyTs or s k ¢ ¢ HamGonpwWeR npHBENeHHOR
nponycKioii cooco6HocThio B rpade G, maoGpakenHOM Ha pnac. 8.8,
(7@ KaKpaA Jyra EmeeT noMeTKy (a, b), npruem a AsAAeTcA NPONYCK-
HOW €nocoOHOCTLI AYru, A b — ee HAMEKHOCTHI)

—f

X5 (12,0,7)  x,

Puc. 8.9a. I'padp G’ ma npumepa 7.3.2.

Pro. 8.96. I'padp G* m8 mpmmepa 7.3.2.
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IIyTs PB c na‘n6onnmei HAIeRHOCTLI0 B rpaq)e G DokasaH Ha
ga pEc. 8.8 apENME amEEAME. 3neck p = 0,504, Q;, = 10 m, cue-
HOBATENbHO, NPHBEJeHHAA HNPOOYCKHAA CHOOCOGHOCTP 9TOr0 WyTR
paBHA ¢ = 5,04. Ypansaa as G Bce AYrEm ¢ OTPONYCKHKMHA CHOCOGHO-

cravm << 10, moryqanu rpad G, nso6pamemmn Ha puc 8.9a. ITyrs Pj
¢ nan6om,men HAIe’RHOCTHIO B rpa(be G’ mokasaH Ha PECYHKe mp
anME aueuaME. J{aa eroro myrm p = 0,454, Q; = 14 m, smawm,
OpHEBeicHHAA HOPONYCKHAA CHOCOOHOCTH HYyTH P~ paBHa & = 14 X
X 0,454 = 6,36, uro Goapme monygeHHOH panee peamuneH (5,04)
u, CIIeI0BATeNBHO, 3aMEHSAET €6. YaasAsA B8 G' BCe AyTA C IPOOYCKHOA
¢I0CO6HOCTED <14, nonysaem rpad G*, msobpasxennuii Ha puc. 8.96.
B sToM rpade cymecTByer TOJBKO OAMH OYTh MeKAY s B £; p = 0,141,
Q% = 15 m, cuemoBaTenbHO, MpHEBefieHHAS HPONYCKHasfA CIOCOGHOCTH
paBHa 2,12, 910 Xy’Ke, YeM Jydmee mpefLyINee 3HAYCHAE dTOH BeJm-
9HHH. YHnadsaA BCe AYTE C OPONYCKHOE cmocob6moctsd <15 m3 G*,
MH PaseNAHAM BOPHIMHH § B {, TAK 9TO JYJYIIHA NpefHAYmIH#A oTBer,
T. e. myTh (s, 1, 2, 5, ¢), ¢ mprBenernoil mponyckuo# cmoco6HOCTEIO
6,36 6yner onTHMAJNBPHWM OTBETOM.

8. 3anaun

1. Haittm kpaTvaiimme myTE oT BepmEHH 1 KO BCeM APYrEM Bep-
meraM rpada Ha pmc. 8.10. Mso6pasmare Taxke 1-Gasy.

2. Ucnonbsys meron ms pasp. 2.2, HaiiTE KpaTyaiinme omyTa OT Bep-

meER 1 KO BceM [pYrEM BepmEHaM rpada, B306paKeHHOro
Ha pmc. 8.11.

3. PemmnTs 3anavy 2, mamennB sec pebpa (4,5) ¢ 8 Bs —8. BuasuTh
8ce OTPHTNATONbHHE MAKJIH.

4. T'pad ma pmc. 8.12 mpeacraBaser ceTb AONYCTEMHX MAPMIPYTOP
ANl HOKOTOPOro CyRHa. I{amnaa Ayra EMeeT moMeTky (a, b), mpmdeM o
paBHO BHIofe, mOoJayJaeMoli OpE OGCIYy/KHBAHHE 3TOr0 MapmpyTa,
a b — Bpemenu o6caymmBaHEA mapmpyra. Haiitu Bam6Gosee mHron-
aHf (B TepMEHAX CKOpPOCTE 060poTa KamuTaja) MapmpyT €yQHA.

5. laa rpada. msobpasxennoro sa puc. 8.10, HaliTA weTHpe Kpar-
qaiimme mpocTuie nem: or BepmEEN 1 k Bepmmre 10. Hafire xpaTuai-~
IUYI0 OPOCTYIO Hemb W8 5 AyT oT BepmeHEH 1 x sepmmre 10.

6. Ha pmc. 8 13 msn6paskena nmarpamma IIEPT. Tlpogonamrenn-
HOCTh omepamEm i JAeTCA YHCJNOM, CTOAIMEM Yy AYrHA, HCXONAMPH
u3 coorBercrBylomeil Bepmmun i. Hailite kpaTEgueckmil nyrs B Takyw
MAKCHMAJIBHO BOSMOKHYIO 3aléPKKY HadaJla BHIOOJHOHHA omepanua 5,
KOTOpAA He HPHBEAeT K 3aJiePKKe peaJHsanMd BCEro IPOEKTa.
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Prmc. 8.10.
2 -14
7 1 10
Y
8
] Bt 8
A 13
6 -5 12 A
7 10° 8
Pmc. 8.11.

Prc. 8.12.
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7. B rpade, mzobpaskennom na pmc. 8.14, kasknmoe pebpo mmeer
nomeTKy (a, b), rae a — npomyckHas cmocoGHocTh, a8 b — Hapgem-
HocTh pebGpa. Haiita:

(a) myTs ¢ HamGoapmed mpomycKHOH c0CO6HOCTHIO OT BepmuHN 1

K Beprmmue 10;
(6) oyTs ¢ HamGonbmed HAaXEAKHOCTHIO OT BepmHAHH 1 k Bepmmne 10;
(8) oyTh ¢ HambGonpmed mpHBeNeHHON NPONYCKHOH CUOCOGHOCTHID
or BepmmHEH 1 x Bepmummue 10.

2 10 5 3 8
10 2

5, 17 AG 3 2

1 > 3 6 9 8 n
Havano Koney

(3 7 2 6 ? I8 4

4 "4 7 ) 10

Puc. 8.13.
2 (13,0,4) 7

(4,0,8)

Puc. 8.14.

8. na Toro cayvas, Korga Beca BCeX JXYT HEOTPHIATEJIBHH,
MopmpunEpoBaTh aaropmTM JledKCTPH TakK, YTOGH paccTaHOBKA
OOMETOK HPOMCXOAHJIA OXHOBPEMEHHO H OT BePHIMHH S, H OT BePIIHMHH

i. Ynendts ocoGoe BHEMaHme HNPABHJY OKOHYAHAA HpOmeAypH (CM.
291, [28]).

9. Hokasarb, 49T0 OTBeT, moaydYeHHHWH mo aaropmrmy Dioiina,
onucaHHOMY B pa3nx. 3.1, sBiAgeTcs OUTHMAJBHHM, M IOKA3aThb, 9TO
o6seM Beumcnenmit pacrer xak 2 (n®) (cm. [7]).
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10. MMycr: T — opmenTEpoBaHHNE oc108 rpada G = (X, A)
B xkopmeM octoBa T ABnsaerca BepmmHa s. Ilyers [ (z;) — paccrosnme
OT BeDMEHK § 0 BOPIIEHK 2;, A3MEPEHHOe B0Jb OYTH B 3TOM Jlepese.
IToxasars, uto T Asaserca s-6aBoit TOrna ® TONBKO TOTAA, KOTHA AJA
Kammo# nyru (z, z;) € A Bunonnaerca ycaosme I (z,)<! (z;) + ¢,

11. Teopema us sapaum 10 aBaserca ocHOBOE caexynmei mTepu-
1HOHHOH IPOUEAYPH HAXOMKAGHAA KPATYARMIOr0 LYTE OT § KO BCEM
npyrTEM BepmmHaM rpada (agech M OpeRUOIAraeM, YTO RCE BOPIIUHDI
€; € X nocTENMEMH HB ).

ITaz 1. Baars B kavecrse T moGoit opueHTApoBaHHKE 0cTOB rpada
G B 1A Ka)mo# BepMEHH I, HAWTE uoMeTKY I (z,), paBHyI0 paccTon-
HHI0 MeKAYy 9TOX BOpPMIAMHO# M KOpHeM s BROJAbL UyTE B gepese T.

IMaz 2. Ecau xaxpana Aayra (z;, ;) € A yHKOBJAETBODAET YCIOBMK»
LHz)) <U(zi)) +cyy

10 ocraHOBEThCA. Tekymmit ocros I Gymer s-Gasoit rpaga G. B mpo-
TMBHOM cJydJae HepedTE K mary 3.

ITaz 3. Ecam paa mexoropoi Ryrm (xj, z3)
L(z3) > 1(xt) + ey,

10 Ko6aBHTH K KepeBy RYTy (z{, z;) ® yAaIBTHL H3 HETO Ty AYTY (Z, Zj),
KOHeYHOH BOPIIMHOE KOTOPOH ABIAGTCA Zj, IOCI® Y6ro BOBHEKAET
doBoe pmepeso T.

a2 4. O6u0BETE HOMETKE [ (z,) y BCeX BepMAH Z), HOCTHMKEMAIX
a3 zj BIoab myrted nepesa T. BoseparmThca K mary 2.

IlokasaTh, 9TO BHINEONECAHHHH AJNTOPATM ABIAETCA KOHOUHKIM,
¥ NOKA3aTh, YTO 6r0 CJIOKHOCThH HJIA NOJHOTO n-BepmMHHOrO rpada
pacrer kak O (n?). Hanaraer n1m anropetM Kakme-1E60 orpaHEIeHms
Ha Beca ¢;y? Mcmoasays ator anropeTM, DpoBepHTL pemeHHe safgaym 2

(cm. [14]).
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Cnasa 9

LIUKNbl, PA3SPE3bl U 3ANAYA SANEPA

1. Brepenne

[lenplo HacToAmeldl raaBW ABJIAETCA H3yYeHHE LHKJIOB B rpadax
H HCCJE0BaHHAe HEKOTOPHX H3 HX CBOHCTB H CBA3eil ¢ APYTHMH NOHA-
TEAME (TAKEMHA, KAK NOHATHE fiepeBa), BBelleHALMA paHee. J[Ba THma
nEKJA0B B rpadax, 2iliepoBH H TaMHJILTOHOBH IHKJH, 9aCTO BCTpe-
9a10TCA B NPAKTHYECKAX 8afadYax W IOITOMY HPEACTABJAIOT 0cOCHiA
maTepec. [lepBne H3 HEX paccMOTpPeHHW B HacTosmed rJape, a HTO-
pHe — B caegylomei.

B macroameii raaBe Mn GyeM 3aHAMATHCA NMUKJIAMA KaK B OpHEH-
THPOBAHHKX, TAK M B HEOPHEHTHPOBAHHHX I'padax, a TakKe B MyJIb-
rarpadax, sBaAmOmEXCA cAabwM o6o6menmeM moOHATHA Trpada.
Ilocnennme spasioTca rpadamMd, B KOTOPHX MOKET CYIMECTBOBATHL
HECKOJBKO AYT (Z;, ;) MeKAY ABYMA JAHHHMHA BePIIMHAMH I; B ;.
Ecnm mamGonpmee 9HCio «3amapaJjiiejieHHHX» AYT paBHO S, To rpad
nasuBaerca s-rpadom. Tak, ma pmcynke 9.1 mpeacraBaen 3-rpad.
OuesmgHO, 4ro OOHUHHEA rpad MoKHO paccmaTpmBaTh Kak 1-rpad.

s-T'pagn oveHr dYacTO BO3HAKAOT HA NPAaKTHKe, Korga rpad
HCNOAb3YeTCA NI NpeJCTaBiIeHAA (JH3AIECKOd CHCTEMH B €CTeCTBEH-
HHX HAyKaX, BOOPOCax ynpasieHHsA, HH;KeHepHOM fene H T. A. Tak,
HanpmMep, 3-rpad Ha pmc. 9.1 H3o6pakaer MONEKYNAPHYIO CTPYKTYPY
OpPraHAYeCKOr0 XHMHYECKOTo COelUHeHHsA AKPHJIOHATpHJIa. B anex-
TpoTexHHKe Trpadn, m3obpakaiomme SJIEKTPHYECKHe IeNH, MOYTH
BCErJla ABNAITCA S-TpadaMH, TAK KAK HapaijeNbHO MOKeT GHTH
BKJIOYEHO HECKOJBLKO 3JeKTPHIECKAX KOMNOHeHToB. B mpoGaemax
mafie;kHEOCTH 0GOpYyNOBAHMA HAH ceredl cBA3H Hambojiee Ba’KHHE
yCTpoliCTBA MJAM JEHHH CBS3H 49aCTO AYGAHpYyOTCA, YTpPaHBAIOTCA
H T. ., 8 BOJHHKAIOIMAA HSGHTOYHOCTH YBeJIMYABACT HANEKHOCTDH
cucreMH. I'padul TaKHX CHCTEM TaKiKe ABJIAIOTCA S-rpadamm.

2. Ilmxnomarpueckoe uncio u GyHRAMEHTANbHBIC UKL

Ilyctb G — HeopmeHTHpPOBAaHHWiA s-Tpadp ¢ n BepmEHAMH, M
pefipaME m p CBASHHIMH KOMIOOHEHTAMH.
Onpepeanm wmcao p (G) Kak

p(G)=n—p, (9-1)
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¢ (G) naer Toraa moJxHOe YEcI0 pebep B 0CTOBAX KAMKIOH H3 P CBASHKX
«ommoHenT rpada G.
Ynexo v (G) ompemenaseTcA Kak

v(G)=m—p(G)=m—n+p (9.2)
4 AA3HBABTCA YUKAOMAMUNECKUM YUcAoM (HHOTNA ero Ha3HBAXT faK
ke nedeKTOM HINA nepeum wuciom Bemmu), a 9ucao p (G) HasuBaercH
KOYUKAOMAMUNECKUM YUCAOM.

B Teopmm saexTpEYecKHX Hemeil (A Ha caMoM fesie HIPH IpPeICTaB-
JeHEE TI060F CHCTOMH € COCPOROTOYOHHHIMHA NAapaMeTpaMd) dWHCJIa

x A2
, x
xl
X X
Pme. 9.1.

¢ (@) 71 v (G) ameror npaMoit ¢mamaeckmit cMmulca. Tax, MAKIOMaTHYE-
90CKOe 9HCA0 paBHO HAEGOJABmIeMY 9YACAY HE3ABHCEMHX KOHTYpOS
8 rpade snerTpEIecKoH memm, T. 6. HamGoIbmeEMYy YACIY HES3aBACH-
MHX KPYroBHX TOKOB, KOTODH® MOTLYT OPOTeKATH B memm. Kommkio-
MATHAYECKO® YHCJI0 PABHO HamGOJbBIIEMY YHCIY HO3AaBECHMHIX pPasHO-
cTedl NMOTOHNHEANOB MEAKIY Y3JaMH 3JOKTPHUYECKOH memm.

PaccMorpaM, HampmMep, 3JOKTPHYECKYI0 NeOb, HOKA3AHHYIO HA
pac. 9.2a. HeopmerTaposamanui rpad G 3ToH mendm COCTOHT H3 OTAH-
¢TBOHROW CBA3HOH KommomeHTH (p = 1) m m3olGpamen ma pmc. 9.26,
rae octos I noxasam EpmOR jmEmei (cM. ria. 6).

Ho6Gasnenne moGoro pebpa (z;, z;) 3 G, se mpmBEagIexamero T,
& peGpaM nepesa I' mpAROLAT K 06pa30BaHEI0 TOTHO OLHOTO (IPOCTOrO)
OAKJIa, cocToAmero u3 pebGep ocroa T', Je:Kamux Ha (eERACTBOHHOH)
fleIA H3 IZ; B Z,;, ® TOJBKO IT0 RoGanmennoro pe6pa. Haupamep, no6as-
aan pebpo as = (z;, z;), nonydaeM nmkx (z,, Z;, Zg, Zs, Ty, Z1). TAK
kaK B rpade G mMeerca m peGep, n — 1 m3 KoTopux xexar B T, T0
9ACJA0 BCOX I(AKJOB, NOCTPOEHHHX TAKEM cmocobom, pasEO m — n +
+ 1, 4ro cosnagaer ¢ mEkIOMaTEYECKEM TECIOM rpada G. B mpmmepe
da prc. 9.2 qacao Takex qEKIOR pasHo 15 — 7 + 1 = 9, onnm maobpa-
JKOEH HA PHCYHKe LOYHKTHPHHMA JHHEAME H 0603HaY6HH dYepes



2. IHEKJIOMATAYECKOE YHCIIO

1)

* ¢

ag

ay

Q39

ay

ay

a~

e
T

Puo. 9.2, (s) Dmexrpuvecxas nenb. (6) CYERRAMOHTANLEMO NEKAL,
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®,, O,, ..., Oy Bce 5Ty umKIb, 0UEBHIHO, HE3ABHCHMEI MEKIY
cofoif, Tak Kak Ka)KAHH W3 HEX HMeeT 1o Kpaiineil mepe oxgHo pebpo,
HE IpHHAfJIe)KalNee HHKAKOMY ApPYromy HuKiay. B obmem cayuae
v (G) umknos, noaydaemnx jgobabienmeM kakoro-nmbo pebpa m3 G,
He nemamero B I, kK pe6pam T, HasHBawTCA GyHOaAMeHMAILHEMU
yukaamu. Ecam cemeiicTBo 3THX uuKJI0B 0003Hau4uTh uepes O
(s namem npumepe @ = {D,, O,, . .., Dy}), To MO APyrOF NEKA
B rpade, me mpmHagaekamui K (@, mokeT GHITH BHIparKeH B BUje
JuneidHod Kombumaumm unkiaos m3 @, ecaw NPHHATH Ciaefyomiee
cornamenne [21].

NMycrs kampwii dyupnamentanvuwd maxa O, i =1, .. ., v (G),
npeJCTaBlIeH M-MEPHHIM BEKTOPOM, B KOTOPOM j-fi KOMIOHeNTa pasHa 1
piau 0 B 3aBHCMMOCTH OT TOTO, IPMHAMJIEKHT JH j-¢ pebpo maHHOMY
rukay. Torma, mcoons3ysa € Kak CHMBOJ CJOMERHMA IO MOAYJIIO 2,
aoboii quka D), MOMKHO IpeICcTaBATh KAaK CYMMY IO MOAy.ai0 2 ¢ymu-
RmaMeHTanbHHIX UuKI0oB. Tak, makn @, = (a3, ay;, 413, aq, a3, a;)
RAa puc. 9.2(6) Mosker GbITH IpefcTaBiIeH B BUJE

®,=0,00, P, © D
= (100000000100000) & (0010000001 11100)
@ (000001000000111) & (000000010001001)
= (101001010010010)

OtvermM, yTo ofpamenne BHIIENPUBEEHHOTO yTBEPHKAEHHAA HEBEPHO,
a EMEHHO HEKOTopad cyMMa o MoAynwo 2 ¢yHmaMeHTanbHBIX IHEKJIOB
He o6fA3aTenbHO faeT eIMHCTBEHHHA MUKJ, HO MOMeT NpefCTaBIAThH
aBa @ Gonee mukiaos. Hampmmep, cymma @, D O, O, & D, coot-
BeTCTBYeT ABYM UHKJaM (dy, a3, @13, a13) ¥ (Gg, G4, a;5). Taxkum obpa-
30M, JJIA NOpOMAeHHA Bcex LMKJIoB rpada G we Hamo 6paTh Bce
@ __4q KoMOuHAnu# QyHAaMEHTANbHHX IHKJOB W CKJAAARBATh HX
10 MOAYJNIO 2: HEKOTOPHE M3 3THX CYMM Ha CaMoM feJe He GYAyT IMK-
aamm. bouee Toro, ecnm nasnas cymma, ckamem ®; & ©; 0 O, P.. .,
He MOPOo/KJaeT LAKJIA, TO HEIb3A OTGPOCHTh APYTHe CyMMHI, ee Coflep-
’KaIue, TaK KakK, CkIafuBag no Moy 2 cymmy O, & O©; 0 O, @. ..
¢ apyroit cymmoit, nanpamep @, ® O ® O, D ... (koTopasn cama
MOKEeT He IOPOKAATh LMKJIA), ME MOMeM NoJyumTh nmkia. iaA
npeofioNieHnA 9Tod TpyAHocTM Yand [26] npemsommn HekoTOpHIH
MEeTO/l, N03BOJAKMEI oT6pachHBaTh «HEKODPPEKTHHIE» KoMbGmHanmu
¢yBnaMeHTaJbHBIX LMKJIOB, KAK TOJIBKO OHA IOABIAIOTCA. OTOT METOJ
OCHOBaH Ha ynopsafodeHud (QYHAAMEHTANBHLIX IHMKJIOB B COOTBET-
CTBHA CO CHELHAJbHHIM MHOKECTBOM INpaBHI.

Cnenyer Takxke 3amMeTHTh, 9To, XOTA 4MCJIO (yHIAaMEHTaIbHBIX
uuKI0B paBHO v (G), caMu 3TH UHMKJIH OIpefeleHs HeofHO3HAYHO
H 3aBUCHAT 0T IepBoHauaJbHO BribpaHHOro octoBa T. [leiicTBHTeNbHO,
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B rpade G MOMKHO HaiiTn MHOKeCTBO B3 v (G) He3aBECHMHMX IAKJOB,
KOTOpHE HeJb3A HoayIuTh RobaBieHHeM peGep K AepeBy, KaK 3To
nenanocs Bume. O TaKOM MHO)KECTBe He CJeAyeT TOBOPHTEL, 9TO OHO
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Prc. 9.3. HesasmcamMue, HO HOPYHRAMEHTANHLHEE HUKIL.

«bynnamMentansroes. Ha pme. 9.3 mokasano muoxecteo 8 v (G) = 9
HESAaBHECHMHX [HEKJ0B rpada G, xoTopoe He MoKeT GHTHL IOXYIEHO
no6GapiermeM pefep HE K KAKOMY OCTOBY rpada G m Koropoe IHOITOMY
ge Oymer QyHAaMeBTAAbHHM MHOKECTBOM.

3. Paspesm

IloraTHE paspesa 09€Hb TECHO CBASAHO C NMOHATHEeM LUKJA H Onpe-
HeJIAeTCA TaK.

Onpedesenue. Ecim BepmmHEH HeopHeBTHPOBaHHOro rpadpa G =

= (X, A) pas6aTH Ha xBa MHOKecTBa X, E fo (rme Xo= X = X,
ABJIAGTCA MONOJHeHHeM X, OTHOCETeAbHO X), TO MHOkecTBO pebep
rpada G, ofHE KOHIeBHEe BePIIHHEN KOTOPHX Je;KaT B X,, a Apyrue —

B X,, uasuBaerca paspesom rpada G.

MgBosxecTBO pebep paspesa MoKeT GHTEH HPeICTABIEHO MHOKECTBOM
pepmur mapH (X,, X,). Tawmm obpasom, ocropmmii moxrpad G, =
= (X, 4 — (X,, X,)), monyuennuit us G ynanenmem pebep, DIpEEAN-
AeRAMMX paspesy, ABIAETCA HECBASHLM TrpadoM, COCTOAIEM
Do wpafimeli mepe ms ABYX kommoment. B rpade ma pmc. 9.4 mEOKe-
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¢TBO pebep, NMoOKasaEHWX IOYHKTAPOM, ofpasyer paspes, ompepgessme-
muii mEORecTBaME X, = {z,|i=1, ..., 4 v X, = {z |i =
= K, ..., 11). llony4armuniica ocToBHKIt NoArpad COCTORT HB YETH-
pex CBABHHYX KOMIIOHEHT:

(Zy, Tpy T3y Ti)s (Tyy Toy Tr)s {Tg) B (Zgy Tyg, Tyy)-

MuoxkecTtso peGep S, ynanenue KOTOPHX ms rpada G nser me¢pmAs-
auil ocroBaui moprpad G, = (X, A — S) = npe aToM He éymecTsyer

5 W
~Xo
Xs
% T~ N P
N AN gy
) ~ ;7\ N 7 /
1 N roN N LT 2
! SN\ x /
t \\ / L7 \\ /
1 f\ //< \\ /
: // :x\ k *\
: /1,7 \‘\\‘ // N
X Xg X, X
" / T )
/
/
/ ~
/ > X
/ [
\ /
/
/
To gy b dx,
Pmc. 9.4. — — — paspes (X,. X,).

1AKRKOT0 cofCcTBEHHOro ooOaMHOMKeCTBa S’ S, Takoro, wre rpad
G, = (X, A — §’) TaxKe HeCBABEH, HABWBACTCH NPASLLIBHBEM PASDE-
A0M. OTO WMHOKECTBO MOMKHO TAKMKe mpencTaBETh napok (Xo, X.).
\WTA Teueph OCTOBHWA gonrpad, DONyUeHENWH yAANEHMOM NPABHK-
HOro paspesa a8 G, pasbuBaer G mouHc HY [Be CBABHL® KOMIOHENTH,
UAHA MB KOTOPHX HMEeT CBOMMM BEPIIMHAMHM MHOMKECTRO X, & RpY

rag — maowecrs0 X, B ofmem cnyuase Rampumil paapes mBifeTcA
nfbeABEHEFMeM HEKOTOPOro 9YMCia NPABRAJLHWX paspesoB. B rpade
wn puc. 9 4. wagpEMep, paspes, MOKABAHHKH TYHKTHPOM, ABARETCH
ubBenuHerneM rpex LpaBENALENX peapesoB: {(z,, I,,), (2., Tp), (Ts Tp)}.
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{(®1, 2o), (75, z5)} B {(x3, 1), (24, 25)}. B ocTanBHOM YacIE dTOM raaBH,
& TAERe B clefymomeil raaBe MH (OyfeM HCIOAB3OBATH CIOBO Daspes
BAg 0603HAYEHEA NPaBAABHOTO Paspesa, eCIH TOJNBKO HE OrOBOPOHO
IPOTHBHOS.

I BoiicTBeEROCTD IOHATHYA O0CTOBA ¥ paspess rpada G CTAHOBHETCS
O9eBEAHOM, ©CJIH BCIOMHHATH, ITO OCTOB ONpefeNAeTcA KAaK MEHEMAAL-
Hoe MHOKecTBO pefep, cBAswBamee Bce BépmmMHEN rpada G, B TO-
BpeMsa Kak paspes ABAAETCA MEHAMAJLHHM MHORECTBOM pebep, oTme-
AAKOIAM ONHA BePIIHHEH OT ApyrEx. Ha aToro saMeuynHHs COBEPIICHHO
096BEAHO, 9TO A1060# ocToB rpada G moaskeH HMeTH IO Kpaitmed mepe
oxHo ofmee pe6po ¢ KaRANM NPABAIBLHHM PaspesoM.

Paspes G ompefcieR BHIme AAA HEOPHEHETHPOBAHHOro rpada.
Ecam rpa$p G = (X, A) — opmerTHpOBaHHHI, TO paspes rpafa G
onpefiesIAeTcA KaK MEOKeCTBO KYyT, COOTBeTCTBYIOMEX pebpaM weopmeH-
rupoBaERoOTO Ny6amKata G rpada G. HexotopHe B3 Xyt paspesa rpags
G Gynyr opmertmpopan H3 X, B X,, » MHOmecTBO 2TEX RYT Gymes
sammcuBaThCcH KAk (X, = X,), B T0O BpeMsa KaK MBO/RECTBO AyT, OPHEeH-
THPOBAHNHX HS BEDIIHH MHOJRECTBA X, B BepPIEHH MHOMecTBa X,

Gyner sapmcmsathca kKak (X, - X,). Ilosromy paspes (Xo, X.),
cocTOAmpBY M3 QYT OPHORTAPOBAHHOT'O rpada, ompenenAercs Kag
o6sepmuenne (X, - X,) U (X, > X,).

Haopemep. nna rpada ma pmc. 9.5 mHOmecTBo Ayr {(z,, zs),
(23, 3, (Zg, Z3), (T4s Zs), (27, 2,)} ABAAETCA pABpEsOM, PasNEIAIIIHMW
sHoxecTBs BepmmE X, = {z;, Iy, 25, ;) B Xo = {z5, Zg, %7, Tg}

[
|
i
|
I

|
l
|
& |

Puc. 9.5. OpueBETHpOBaHBHE PA3PE3bI.
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Jror paspes obpasoBan Ayrama mogMHomKecTs (X, — X,) = {(z,, z3),
(75, Zs), (24, z8)} B} (X, — Xo) = {(25) 23), (24, 7))}

MHoixecTBo GyHAaMEHTAaJNbLHEIX [MKJIOB HEOPHEHTHPOBAHHOIO
rpada G GHIO ompefeneHo B IpeqHAYyIEM pasjele KAK MHOMKECTBO
v (G) UMKJIOB, KasKAKN M3 KOTOPHX NoJydyaeTca myTem pobaBiaeHHA
Kakoro-an6yns pe6pa, He mprHajgIe;Ramero ocToBy 7, k peGpam aToro
ocToBa. AHaJOTAYHHM 06pasoM, EMess B BENY OTMEYEHHYIO BHIIE JBOM-
CTREHHOCTb MEKIY pa3pe3aMm II OCToBaMH, @yHOameHmaavhbe pas-
pe3v. oTHOCHTedbHO ocToBa I ompemensioTca Kak n — 1 paspesos,
KajKbH# B3 KOTOPHX COAeP/KHT OXHO, M TOJABKO ofuo peGpo, mpmHA]-
neskamee nepesy 7.

Crrenyomas TeopemMa yCTaHABJIMBAET CBA3b MEKAY QYyHIaMeH-
TaJbHHEMH pa3pe3aMl W QyHIaMeHTaJbHHMH IMKJIAMM I faeT cnocob
NOCTPOeHAA (GYHAAMEHTAJNbHHX pPa3pesos.

Teopema 1. Ecau T — ocmos neopuenmuposannozo zpaga G,
mo gyndamenmanrvhniii paspes, onpedeasemunti pebpom a; us T, o6pa-
3osan a; u memu pebpamu us G, ne npunadaexawumu T, xomopwvie
nocae dobasaenua k T dawm pyndamenmarvine yuraw, cofeprcanjue a;.

Hoxasameavcmeo. Ecan n3 ocrosa T ymaaats pebpo a;, 10 T
pacmagaercsa Ha nsa monmpepesa I’y m T, (cm. puc. 9.6). JIw6oe pe6po,
OffHa KOHUeBasdg BepmAHA KoToporo Jae;RkuT B T, a apyrasa B T,
AOJGKHO HPHHAMJIEXKaTh QYHIAMEHTAJBHOMY pa3pe3y, Tak Kak nobas-
nenue joboro Takoro pe6pa k pebpam w3 T, u T, npuBogut K obpa-
30BaHHI0 Apyroro octosa rpada G m, caegoBaTenbHO, J1060€ MHOKe-
CTBO, He cofiepKamee Takux pebep, He Gymer paspesom. MrokecTBO
Takux pebep BmecTe ¢ peGpoM a; ABIAETCA Pa3pe3oM, TAK KAK HX

&

Prc. 9.6. OyHnameATanbHEEe NUKIH, Cofep:kamume pebpo a;.
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yAalenne pas6msaer rpad ma ABa moarpada, OXEH M3 KOTOPHX HMEET
MHOKECTBOM CBoHX BepmEE Iy, a Apyroii — I'y. 3HAUHT, 3TOT pa3pes
ABnserca QyBRaMeHTAaJbHHM pa3peaoM. Bomee Toro, Tak xak pe6po
a; ABJIACTCA GXWHCTBOHHHM pe6GpoM, 4epe3 KOTOP0e HPOXONAT mEIA
ocroBa 7', HAUMHAKIAGCA B BepIMHAX B3 ) M OKAHIMBAOIIHOCH
B BepmmHax u3 I,, TO ©AHHCTBeHHHMH pe6pamm, 3aMHKAIMEMHA
dyBmaMeHTANLHHE OEKIH, coxep:Kamme peb6po 4;, OymyTr Te, omHA
KOHIeBas BEepIIMHA KOTOPHX jae;kuT B T, a gpyrasa B Iy (TaxoBH,
Hampmmep, pebpa a,, a, m ay B rpade Ha pmc. 9.6). ITo MorasmBaeT
TeopeMmy.

4. MaTpanmu NEKIOB H Pa3pe3os

Ilyere T — ocroB meopmenTHpOoBaHHOTO rpada. Mampuyeii pyn-
daxenmansvunz yuwsos rpada G HasmBaeTca Matpmma @ = [gyl,
cocrosmasn u3 v (G) CTPok m m cTonbmoB, B KOTOpOil @, pasHo 1, ecam
pe6po a; upmrapneRuT mukay @,;, m paBEo 0 B mpoTHBHOM Caydae.
Ecam peGpa, He mpuHagme;kamue AepeBy I', IPOHYMEPOBATH HOCJ]e-
moBateasEo oT 1 mo v (G), a pebGpa mepesa I mpoEyMepoBaTh OT
v (G) + 1 mo m, To MaTpuna maEKA0B @ GyneT EMETH BHX

D= (I I D),
roe 1 — eqmEmIHAA MaTpEOA. ITO OGBLACHAETCA TeM, UTO KAFKAHIA
naka @, coOXepKHT OXHO, H TOJBKO OXHO pe6po, He MpHHANJIEKAIIEe
ocToBy T, H IMKJH BCerna MOKHO HPOHYMEPOBATH IO YHCJY IpPHHAN-
Jie)KAmMEX MM BHEOCTOBHHX peGep, BCJIONCTBHE Y6r0 BCe CMHHHITH
B mepBoi (v (G) X v (G))-mogMaTpune MaTpunu @ JexaT Ha TAATOHAIH.

Mampuya @yndamenmasvnnxr paspesos K = [kl onpemensercs
AHAJIOTHYHO — KAK MaTpmna ¢ n — 1 cTpokamm m m cronbmamm, rme
k,y ectr 1, ecnm pebpo a; npaEanaexuT paspesy K;, u 0 B mpoTHBHOM
cayuaae. Ilpm Toit yxe camoit Rymepanmu pebep, 9To ¥ BHIIE, MATPHOA
K mmeer Bmp

K=(KylI),

TAK KAK Temeph KamAWi (yHAaMeHTAJNBHHE pa3pes COXEPKHUT OXHO,
H TONBbKO ofHO pe6po m3 peGep mepesa T.

B rpade ma pmc. 9.7 Bo3bMeM 0CTOB, H306pPaKEHHHIA KEPHHME
amnEasamiE. Torma MaTpmma ¢yHAAMEHTAJBHHX HUKJIOB pPaBHA

a a4, a, a, a; as; a; ay Gy a9 Gy, 453 Gy,

o, 1 000 0/00 11000 0
o, 0 1 0 0/0 001 11 0 0

®@=0®, [0 0 1 0 0/0 0 0 0 0 0 1 1
o, 000 1 0|1 11010 0 1
o, 0000 1|1 110000 0]
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a, a,

a
6 as a; ay,

Prc. 9.7.

MaTpuna QyHAaMeHTaJdLHHX pPa3pe3oB paBHA

a a ay a4, 4, 4 G, Gy dy Ay ay; ay; 9y

K, 0o 0 0 1 1 1 0 0 0 0 0 0 O

K, 0O o o 1 1,01 0 0 OO OO O

K, 1 0 0 1 1,0 0 1 O O O O O

K, 1 1. 0 0 0/ 0 O O 1 0 O O O
K= K, o 1 0 1 0|0 O O O 1 O O O
K, 0O 1 0 0 OO O O O O 1 0 O

K, 0O 0 1. o oj0O0O 0 0 O OU OT1 O

Kq 0o 0o 1 1 0|0 O O O O O O 1

rae paspess K;, coorercTBylomme peGpay oCTOBa, EMEIOT HoMepa
vie)+i=5+ii=1,2 ..., 8

CymecTByeT BECKONBKO MHTEDECHHX COOTHOINEHHHE MEKIY MaTpH-
IaMH [UKIOB, paspesoB m mEnuieHnwmi. Hmme Bce apumermuecknme
omepannH ABJIAKTCA ONePalEAMHE D0 MoAydml 2. 3mech Mu Gynmem
paccMaTpABaTh HEODHEHTHDOBaHHHE rpadu 6e3 meTens.

Teopema 2. Mampuya unyudenyuii B u mpancnonuposannas snam-
puya gyndamenmasvriz yurros O opmozonasvirr, m. e. B.®f = 0,

Teopema 3. Mampuya gyndamenmarvhuz yuxtose ® u mpancno-

HuposarHas mampuya gyndamenmasviuiz paspesos K opmozonaavuu,
t
m.e. O®.K =0
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OTH NBe TEOPeMH ABIAITCA HEMENJeHHHM CIeACTEHEM ABYX oOde-
BHEAEHX (aKrToB:

(1) Kamxpas BepmmEa B nEKJe MENUNEHTHA 9eTHOMY IECIy pebep
(a B crywae mpocroro mEKJIa — aByM pe6paM) aTOro mEKJA.

(2) Rasxpuit paspes mukJa, WHAYNUPOBAHHHIE HEKOTOPHM paape-
80M, HMeeT 9eTHOE THCJI0 peGep, o6mEX ¢ 3THM pPaspesoM.

Teopema 2 crenyer u3 (1), a Teopema 3 — u8 (2), eciim BCIOMHETE,
9TO0 BCE OIePalAM PaCcCMATPHBAIOTCA IO MOAYJIIO 2, TAK ¥T0, HAIPHMED,
2 =0 (mod 2). Kpome Toro, cymecTByior A0KasaTeJBCTBa 3THX TEO-
peu {21, 17, 6], He mcmoABsyOMEe TPEANONOKEHAR 0 PYHIAMEHTAND-
HOCTH NEKJOB H paspesoB. CiremopaTeabno, cPOPMYARPOBAHEHE TEO-
PeMH CHpaBe[JEBH AAA JIOGHX MaTpPHI IEKA0B B paspesos. Ilocaen-
HEe ONpefelATCA AHAJOTHYHHM 06pasoM.

ITo Teopeme 3 MoKHO HammCaTh

4
OK' = (I| @) (52 ) =K}, + @ =0.
IToaromy

K,=—0,;=0,;, (9.3)

Tak Kak —1 = 1 (mod 2). Beaenctre 3Toro MaTpuna ¢pynanaMeHTans-
HHIX pPadpe3oB MOKeT GHTH HeMeJJIeHHO IOJYYeHa, KAK TOJLKO H3BeCT-
Ha MaTpHOa PyHJaMeHTAJLHHX NUKJI0B, H HaoGopor. CopaBegImBOCTH
cooTEomeHusA (9.3) MO’KHO DPOBEPETH HA NPHBEEHHHX BHINE MATDH-
max @® u K naa rpada, msoGpakemnoro Ha pmc. 9.7.

5. OfinepoBn IHRIN B 33398 KATAKCKOro NOYTAALOHA

Onpedesenue. Ecnu nan HeopueHTHPOBAHEHI s-rpad G, To alltepos
yuma (silmepoBa meOmp) — 3TO TAKOH HEKA (Iemb), KOTOPHI mpoxonaT
POBHO ORHH Pas mO KaxaoMy peGpy.

OuepnpuHO, He Bee rpadn EMEIOT 3iIepoBH MEKIH (CM., HADpPHEMeD,
rpad ma pumc. 9.8), HO ecim 3iIepOB MUKA CYNIECTBYET, TO 3TO O3HA-

x Xg

Xg Xg

Puc. 9.8. Tpad Ges siimepopa mmkraa.
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—a-

a, A
Puc. 9.9.

9aer, 9T0, CJIeAyA BAOJb ITOTO IIMK1a, MO*KHO HaprcoBaTh rpad Ha Gyma-
re, He OTPHBas 0OT Hee KapaEZama. 3-rpad Ha pmc. 9.9 mmeer caegyro-
muEid 2ii7epop NMUKI (HAaYAHAA C BEePHIAHH Z,):

a;1A2030,0150Q14a130)20110162171099250507as.

Hanpasinerrme aBm:xeHma mo ka:kaoMy pe6py IOKazaHO Ha DHCYHKe
CTpelKaMu.

Oditmep mepBuM B cBoedl 3HameHdaToll 3adave o Kénuecbepeckux
MOCMAZ PaccMOTPeN BOIPOC O CYIECTBOBAHAM TAKUX IIEKJIOB B rpadax.

c
c .~ 1
B A
B A
D TN Y
@ (6

Pmc. 9.10. (a) Kapra Kémarc6epra. (6) 3xsmBaneHTENE rpad.

HKéunrcbepr (remeps Kammuumrpan) pacmonoskem ma ofomx Geperax
pexu Ilperons m Ha OByX ocrpoBax 3Toil pexm. Bepera pexm m nBa
OCTpOBa COENHMHEHH CeMbI0 MOCTAMH KAK [OKA3aHO HA Kapre
Ha pmc. 9.10 (a).

Bonpoc — mocrasaensnit B 1736 rogy — COCTONT B TOM, MOKHO
JH, HAaYaB C HEKOTOPO# TOYKH, COBEPIIATL LPOryJAKY H BEPHYTHCA
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B HCXOJHYIO TOYKY, IPOHAA MO KamMEOMY MOCTY POBHO OfHE pa3. Ecan
KKK Geper peKH H OCTPOBA CYHMTATh BepmMEHOHA rpada, a Kammhit
MoCT — peGpod, To kapty pmc. 9.10 (a) MoKHO IpeACTABHTE B BHAE
2-rpada, maobpaskernoro ma puc. 9.10 (6), = oTBeT Ha NoCTaBICHHKI
BOIPOC 3aBHCHT Telleph OT CYIMECTBOBAHEA 3{iiepoBa NMHKJIA B 3TOM
rpade. Jiinep ycTaHOBHI, 9TO YKa3aHHHII rpad He coep;KmT aitmepo-
Ba IWKJA, H 3TOT Pe3yJbTAaT O3HAMEHOBAJ pbiKIeHEEe TeopmH rpados.

OcHoBHaA TeopeMa 0 CYIECTBOBAHHH 3iiepOBHX HEKJIOB Popmy-
JApyeTCA TaK.

Teopema 4 (8). Ceranuii neopueHmuposarruil s-2pag G codepxcum
alisepos yuxa (aliteposy yendv) mozda u moavko mozda, Kozda Hucao
eeputur Heuemnoii cmenenu pasro 0 (0 uau 2).

Hoxaszamearcmso. M noKameM aTy TeopeMy NAA CAy4asa IHEKIA;
caydaii mem®m paccCMATPHBAETCA AHAJOTHIHO.

Heobzoduxocme. JI06oii 3itnepoB THK N0MKeH NPHATH B BEPIUHHY
no ofHOMY pebpy H IOKHHYTH ee IO APYTroMy, TaK Kak JioGoe peGpo
ROJXHO HCHOONB30BATECH POBHO ofamH pa3. IloaToMmy, ecim G comepskur
aiiiIepoB MUK, TO CTeNeHN BCEX BePIHH JO/IKHH GHThL YeTHHMA.

Hocmamounocme. Ilycts G — CBA3HNI HEOPHEHTHPOBAHHNIA s-rpad,
BCe BePIMEH KOTOPOr0 HEMET 9eTHYK CTeneHb. Haunem DyTh H3
HEKOTOpOoli NPOHM3BOJNLHOH BEePMMHH Z, M HOHMIEM IO HEKOTOPOMY
paHee He HCIOJb30BAHHOMY pe6py K clefyomell BepIIEHe, B TaK
R0 TeX mop, OKA He BEPHEMCA B BePINHY X, H He 3aMKHEM IMKI.
Ecam Bce pe6pa OKamyTCA HCIOAB3OBAHHEIMH, TO HYKHHE 3HIepoB
nEKa mocTpoes. Ecam ke Hekotopme pe6pa He HCIONIB3OBAHH, TO
nycTs @ — Toabko uTO mocTpoeRHHE nukA. Tak Kak rpad G ceases,
To nEKA O HoMxKeH NpOXORHTH ueped HEKOTOPYK BEPIIHAY, CKarKeMm
Z;, ABAADMYIOCA KOHEYHOIl BEPMMAHOR KaKoro-au6o [0 CEX IOp HEHC-
moas3oBanHOro pebpa. Ecam ynaamte Bce peGpa, mpmmagaesxammne @,
TO B ocTaBmeMCA rpade Bce BePIMEHH Io-Upe:kHEeMy OGYAYT EMeTh Yer-
HYIO CTeHmeHb, TAK Kak B nukiae @ mosxBo GHTH weTHOe wmCIO pebep
(O ABAAETCA YeTHHIM TACJOM), HHOUAEHTHHX KAMKIOil BepIHHE.

Hagunnas Tenmeps ¢ z;, nonysaem nukia @', paunnaomuiics B OKaH-
guBapmuiica B z;. Ecim Bce ocTaBmmecs paHee pe6pa HCHOAB30BAHK
naa muriaa O, To mponecc oxomuen. Hymnauit afinepos mmxa Gymer
o6pasoBan vacTeio nEkaAa @ oT BepmEAH z, 00 ;, 3aTeM mmKiIom D’
H, HaKoHeN, JacThio Mukiaa P or BepmmeEH z; K0 z,. Ecam xe Bce eme
OCTAJNIECH HEHCHIOJNb30BaHHHE peGpa, To 0o6BeEHEHEEe IOCTPOEHHBEX
pume nnkaoB @ n @’ naer mopmit muka @. Mu cHoBa MoxeM HaiTh
BepII¥HY ZI;, DPHHAMACKAMYI NHEKAY H ABIADIYICA KOHNEBOX
BEPIIMHOH HEKOTOPOro0 HEHCIOAL3oBaHHOTo peGpa. 3aTem MH MoxeM
OPHECTYOHTh K NOCTPoeHHI0 HoBOoro mEkia O, masmmaomerocs B zj,
H TAK IPOROKATH RO TeX IODP, HMOKA He OYyNYyT HCHOAB30BAHH BCE
pebpa m Be Gymer moayuer TakEm obpasom aifimepoB mmrn @. Ito
MOKA3KBAET TEOPEMY.
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OueBnpBo, 9T0 ecau rpad G HecBaseH (3a HCKIIOYEHHEM HM30JIH-
POBAaHHEIX BepIIMH), TO 3ilIE€POB IHKJI HE CYMECTBYeT, TAK KaK HeT
HAKAaKOH Ilenm, BeAymeil M3 ofHoil ero KOMIOHeHTH B Apyrywo. Ouge-
BH/IHO TaK:e, YTO B Ciydae 3HIepOBOH Henom JBe ee KOHEYHHIE Bep-
WAHEL P B ¢ ABIAIOTCHA BePIIMHAMM HEYETHOH CTEmeHH.

Ecam G — opmenTnpoBaunmii s-rpad, To cupasegimBa TEopeMa,
IO;THOCTBIO AHAJOTHYHAA OPEefHyIueii, a HAMeHHO

Teopema 4 (6). Ceasnuii opuenmuposannuii s-epad G codepicum
aliaepos yura (silreposy yenv) mozda u moavko mozda '), kozda ece
noaycmenenu 3saroda d; (z;) u nosycmenenu ucxoda d, (x;) eepwun
Y006.1emeopam  YCA0BUAM:

0as caywas yukaa di (x;))=d, (z;,) Vz; € X,
Oas caywas yenu dy(x;)=d, (z;)Vzy5=p usu g,
dy(q) =do(g) +1

udt (p) =d, (p) —1,
20e p — HaYAAbHAA, @ § — KOHEYHASL GePULUHBL 3TAeP06OTE yenu.

Onépu [16] pan osens mpocroit amropurT™M mocTpoeHuSA aiinepoBa
IAK1a B HEOPHEHTHpPoBAHHOM rpade (ecmi Takoil IHK1 CymecTByer).
JTOT aJIropHTM JIETKO MOeT OHTh pacupocTpaEeH HA OPHEHTHPOBAH-
Hue rpadu (cM. Takxke 3agauu 7 © 8) m cocTOHT B caenyiomeM. A.aeo-
pumx Hazoxdenus sliaeposa yukaa. Haamnats ¢ HEKOTOPOH BepPIIMHE
D I KaKAWH pa3 BHIYEPKNBAaTh nOpoiiiensoe pebpo. He mpoxommTk
no pedpy, ecnn ynaneHue atoro pebpa mpmBoauT K pas6menmio rpada
Ha /iBeé CBA3HHE KOMIOHEHTH (He CIATAA HM30JHPOBAaHHHX BEPUIHH).

5.1. HekoTopsie poacTBeHBLE 383K

Cpasy e BCIOMHHAETCA PAN BOUPOCOB, CBA3AHHEIX C TEM, IIMEETCA
1n B HEODHeHTHpPOBaHHOM rpade aitepos neka. Hanpumep:

(i) KakoBo HamMeHbliee 9HCIO lemel HIHM IHKJIOB HeoGXOMHAO
nas toro, 4robu kasxpgoe peGpo rpada G comepsxaToch TOYHO B ONHOIL
uenu man B ofHoM nuk;1e? OgeBuaHo, 9ro eca1i G mMeer diii1epoBy Iens
HJIN 3ii1epOB IMKJ, TO OTBETOM GyfeT YMCI0 OfHH 2).

(ii) Pe6pam rpada G mpunmcans nonomxurensnue seca. Tpebyerca
HailTIl [HKJ, OPOXONAMMII Yepe3 Kamxnoe pebpo rpada G no xpaiinei
Mepe 0o0un pas W TaKoil, 4ro AasA Hero oOmmEA Bec (a MMEHHO CyMMa
Be.NramH nyc (ay), THAe 9ACIO Ny NOKA3bBAET, CKOIbKO Pa3 IPOXOH-

) B a3Toil Teopeme, eCTeCTBEHHO, IMKIW M LENH — OpHEeHTHEPOBAHHKE , —
IITpum. ped.

%) JTOT BOmpOC OTHOCHTCA K HAXOMAKIGHUIO HABMEHbIIEro 9Ecaa pebepro
Hemepecekalomuxca moarpadoB (B cayuae nemeil AN OUKJI0B), HeoGXOTIMEX
ana «roxkpuTuA» pebep rpada G. 3agady aToro TAma 06CYHAAMICH TAKAKE B 1. 3
KaK BRpHBHTH gadavu o noRpumMUU MHOXNECInNEQ.
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aocs pebpo a;, a ¢ (a;) — Bec pebpa) mmmumasen. OdeBHEHO, UTO

ecan G comepmuT iiepoB THKJI, To J00o#l Takod mExa Gymer omrm-

MaJbHHM, TAK KaK Ka)Knoe pe6po IpoXOMHTCA TOABKO ONMH Pas H BeC
m

8TOr0 HUKJIA paBeH Tora . c (a;).
i=1

1=
Cdopmynmpopannas sBrme 3afada (ii) HasuBaerca sagateit xumai-
cxoz2o noumaavona (18], m ee pemenme mMeeT MHOrO HOTEHOHAJBHHIX
opmiosReHHil, KaK HampHEMep:

(A) C6op mycopa. Paccmorpum mpobaemy cGopa AoOMamHero
smycopa. Jomyctum, 9To ompexeNeHHHIT pa#oH ropofa obcay:xuBaerca
enmHECTBeHHON Mammuoi. Pe6pa rpada G mpeacTaBaAlT Kopor:, a Bep-
mMuHEH — mepecedeHHA Kopor. Beamumna ¢ (¢;) — Bec pe6pa — Gyner
COOTBEeTCTBOBATh AumHe foporu. Torna mpo6aema c6opa Mycopa B AaB-
HOM paifioHe CBOXMTCA K HaXOQKAGHMIO IHKJa B rpade G, mpoxoaamero
mo Ka)kaoMy pe6py G mo kpaiimeit mepe oxmm pa3. TpeGyerca maiiTm
OEKJ ¢ HAEMEHBIIMM KmjJoMerpakeM. B ReHCTBATENBHOCTH €MKOCTH
MAIIMHEH O OPOAO/IKATEABHOCTh paGouero A HAKJIAAWBAIOT OrpaHH-
9eHHA HA YACHO YJIHI, KOTOPHE MoMeT o0CHYKHTh OXHA MAIINHA
3a genb. To, 910 meficTBUTeNBHO MOKeT TpeGoBATHCHA,— 9TO HE HAXOM-
RKeHme OTAEJBHOr0 MHEKJIA, & HEKOTOporo Imcia @ mAKIoB, obcay:kE-
BAEMHX [0 OQHOMY B JeHb, CKakeM, 3a mepuoX B () AHell; mpH aToM
OAKIH MOryT GHTh BHOpaHH TaK, 9T0 He HAPYMATCA BHITEYIOMA-
HyTHe orpammyemma [1, 2, 4, 11, 22].

(B) Jlocrapka Monoka mam mouarsl. Eme nBe sagadm, Korga Tpe-
Gyerca ompefeanTh MapmpyT, OIPOXOAAMMEE X0TA 6K OMHE pa3 mo KaiK-
RKoil M3 yamll, BO3HAP"  IPH AOCTABKE MOJOKA HJH HOYTH. 31ech
3aada COCTOHT B HAXOKAGHHHE MapImpyTa, MEHAMHA3HPYIOMEro o6muit
KAJoMeTpask (HNH BpeMA, CTOHMOCTh H T. X.).

(B) Ilpopepka 3/eKTPHYECKHX, TENSHOHHBIX HIH KETEIHOAUPOKHBIX
amanii. [Ipo6rema HACHIEKTEPOBAHAA pACHpeReNeHHHX CHCTEM (JHME
HeKOTOpPHe B3 KOTOPHX HASBAHH BHINE) CBA3aHA C HOIPEMEHHEM Tpe-
GoBaHEeM MpPOBEPKH BCEX «KOMImOHOHT». Il03ToMy OHA TaKKe ABIACTCA
opobinemoit Tama (ii) mam G6Gamaka K Heil.

Jlpyrme OpmuioeHHA MOryT OHTH CBA3aHH ¢ pa3bpacHBaEHEEM
CMeCH IeCKa H COJH Ha IMIaBHHX X0porax 3uMoil AJIA mpegoTBPameHnsa
obienenennsa, ¢ HAMIYIMAM METOXOM pPaGoTH aBTOMATHYECKHX BEH-
TAIAQHOHHHX yCTpoiicTB, ¢ yOGopkoil nNoMemeHWiE H KOPHEZOPOB
B 6OIBIIMX YUpeMNCHAAX H Aajie ¢ HAMIYIIMAM MAPIPYTOM OCMOTDa
Myses!

5.2. AnropETM JaA 3349 KHTACKOr0 NMOYTAILOHA

B caygae Korma Beca Bcex pefep paBHH eIWHHLNE, 3a/ady KATaM-
cKoro mowramboHa paccmorpenm Beanmam m Kyx [3] ¢ mcmoansosa-
HneM RHHAMAYECKOr0 mNporpaMMEpoBaHmsa. Dboaee ofmyio samauy.
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Koraa Beca pebep mpomM3BOJBHEL, CPOPMYJIMPOBAJIM M DEmMHIN KAaK
3afady o mapocodeTaHdn (C 9YacTHOIl 3amaded o Kpardaimell menm)
Immonnc (9], 3amomnc m Maoncon [10], Bacakep u Caarm [7] m Kpan-
crodpunec [8].

PaccmoTpny HeopnenTmpoBanunit rpag G = (X, A). Cpenm Bep-
muH u3 X HeKoTopne BepmMEHK (CKakeM M3 MHOMecTBa X*) 6yayT
HMETh YeTHHE CTeNeHH, & ocTaabHue (#3 MHOKecTBa X = X — X*) —
medeTHne cTeuenH. [{alee cymma crememeil d; Bcex sepmmm z; € X
paBHa yABoeHBoMY uncay pebep B A (Tak Kak Kaxmoe pebpo mob6as-
JA€T N0 eANHHAIE K CTENEHAM ABYX €r0 KOHIEBLIX BEDIIMH) I HO3TOMY
paBHA deTHoMy 1dncay 2m. CaegoraTtennmo,

Ddi= DNdi+ ¥ dy=2m,
x;eX xiEX+ xiEX_'

H TaK KaK cyvMa 2 d; 9eTHa, TO CyMMd S d; Takme detHa. Ho
x,€X* XX

Bce d; B mociaenHeil CymMMe HEYeTHH, 3HAYAT 4uciao | X~ | Bepmms

HEeYeTHOH CTeneHH 9YeTHO.

IIycte M — muo;kecTBO TakEX Ieneil (ckamem U;;) B G Memuy
KOHIIEeBLIMM BepPIMIMHAMH I; ® Z; (z;, z; € X~), 9T0 HEAKaKue gBe LEeNH
He AMEIOT OJMHAKOBHX KOHCYHHIX BEDIIMH, T. €. IeNd COENUHAKT pas-
JHYHEE Naps BepmrH 3 X~ M NOKPHBAIT BCe BepmEHL ') MHo:Ke-

crBa X~. Uncao nemed p;; B M paBHO % | X~ |, a kak 6wa0 mnoKa-

3aH0 Bume, | X~ | Bcerga geTHo, CJENOBATENLHO, 3TO IACIO BCerna
mejoe, eciv, KOHETHO, OHO oupeneieHo. Ilpemmonoskum Temeps, 4TO
Bce pebpa, obpasyomue menb W,;, AoGaBaeHN kK G B KadecTBe uckyc-
cmeenHol mapalienbHoll menu, npmieM 3TE pebpa ocrarTca B rpade
G. 9t10 o3HadaeT, upe:KAe Bcero, 4To Bce pefpa m3 G, obpasyrommue
Henb W;;, Temeps yaBoeHH. Tak mocTynaem ¢ Kaxmoill uensio p;; € M,
I nonydeHHwH s-Tpad ob6o3maumm gepe3d G~ (). Tak kak HekoTopnie
pebpa m3 G MOTYT BXOAHTL Gosee 4eM B OfHY LieNb [1;;, TO HEKOTOPKIE
pebpa m3 G~ (M) Moryt buTh (HoCKE TOTO KaK AoGaBJIEHH BCe CHOBLIE?
LeN# |i;;) YTPOEHH, ydYeTBepeHW ® T. A.
Temepb Mu MoHeM J0KasaTh CJIEAYIOIIYI TEOPEMY.

Teopema 5. [JJan awboeo yuraa, nporodauezo no G, xoxcrno enbpams
Mmuoxcecmeo M, dan womopozo epap G (M) umeem siinepos yuka,
COOMEEMCMEYIOW UL NEePEOHALAAbHO 63AmoMYy yukay 6 epage G. Imo
coomeemcmeue maxogo, Wmo ecau yuxa npozodum no pebpy (r;, xj)
uz Gl pas, mo 8 G~ (M) cywyecmsyem 1 pebep (0dno peasvroe u | — 1
UCKYCCMBERRNT) MencdY T; U X7, KAKO0e U3 KOMOPHIT nporodumes PoeHo
odukr pas 3iiaepostim yuraom us G- (M). Cnpasedauso u obpamnoe
ymeepacdenue.

1) B manbBeidimeM TaKoe MHO:KeCTBO Ieneii Gy)eM HAB3KBATL YenHRM nREPOCO
vemenuex (Ha MHOMKecTBe X = mun anas MEoKecTBR X ~).— ITpux. ped.
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Hoxasameavcmeo. Ecnim nuxa npoxopmr mo rpady G, To mo Kpaii-
Heid Mepe ofHO pe6po, HENUAEHTHOE KAKAO# BepmmHe T, HeYeTHOM
CTeleHH, JO/KHO TPOXOAAThCA ABaXKAH. (Pe6po, mpoxonaMoe ABAKIH,
MO’KHO PACCMATPHBATH KAK [ABA MApPAJJIEILHHX peGpa — ORHO peaisb-
HOE H OfHO HCKYCCTBEHHOE — H KAK[0€ H3 HHEX IPOXONHTCA OAHH
pa3.) Ilycte ato pe6po (z;, x;). B cayuae HeueTHOCTE CTEmeHE d)
BepmBEN I, rpada G pobaBneEme mcKyccrBeEHoro pefpa mpexne
BCero caejaer d, 9eTHHM, H B3HAYAT TOJAbKO peGpo (r;, x,) HysHO
6yner DpoXoAHTH ABAKAH, €CAY OTPAHFYETHCA PACCMOTPEHHEM JIAINB
BepINHH I; B 3. B caydae xorma d, gerHo, no0aBleHEEe HCKYCCTBEH-
Horo peGpa cnenaer d, HeYeTHHM, a BTopoe pe6po BHXoAAmEee H3 Iy,
no/KE0 OuTh mpoieHo ABaKAH (T. €. mobaBiaAeTcA eme OJHO HCKYC-
crBeaHoe pebpo). Takaa cuTyamEAa coxpaHAeTCA A0 TeX HOpP, HOKA
He BCTPETHTCA BEPIINHA HEUETHOH CTENEHH, 0 9eM IOBOPHIOCH BHIIE.
CiegoBaTeNbHO, YTO0H YHNOBJETBOPATH YCJIOBHI0 BOSBPAINCHAA B Bep-
MHARY Z;, HY’KHO ABAKAH OPOHTA BCIO IENb U3 Z; B HEKOTOPYIO APYTYIO
BePIIHEY HETIeTHOH CTeIeHH Z,, NPHHANIEKAMYIO MEOKeCTBY X~. IT10
aBTOMATEYECKH NPHBOAHT K BHIOJHEHAI0 YCJIOBEA IPOXOKAECHHA
BEPIHHUHH Z,. AHAJOTHIHO OGCTOHT [e/N0 AJIAA BCeX APYTEX BEPIIHH 2,
23 X~. Jro 3HAYMT, YTO0 BCe MHOKecTBO M neme#l m3 G, ompeneeH-
HOe BHIE, NOJKHO OPOXOAHTHCA ABAKIH, H TAK KAK OTCIONA BHITE-
KaeT, uro Kaxmoe pebpo m3 G~ (M) mon:KHO HPOXORETHCA OAWH pas,
TO TeopeMa NOKASAHA.

ANTOpHETM pelIeHMA 3aJaYH KHTAHCKOro IOYTAJILOHA HEME[JeHHO
clenyer ms NOKABAHHON TeopeMH, TaK KAK Bce, ITO JJIA 9TOro HEOG-
XOAEMO, COCTOHT B HAXOK/I€HHH MHOKeCTBa nenelt M* (nemmoro mapo-
COUCTAHHEA [JIA MHO)KECTBA BEePIIMH HEYETHOH CTEemeHH), AAIOIMETO
HAEMEHbIOME JONOJHETeNbEHH Bec. IHKkn HamMeHEBmeEro Beca, mpo-
xopamuit mo G, 6yneT EMeTh Bec, paBHHIA cyMmie BecoB Bcex peGep B3 G
OAI0C cCyMMa Becos pefep B mensax m3 M*. I1o T0 :Ke caMoe, 9TO H CyM-
Ma BecoB Bcex pefep — peaJbHHX H HCKYCCTBEHEHX — rpada
G~ (M*). Janum Temepsr omMHCaHHE AJTOPHTMA.

5.2.1. Onmcanne anropurma. ez 1. Ilycrs [e¢yy] — maTpama
BecoB peGep rpada G. Hcmoapaya anropmrM Kpardaiimeil memm (ca.
ra. 8), obpasyem | X~ | X | X~ |-matpuny D = [d;;], rne d;; — Bec
Oend HAEMEHBIIEro Beca, HAyMel# W3 HEKOTOpO# BepmmHEH Zz; € X~
B Apyryio BepmumEy Z; € X~.

IMae 2. HaiimeM To menuoe napocoderanme M* nas muomecrsa X,
KOTOpo€ JaeT HAEMEHbIAR BeC (B COOTBETCTBHH C Marpmneit Becos D).
310 MOKHO cAenaTh 3PPEKTHBHO ¢ MOMOMLI0 QJITOPHTMA MAHHMAJb-
HOr0 mapocoderannsa u3 ra. 12,

Ilaz 3. Ecnm pepmuaBEa z, CO9eTaeTCA ¢ ApPYyrodl BepmuHOA g, TO
OIpeleNHM IeNb Jq g HAEMEHBIIETo Beca (H3 Z, B Zp), COOTBETCTBYIO-
myo Becy dgp, Aenaa mar 1. loGaBEM HCKyccTBeHEHe pebpa B G,
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COOTBeTCTBYiomue peGpam M3 lig gz, M OPOMlETaeM 3TO IS BCEX APYrumx
neneil w3 MHo:ectBa M*, B pe3dynpTaTe 9ero moJyIHTCH s-Tpad
G~ (M*).

lliaz 4. Cymma BecoB Bcex pefep rpada G~ (M*), naiinennas ¢ nc-
nonb3oBaHMeM MaTpuns [c;;] (Bec mckyccTBemHoro pe6pa Gepercs
PaBHHM BECY HapajJelbHOTO €My peajbHOro pefpa), paBHa MHHH-
MaJBHOMY Becy IukJa, npoxogsmero mo G. Ilpm atoM 1wmcao mpo-
XosRfennil nukiaa oo pe6py (z;, z;) pasHo ofmeMy 9ucITy mapasienn-
HEX pebGep Mexay z; 1 z; B G~ (M*).

Cnenyer 3aMeTHTh, 9TO NOCKOJBKY Ha IIATE 2 MHEl HCHOJb3yeM
MUHUMaJbHOE NapOCOYETaHMe, HAKAKHMe [(Be KpaTdalimme memm W;;
I U,, OPH TAKOM IapOCOYeTaHHHE (CKaKeM, MAYIINEe 03 Z; B Z; U U3 Iy,

q

4
Pre. 9.11. Hemn p;; m ppq, umenomue obmee pe6po (a, b).

B I,) He Moryr mmeTb o6mero pe6pa. Ecam Gu omnm mmeam o6mee
pe6po (zq, z), KaK mokasaHo na puc. 9.11, To coueranne BepmmH I,
u z4 (MCTOIB3YIOMEe TOALENH OT Z; K Iy B OT I, K I ) M COYeTanue mapsl
BePMIUH Z, M z; (HCOOJB3yIOMee HORLENH OT I, K Zg B OT Z, K Z;)
naBajso 6n obmee nmapocodeTaHme Beca 2¢,,, MEHBLIIET0 Y€M BeC mep-
BOHAYaJBHOTO NAapPOCOYETAHHHA, ITO HPOTABOPEYUT HPERNOJOKEeHIIO
0 MIUHNMAJBbHOCTH HCXOfHOro napocoderanus. CiemosaTenbno, rpag
G~ (M*) He mo/KeH comepskaTh GoJsiee NBYX mapalsienbHHX pebep
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MeKRY MOGHMHA ByMA BepIIEHAMHE, T. €. ONTEMAJBHHN IEKA He IMpo-
XOXMT HA II0 KaKoMYy pe6Gpy rpada G Goxee gem asa pasa.

5.2,2. Ilpamep. PaccmorpEM rpad G, msobpakeHHHE Ha
puc. 9.12, amelommit 12 Bepmme 1 22 pe6pa, Beca KOTOPHX yKasaHH
y Kampgoro peGpa. 3aaga COCTORT B HAXOKACHAM IAKIA, IPOXOXAMEro

2 18 3

Prc. 9.12. I'pad m3 npmmepa 5.2.2.

mo KaxpoMmy pe6py G mo KpaliHell Mepe OXEH pa3 H HMEIOMEro MEHH-
ManpHHIT Bec. MHOKeCTBO BepmIAH HEYeTHOR cremeHH 3TOr0 rpada
ects {1, 3, 4, 6, 8, 9}. Hcnonsays anropaty Kpatdaiimeir nenm Jeix-
cTpH (cM. ra. 8), Hafifem matpEny D ma mara 1:

1 3 4 6 8 9

1 — 19 17 7 19 15

3 19 | — |2 |12 | 24 | 20

4 17 {20 | — | 24 | 30 11
D=

6 7112 (24 | — (12 | 22

8 19 | 24 |30 (12 | — | 19

9 15 (2 |11 |22 119 | —
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Ha mare 2 aaroputyM MOoHuMaIpHOro mapocoderaHma (ca. ra. 12)
CBA3HBAET CJENYIONNEe BEPIMHE (1Ba APYTUX NAPOCOYETAHHMA TAKKe
ABJIAKTCA MHHII]\IaJIhHLIMH):

1 ¢ 6, nenr 1—12—86, Bec 7,
3 ¢ 8, menr 3—5—6—7—8, Bec 24,
9 ¢ 4, menp 9—2—4, Bec 11.

[pad G~ (M*), moaydapommniica moc.le BHIOJIHEHHA Imara 3,
n3obpa;xen Ha puc. 9.13; nyEKTHPOM MOKa3aHH ICKYCCTBEHHKE pebpa.

Pmc. 9.13. Tpap G- (M*) m3 npmmepa 5.2.2.
peanrHEHe pefpa; — — — HMCKyCCTBeHHH® pebpa.

113 atoro pmcynka BMAHO, 970 OOTHMAJLHHI 1uKJI B rpade G mpoxo-
nut gepes pebpa (9, 2), (2, 4), (3, 9), (5, 6), (1, 1?), (12, 6), (7, 6)
n (8, 7) mBamum, a dYepe3 Bce ocraabHmHe pebpa — ofamu pas. Bec
3Toro mmkKaa paBeH 294.

HKak Tonbko mraiiner rpad G~ (M*), Moryr 6uTL cpasy Ke HaHIEHH
no aaropurmy (Dnépn, ynoMaHyTOMY paHee, aiiaepoB IHKJ 3TOTO
rpada u COOTBETCTBYIOIINM ONTEMAJbHHE MUK, IPOXOAAIMII 110 mep-
BoHavaabHOMY rpady G. Haa rpada, mao6pamenHoro na pmc. 9.13,
Hampumep, ONHH K3 BO3MOKHHX 3JIEPOBHX NHMKJIOB, NOJyYeHHHX
U0 BHIIENPHBEJEHHOMY NPAaBHIY, RAETCA IOCIEAOBATEIBLHOCTHIO BEp-
muH (Ha49mHaag ¢ BepmMHH 1):

1, 4, 3, 5, 3, 2, 4, 2, 1,12, 5, 6, 7, 8, 10, 1, 7, 6,
12, 6, 5, 11, 9, 2, 9, 10, 11, 8, 7, 12, 1.
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OTOT LUK ABIAETCA TAK/Ke COOTBETCTBYIOIIAM OUTHMAJBHHM
IHKJIOM, IPOXOAAIIEM IO HepBoHAYAJBHOMY rpady m3 pmc. 9.12.
Bo3MmokHH TakKe ApyrHe ONTHMAJbHHE OUKIH, Opoxoasmeme peGpa
rpada B wHOM nopsaxke, ONHAKO 3TH OUKIAH GyAYyT HIPOXOMHTH JBaKOK
oo ToMy ke MHO;KecTBY m3 8 pebep. Tammm o6pasoM, Kak TOABKO
onpenedenH Te pe6pa rpada G, IO KOTOPHM ONTAMAJIBHHA MUK IpO-
XOHT ABAKAH, MOKHO IOCTPOHRTH HECKOJIBKO TAKEX IEKIOB B rpade G.

5.3. CBAsh MexRRy 3inepOBHMH N FaMEAIHTOHOBLMH IHKIAME

TFammasToHOB MUK B rpade G Gur ompenxeteH B raase 1 xak mpo-
cTo# IHKJ, mpoxofamuit (OMHH, H TOJBKO OQHH Da3) Uepes KaKAYIO
BepmuHy rpada G. He ymumBuTeNBHO, YTO NBOHCTBEHHOCTH MEMKIY
9ilIepOBEIMA M raMAJIbTOHOBHMHE HAKJIAaME (3aMeHA BepPIIMHH HA peGpo
® Ha060pOT) IPHBOAUT K TeCHOH CBA3H MeKAY 3THMHE JBYMSA NOHATHAME
B OPEMEHCHREN K HEOPHEHTHPOBAHHOMY rpady G H COOTBETCTBYIOMEMY
eMy peGepHomy zpagy, oupeReiseMOMy HHIKe,

Onpedeaerue. PeGeprauit ') rpad G, rpada G mmeeT CTOABKO e
BepIIAH, CKOJIbKO peGep y rpada G. PeGpo Memxay AByMA BepurmHaMHA
rpada G; cymecTByeT TOraa H TOJBKO TOTAa, Koraa pe6pa rpada G,
COOTBETCTBYIOIIHME 3TEM ABYM BeDIIMHAM, CMEKHH (T. €. HENUIEHTHH
onHo# H Toil ke BepmmHe rpada G).

Hanpamep, nasa rpada, moxasammoro Ha puc. 9.14(a), rpad G,
n3o6payker Ha pmc. 9.14(6).

Jlerxo MoskHO moka3ath [15), 9To BepHH fBa caeqyomme yTBepKAS-
HHA O B3aEMOOTHOIICHHH MEK]Y JHNepOBHME H TaMHEJILTOHOBHME
OEKJIaMH.

(1) Ecan G mmeer sitnepoB muKI, To G; AMEeT KaK 3#IepoB, TAK
H TaMHEJIbTOHOB LAKIH.

(2) Ecan G mMeeT raMuIbTOHOB OEKJ, TO G; TAKAKE HMeeT raMHIb-
TOHOB IHKI.

O6pamenne 3THX yTBep:KAeHWi, KaK HETPYXHO IPOXEMOHCTPHPO-
Bath, HepepHO. Jlasa rpada, msoGpaskemmoro Ha pmc. 9.14(a), cre-
IeHH BCEX ero BePIMH YeTHH H I03TOMY CYIIEeCTBYeT 3HNAepoB IEKI.
Taxkmm obpasoM, rpad G;, maobpaxemnmit ma pmc. 9.14(6), TaxKe
HMeeT 3ilepoB IUKI (IOCKOABKY CTEIeHH BCeX ero BepIIMH OOATH IeT-
HH) H, KpOMe TOro, EMeeT raMHJIbTOHOB IEKJ, 3aJaBaeMHil mocCaexo-
BaTeJILHOCTHIO BepIINH a, g, ¢, d, ¢, f, b, k, i, a. Ecan temeps u3 rpada
G ynaamts pebpo b, To HOBHit rpad G’ He mMmeer dilnepoBa DEKIA, HO
BCe eme EMeeT raMuiabToHOB Huka 1, 2, 6, 5, 4, 3, 1. PeGeprnit rpad
G{ rpada G' sBuserca torma rpadom ms pmc. 9.14 (6) ¢ ymamemmoit
pepmmEO#X b (H Ge3 peGep, HENEAeETHRX BepmmuHe b). IToT rpad Bce
ellle EMeeT raMmJIbLTOHOB OEKI a, f, e, d, ¢, g, k, i, a.

1) Pebepauit rpad rpada G gacto o6osmauaercs uepes L (G).— HTpux. ped.
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(6)

Puc. 9.14. (a) — rpad G. (6) — pebeprmii rpad G,.

dagava BHIACHEHMA CYMECTBOBAHAA Yy NAHHOIO HEOPHEeHTHPOBaH-
Horo rpada G raMmIbTOHOBA LUKJA, a TaKKe HAXOMKICHAA TAKOTO
LUK7Ia, €CJIM OH CYMECTBYET, ABJAETCA Ba:KHOIH 3afadeill Teopmm rpa-
doB kKak c mpaKTHYecKoil, TAak H C TEOPETHMYECKOH TOYeK 3peHHA.
Ecnn pebpam rpada G mpunmcann HekoTophle Beca [ey] m rpad G
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CONCPKHAT HECKOJIbBKO raMHIBTOHOBHX IIMKJIOB, TO 6onpmoit HHTEpecC
OpeacTaBisAeT TaKKe 387898 HAXOKICHASS TAKOr0 IHKJIA ¢ MAHAMANL-
HBIM 0611[!!1' BECOM. Bnnny BaKHOCTH 9THX BONPOCOB I'aMHAJBTOHOBH
HKJAN pacCMaTPHBAIOTCA OTHAEJHHO B cnenyromeii riaaBe.

6. 3agaum

1. Jlnsa BeopmenTEpoBaEHOro rpada, maobpaskennoro Ha puc. 9.15,
HAHTH NAKIOMAaTHYECKOe H KOIMKIOMATHYECKOE THCJIA, & TAKKe PyH-
HNaMEHTAJIbHHE MUKIH OTHOCHTeAbHO HEKOTOPOro OCTOBHOTO AepeBa.

1 2

—>

Pmc. 9.15.

2. Naa rpada, m3obpas;xesnoro Ba pac. 9.15, BHmAcaTH COOTBET-
cterH0 MaTpEnH @ m K ¢yEmaMeBTaIbHHX NMUKIOB B (yHHaMeH-
TAABHHX paspe3oB W Ha 9TOM HpEMepe HNPOBEPHTh CIPABeIHBOCTD
TeopeM 2 m 3.

3. Hemonpsysa TeopeMy 2, HOJYYATH BHpAaKeHHE NJIA MATPHOH
{yEnaMeHTANIBEHX OHKJIOB B TePMEHAX MATpPEOH RENAAeHNmE B.

4. JloxasaTh, 9T0 MHOKecTBO K peGep HeOpHeHTHPOBAHHOTO I'pa-
¢a, Taxoe, aro K mveer geTHoe TmCHA0 pebep, O6MAX ¢ KaKIHM IHK-
JoM, sBAAeTcA paspe3oM (He HeoGxommMmoe CBOiicTBO).

5. loxa3aTh, 9T0 HEOPHEHTHPOBAHHHWI rpad G mmeer aitnepoB
IEKJ TOTAA B TOJAbKO TOTAa, Koraa G asagerca o6peqanennem pebepro
HeNepeceKaMmAXcs MHKIOB.

6. Ecam cron6uu matprn B, @ m K 3anmcaBEH ¢ RCIOIE30BaABHEM
OXHOTO H TOTO Ké MOpAAKa pe6ep (OTHOCHTEABHO HEKOTOPOTO OCTOB-
HOro fepesa, M0 KOTOpoMy o0pa3oBaHH (yHIAMEHTANbHHE IHKIH
A paspesH) m 3areM mpeacTaBleHH B BEae B = [B,,, B,l, ® =
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=[I, ®;,] # K = [Ky,, I], T0

Ky =0{,=B;-B,, ®=[0),]]=B-B.
CrnemosarensHo, mo a1060i u3 Tpex matpun B, ® m K Mo:xHO HaiTh
OCTa;IbHHE.

7. Iloraaats, aTo aaropar™ Daépm Becerna mo3soageT HaliTH dliie
pos muka rpada, ecIE TAKOBOH CymeCTBYeT.

8. Hanmcate anropmtM, ocHOBaHHWHE HaA airoparme Ouaépm
H O03BOJAMAN HAHTH 6ce SANEPOBH IHAKJIH rpada.

9. IlokasaTe, 49To masA opmeHTHpoBaHHOTO rpada G = (X, A)
¢ moaycremenaMa dy (z;) = dy(z;), Vz; € X, 4mcio pasnmuamix e -
POBHIX IHAKIOB [AeTCHA BHPasKeHHEM

Ar- [] (do(z)—1)1,
xiex
rge A, — 9ACI0 OPIEHTAPOBAHHHX OCTOBHHX Jepesbes rpada G
C KOpDHeM z,. JTa BeJHYMHA He 3aBICHT oT Bubopa z, (cM. [24]),

10. Hcoonsays moHsaTHE diliepoBa IHKJIAa, DOCTPONTE AJITOPHTM
obxoga nabmpmHTA OT HAYATBHOA TOYKN S [0 KOHEYHOH TOUKHA ¢.

X, 6 Xy 28 X3 9 :4
7 8 3 18
5 4 16
*F L ] Yo
8 22 20 S

Xy 5 X0 35 Xy 14 X2

Prc. 9.16.

He NPOXOAAMMHA HA IO KAKOMY KODHIODY HBaKAH B OJHOM HAIPAB-
nenmn. Ilpenmonaraercsa, uro mpm obxoje nabupunTa mnpoHfeHHRH
OyTh He 3amoMdHaeTcA (DAMATH Yy IyTemeCcTBeHHHKA OTCYTCTBYeT).
Pa3spemaerca TOJBKO HCHIOJb30OBATH ABA THOA MeTOK (Hampmmep, 0
7 1), 9T06H DomedaTe MMA BXONH M BHXOAH Kopmmopos. (Cm. [23],

3] = 114)).

11. PemmTs 3ajady KATAaHCKOro mOYTAanbOHA JJAA B3BENIEHHOIO
HeopHeHTApOBaHHOTo I'pada, mokadaHHoro Ha pmc. 9.16. (Bocmoas-
30BaTbCA AJFOPATMOM TJ. 8 [1A HAXOKIEHHA KpaTdaimed menm
M PemHATE 3afady O IapPOCOYeTAHHH C IOMOMBIO MOJHOro mepeGopa.)
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Fnasa 10

FAMUNBTOHOBLI LIUKIIbI,
LEMA U 3A0AYA KOMMUBOSAXEPA

1. Beexenne

B pane oTpacieil DpoMHIIIEHHOCTH, 0COGEHHO XMMHYecKod I ¢ap-
MaleBTHUeCKOH, BO3HHMKAaeT CHelyHmas OCHOBHAsA 3afada DJAaHAPO-
BaEnA. HyHo mpomaBectn paAx (ckaskeM n) NPOJYKTOB, HCIOJNB3YH
eIUHCTBEHHHHA THn ammapaTyps miaum peakrop. Ampapar (peakrop)
JOJKEeH HJIM He JoJKeH OHITH mepeHACTPOeH (0UHMINEH) IOCJEe TOrO0 KAaK
OpoM3BefeH IPOAYKT p; (HO N0 TOro, KaK HadaJoCh IPOM3BOJICTBO
OPONYKTa p;), B 3aBHCHMOCTH oT KomGmmammm (p;, p;). Cronmocts
IepeHACTPOAKM anmapaTypH HOCTOAHHA M He 3aBHCHT OT HPOAYKTA,
KOTOPHH TOJBKO 9TO HpOM3BENeH, WIH OT IPOAYKTA, CIEIYIOMEro
3a EEM. Padymeercsa, He Tpebyerca HHKaKMX 3aTpaT, €CJIH IePEHA-
CTpoiiKa amnapaTypu He Hy:;kHa Y). [Ipeanososkum, 9T0 3TH NPOAYKTH
DPOM3BOAATCA B HEIPEPHBHOM IMKJE, TAK 4TO IOCJIE IPON3BOACTBA
IoCJIeJHEr0 H3 N MPOAYKTOB CHOBA BO30GHOBISAETCA B TOM iKe PHKcH-
POBAHHOM IMKJIE IPOM3BOJACTBO IEPBOTO HPOAYKTA.

BoarpKaeT Bompoc 0 TOM, MOKET JH OHTH HaleHA LUHKJIMIECKAH
1oCJIe0BaTeIBHOCTh IPOH3BOACTBA NPOAYKTOB p; (i =1, 2, . . ., n),
He TpebGylomasa nepeHacTpoilkn anmapaTtypu. llycts G — opmenTm-
poBaHENi rpad, BepHMIMHKW KOTODPOTO IPENCTABJIAIT NPORXYKTH,
a cymecTBOBaHNE AyTrH (z;, T;) 03HAYaeT, 9TO NPOAYKT P; MOKET CJe-
J0BaTh 3a NPONYKTOM p; 6e3 mepeHacTpoilkE ammapaType. Toraa
OTBET Ha IOCTABJEHHKI BOIPOC 3aBHCHT OT TOTO, HMEET JH B3TOT Oprpad
raMEJABTOHOB UMKJ *) mian HeT. (FamMuisTOoHOB HEKI B oprpade — 3T0
OpHMEHTHDPOBaHHHH NHKJI (KOHTYp), NPOXOAAMEIl DOBHO OJMH pas
gepe3 KaKAyl0 BepmmHy rpada; cm. rd.

Ecnm He cymecTByeT UMKJIHYECKOH IOCIeI0BATENHHOCTH IPORYVK-
TOB, He Tpebylomell mepeHacTPOKHM ammapaTypH, TO KaKOBAa HOJJKHA
6HTBH IOCTEeI0BaTeIBHOCTh IPOHM3BOACTBA ¢ HAMMEHBIIAME 3aTPATAME
Ha IepeHacTPoidKy, T. e. Tpebywmaa HamMeHbINEro mucia Heobxomqm-
MHX DepeHacTpoek? OTBer Ha 3TOT BOOpOC MOKeT GHTH HOJNydUeH
C DOMOMBI0 HTEPATHBHOTO0 IPHUMEHEHHA AaJTOPHTMAa HAXOKIEHHA
raMHJIBTOHOBA IMKJA B oprpade. Hak mmenno ato momer GuThH che-
JaHo, ofCcy/aeTcda mo3xe B DTOH riase.

1) ChopmynmpoBanHas BHIIe 387898 MOKeT BO3HAKATH B CHGAYIOINAX ABYX
cryuasax. Ham cTomMocTh meperacTpoiikm feiiCTBATENbHO He 3ABHCHT OT NIPOIYK-
T8, HJH, APYTasd BO3MOMHOCTb, CTOMMOCTS B K&’KAOM Cly4ae HEM3BECTHA M B Ka-
4ecTBe HpnOnuKeHAA OepeTCs CpeAHsA NOCTOAHHAA CTORMOCTb.

2) Tovmee, raMANLTOHOB KOHTYP.— ITpux. ped.
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Taxmm of6pasoM, MeToli, HO3BOJIAKIMI OTBeTHTH HA BONPOC,
CONEP/KAT JH KaKo#-1m60 oprpad raMmIbTOHOB MHKJ, HAMEET IPAMEO
OPHEJIOKEBHEsA B 3aa9aX YIOOPANOYCHHEA HJIH INIAHAPOBABHA ONEepanHi.
B paBEO} cremeHm BaKHO HCHOJH30BAHHE TAKOr'O METOAA B KAYeCTBE
OCHOBHOTO IIATA B AJTOPATMAX PEMIeHHMA APYTHX, HA IePBHH B3rIAN
AAQNeKHX OT AAHHOH TeMATHKH, 8ajad TeopEH rpados.

B sToli rnaBe paccMaTpHBAIOTCA CHEAYIONHe NBe 3a1aqd.

Badava i. Jlar opmenTEpoBaEHKI rpad G, Tpebyerca Hafitm B G
raMBEJILTOHOB LOHKJI (HJE BCe HUKJH), €CIH CymecIByeT Xora Gu
OfNE TAKOH IHKJ.

3adaua ii. Jam noanwi oprpad G, AyraM KOTOPOro HPHOACAHH
npomnssoasane Beca C = [c;;], BaliTh Takolf raMEIBETOBOB IAKA (TeNs),
KOTODHIl EMeeT HauMEEbIIHH o6muit Bec. 3a/1a9a HAXOKICHAA TAMHIb-
TOHOBA MHKJIA ¢ HAEMEHLIDAM BECOM XODOINO H3BECTHA B JHTEPAType
Kak sadaua wommusosxepa (1, 2, 15]. Caexyer ormermtsh, 910 ecam
oprpad G He mONHHE, TO €ro MOKHO DPACCMATDHBATH K8K HOJNEHHIA
oprpad, IPHOECHBAsA OTCYTCTBYIOIMM AyraM GeckomeuHHii Bec.

ANropaTMH pemeEHsA 387aYd KOMMHBOAKEpa H €6 BADHAHTOB
mMeloT Goinpmoe YACAO HPAKTHIECKAX NPRJOKEHHA B PA3IHIHHX
obnacTax vesoBedeCKod AeATeNbEOCTH. PaccMorpEM, HampmMep,
safiavy, B KOTOpolk IPysoBHK BHES8KaeT C NeHTpaibBod 6asH Aan
NAOCTABKHE TOBAPOB AAHHOMY 4YACAy nmorpebmtenedfi m BOsBpamaercsa
Basay Ba Gasy. CTOEMOCTH IepPEeBO3KH NIPONOPHHEOEHAJNHBA NpOH/eH-
HOMY TPYSOBHKOM PACCTOAHHUIO, B IPH 3afaHHON MATDHIIE PacCTOABMIA
MeKIy norpe6ETENAME MAPmMPYT ¢ HAEMEELIIHMHA TPAaBECHOPTHHIME
SaTPATAMH NOJYYAeTcA KAK peImeHHe COOTBETCTBYIOmEH 3afadm KoM-
MHABOSKEpa. AHAJOTHYHLE THNH 3ajad BOSHEKAWT mpm cGope movro-
BHX OTHpABJCHHEIl H3 MOYTOBHX AIAKOB, COCTABJIeHHH IpadmKa ABH-
7KeHAA IMIKOJLEMX aBTO6YCOB IO 3alaHHKM OCTAHOBKAM H T. /. 3a/1a4a
oueEs Jerko o6obmaercs W Ha TOT caydail, korjaa gocraBKoit (cGopom)
SaEEMAJOTCA HECKOJBKO TPY30BHKOB, XOTA 5Ty 3aja¥y MOKHO TAKKe
nepedOpPMyNIHpPOBATh KAK 387a7y KOMMEBOs:Kepa Géapmeit pasmep-
BoctE [9]. [[pyrme nmpmioeHEs BKIIOYAKT COCTABJCHHE® PACOMCAHHSA
BHIONHEHBA onepandit ma mammHax (5], mpoexTmpoBaEEe saeKTpE-
gecKHX ceTeli [3], ynpannerne aproMaTmueckmmn ampmEamE [17]m 1. A.

Bnoame ouermpmEo, uwro cdopmyampoBanBas BHme 3ajaga (i)
ABAAETCA YACTHHM cayuaeM sajgaum (ii). B camom pese, mpEmmcrHBas
cayuaiimam ofpasoM AyraM safaEHOro oprpada G KoHeuHHe Beca,
HolydaeM safiaay KoMMmBosykepa !). Ecam pemesme fas sroii safaua,
T. €. KparTiaimmii raMHEJILTOHOB OUKJ ), HMeeT KOHeYHOe SHAYEHHe,
TO 3TO peIeHHMe ABJAGTCA TAMHJILTOHOBWM IMKJIOM oprpada G (. e.

1) 3necs, rak o6waHO, Npenmonaraerca, 3ro oprpad G «pacmupens Ko HeKo-
TOpPOTO HONHEOTro oplzatba G’ m nyraM, OTCYTCTBYRINEM B G, HO NPHHAJICKANIM
noxsomy oprpady G’, mpmumcaBH GeckomeuHHe Beca.— [Tpux. ped.

%) Tax (mnA KpPATKOCTE) HASHBAGTCA TaMANbLTOHOB HUKJ C HAHNMOHBITHM
obmms Becom.,— Tpux. ped.
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oTBeTOM HA 3anady i). Eciam ke pemenme mmeer GeckoHednoe 3Hage-
HHe, TO (G He AMeeT TaMEJbTOHOBA MAKJIA. C Apyro# CTOPOHE MOMKHO
JaTh edje OJIHY HHTePIpeTANMIO 3aKavdd i). PaccMOTpPEM cHoBa noauuiil
oprpa¢ G, ¢ obmeil marpmmeir BecoB Ayr [c;;] m paccmMorpmm 3amauy
HaXOK/IeHHA TAKOTO raMAJIHTOHOBA IAKJIA, B KOTOPOM caMaA JAUHHAR
ayra !) mmHEMajabHAa. IJTy 38431y MOKHO HA3BATh MUHUMAKCHOU
aadauell KOMMUSBOAJNCEDA, OTTEHAA ee «MAHAMAKCHYI0 NPHEPORY»
(oo cpaBHEHHIO C KJIacCHYeCKOH 3ajauell KOMMHEBOSKEPa), KOTOPYIO
B TOH K6 TEPMHHOJOTHA MOKHO OHUJIO OH Ha3BaTh MUHUCYMMHOU
sanavedt. IlokameM Temeph, 9ro 3amada (i) JEHCTBHTENHHO 3KBHBA-
JeHTHA MHHAMAKCHOH 3ajjaue KOMMEBOIMKEpa.

B BumeynomMaBEyToM modHoM oprpade G, MH MoOkeM HaBepHAKA
HAaMTH raMHEJILTOHOB NEKJI. Ilycth 8710 Oymer muka @, ® nycte Bec
caMo# JJIHHHOH ero Jyrg paBeH c,. YaaiamB 3 G; mwobywo nyry, Bec
KOTOpO#f He MeHEBINe ¢;, HOJYYAM oprpad G,. Haiinem B oprpade G,
TAMHEJBTOHOB LEKT ®,, ® OycTh BeC ero camMoil AIHHHOI Ayra paBeH
C,. Ynanmm m3 G, 106y IyTy, BeCc KOTOPO# He MEHBINE C,, B TaK
6ymeM npomo/yKaTh OO TeX HOp, DOKA He HoaydmM oprpad G,
He Coflep’Hamuid HAKAKOr0o raMHJbTOHOBA NHEKJA. |'aMAJBTOHOB IHKJ]

@y, B G (c BECOM Em) SABIAETCA TOTHAa IO ONpeJe;eHHI0 pelleHneM
MEHAMAKCHOH 3aJ]aYA KOMMHABOSKEpPa, TAK KAK A3 OTCYTCTBHA raMAab-
TOHOBa HAKIa B Gy, ciaenyer, 410 B G; He CymECTBYeT HHKAKOIO
TaMHEJIBTOHOBA NHKJA, HE HCIOJb3YIOMEro N0 KpaiHe#d Mepe oTHY AYyry

¢ BecoM, OOJBITAM HIH PABHHM Cp,. TakEM 06pa3orM, aIropATM HAXOHK-
JleHHs TaMHJBTOHOBA OEKJA B oprpade pemaer Tak:Ke MAHHMAKCHYIO
3afavy komMmEBos:Kepa. Haobopor, ecaim Mu pacmodaraeMm aJaTropHT-
MOM pemeHHs IocJedHeld 33a1a9H, TO TAMHEJIBTOHOB OAKJ B IPOH3BOJb-
HoM oprpade G moxer GHTH HalleH C IOMOIOBI0 IOCTPOEHUS MOJHOTO
oprpada G; ¢ TeM Ke CaMEIM MHOKECTBOM BepIOHH, 9T0 ¥ B G, Hyram
KOTOPOT0, COOTBETCTBYWODIEM JAyramM ®3 (G, IPHIHCAHH eJAHAYHEE
Beca, a OCTaJbHHM AyramM — OeckoHeumne Beca. Ecam pemenre MEHR-
MaKCHOH 3aJlayd KOMMHBOSKepa A1A G; AMeeT KOHEYHHI Bec (Ha CaMOM
Jene paBHHH eqmHENE), TO B rpade G MosKeT OHITH HaHeH COOTBET-
CTBYIOINHEA raMHEJIBTOHOB NHEKJI. Ecim ke pemeBEdme mmeer GecKoHed-
HH1 Bec, To B rpade G He CymecTBYyeT HAKAaKOI'0 raMAJIbTOHOBA IHKJA.
CnegosaTenbHO, OBe yKa3aHHHE 33Ja49l MOKHO PACCMATPHBATH KAK
9KBHBAaJeHTHHE, DIOCKOJIbKY GHIO IPOIeMOHCTPEPOBAHO, 9TO AJTOPETM
HaXOJKIeHHs TaMHUIBTOHOBA UKJA IO3BOJAET PEMATh MUHAMAKCHYIO
331a9y KOMMHBOsKepa H Haobopor.

Beany Ttoro uro obe chopmynmpoBanHne sume 3agadm (i) m (ii)
9aCTO BCTPEYAIOTCS B NPAKTHYECKEX CHTYAUMAX H (KAK MH yBHAAM
mo3ke) 3apmavy (i) camy mo cebe pemmTh HaMHOTO Ipome, YeM Kak
nopsamady 3amaum (ii), Mm obe 3TH 3aJa4E pPaccCMOTPHUM OTHEIHHO
B dactax | m Il wmacTosmieit raaswr.

') To ects nyra ¢ manbomxsmum BecoM.— [Tpux. ped.
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YACTDL I
2. TampabTOHOBH NEKIN B rpage

Iloka HeH3BECTHO HEKAaKOro IPOCTOT0 KPHTEpHA HAm anreGpamde-
CKOTO MeTofa, HO3BOJAIOMEr0 OTBeTHTh Ha BOIPOC, CYMECTBYET HIIH
HeT B OpPOM3BOABHOM rpade G raMmianToHOB muka. Hpmrepmm cyme-
cTBoBaEmA, naHEHe B paGorax Iloma [29], Hema-Ymarnamca [25]
n Ope [26], mpencraBAsAIOT TeopeTHYeCKHH HHTEpPEC, HO ABIAIOTCA
cAEmKoM ofMuME B He OPHTORHH JJIA NPOH3BOJBHHX rpafos, BCTpe-
Jalmuxca Ha npaktmke (cM. samady 10.1). Aare6pamueckme Merogw
ompefeNeHAA FaMEALTOHOBHX LUKJIOB, NOABHBIIAECA B JHATEpaType,
He MOTYT GHTh DpAMEHEHH K 3afadaM ¢ Golee 1eM HECKONBKHMHE ReCAT-
KaMA BepIIMH, TAK KaK OHE Tpe6GywoT caimmkoM Goxwmoro BpemeHm
paboTu 7 Gonpmoll naMATE KoMOBIOTEpa. Bosee mpreMieMEM ABIACTCA
cuoco6 PoGeprca m Dumopeca [30, 31], xoTopwit me mpemmABAAET
gpe3aMepHEHX TpeGoBaHUWH K IAMATH KOMOBIOTEPA, HO BpeMA B KOTOPOM
3aBHCHT 9KCIOHEHIHAJLHO OT TACHa BepmuH B rpade. OnEaxo apyroi
HesBHHIE Meton mepe6Gopa (35, 6] mmeer nua GonsmmacTBa THHOOB Ipa-
¢oB oueBr HeGonpmol moKa3aTesb POCTA BpeMeHH BHTHCICHUH B 3a-
BHCHMOCTH OT dmcia BepmmH. OB MoKeT GHITH HCHONbL3OBAH NIA
HAXOKACHAA TAMENBTOHOBHX IHAKIOB B 0YeHhr Goapmmx rpagax.
B nacrosmeil rmaBe MH ommmeM aareGpamdecKnmil MeTox ®m ABa CHO-
cofa mepeGopa.

2.1. Axrebpamueckmit MeTox

dtor Meron ocHOoBaE Ha pabGore Moy [37], Hammaancoma [11]
n JlxaBana [14] m Bxmowaer B ce6a mocTpoeHme BCeX mMPOCTHX menew
¢ HOMOMLI0 HOCIeN0BATENLHOT0 MePEeMHOKeHHA MATpHN,.

«BEyTpeEBée mpoH3BeREeHMe BEPHHAHE® HEOH Iy, Ty, Zz» - - -

.y ZTp-1y Ty OLPENENACTCHA KaK BHPaKeHAE BHENA Ty *ZTg* . . . * Thop
HE Cofiep)Kamiee ABe KOHIEBHeE Bepmmm 1 2, u z),. Monedanuposas-
HAA MATPHIOA CMEKHOCTH» B = [B (i, j)] —at0o (r X n)-maTpmma,
B Kotopoi P (i, j) = = Zj, €CIH CYIeCTBYeT Ayra W3 z; B I; M HYIb
B mpoTEBHOM cydae. Iipenmonosknm Temeps, 9To y Hac ecTh MATpHIA
P, = [p; (i, f), tne p; (i, j) — cyMmMa BHYTpPEeHHEX NpOH3BEfeHHH
BCEX mpocTHX Hemedl mammwl [ (!>>1) memnay BepmEBaMA Iy ¥ Iy ANA
zy % z;. llomomnm p; (i, i) = O gaa Bcex i. O6rrunoe anreGpamieckoe
opomsBefiesre MaTprn B-P, = P; = [p/, (s, t)] ompenenserca kak

Pivi (8 8)= ; B (s, k) pi (K, 2), (10.1)

T. €. Pi+1 (S, ) ABNAETCA CyMMOE BRYTPEHHHX Npuu3BEEHHA BCeX
nene# m3 x, B x; AnAEH ! + 1. Tax xax Bce memm ms z; B z;, OpeR-
CTaBJIeHENE BHYTPEHHEMH NpomsBefieHRAsAMA H3 p,; (k, 1), ABAALTCA

1) Yacto ToukE Mexxny Gyxsaxm 6ynyr omycratscsa. Ilpm k = 2 mpomase-
nmeene paBBO 1.— Hpux. ped.
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OPOCTHMH, TO CpPefd Iemed, moxydaromuxcda u3 Bupamenma (10.1),
He ABJAKTCA IPOCTHMH JHIb Te, BHYTPEHHHE NPOH3BENEHHAA KOTO-
pux B p; (k, t) comepmar BepmmEy z,. Taxkam ofpa3dom, ecam u3
Pi+1(s, t) HCKIOYATH Bce ciaaraeMue, cofepsamue T, (a 3T0 MOMKHO
cheJaaTh OIPOCTOH OPOBEPKOMR), TO HONYIHAM D4y (S, t). MaTpama Ppyy =
= [py+4 (5, t)], Bce nmaroHanbEHE 37eMEHTH KOTOPoH paBHN (),
ABJAETCA TOTJa MaTpHIed BceX IPOCTHX nemed mamaw [ 4- 1.

Buumcasaa sarem B-P,,,, BaxogaM P, m T. ., moxa me Gygmer
mocrpoesa marpana P,_,, naomas Bce raMEAbTOHOBH Henn (AMeomume
RAEEY n — 1) MesIy BceMH mapaMH BePIDEH. |'aMHJIBTOHOBH IMKJH
[OTyYalOTCA Torga cpa3dy @3 nemeil B P,_, m Tex Ayr @3 G, KoTophe
COEMHAIT HAYAJBHYI0 H KOHEUHYI0 BepIIHHH Kawpgod memnm. C Apy-
o CTOPOHH, TaMHJBTOHOBH IAKJIH NAalOTCA YJICHAMH BHYTPEHHETO
Ipou3BeeHAs] BepIIAH, CTOAMAMHE B JMi000d QHATOHAJABHOM sYeilke
matpunst B -P,_, (Bce qmarosanabHHe 3JeMeHTH 3TOH MATPHIH OXHHA-
KOBHE).

OueBHIHO, 9TO B KadeCTBe HAYAJTHHOTO 3HAYEHHAA MATPHANH P
(1. e. P,) cienyer B3ATH MaTpHIy CMeKHOCTE A rpada, IOJOKEB
BCE ee QHAroHAJbHHE 3JeMEHTH DaBHHMH HYJTIO.

Pamc. 10.1. Tpad ua opamepa 2.1.1.

2.1.4. llpmmep. PaccmorpmM rpad, maobpamensnit ma pmc. 10.1,
MaTpPHIa CMEKHOCTE KOTOPOTO paBHA

a b c d e
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B MORE(GEOEDOBAHEAA MATPHIR CMEKBOCTH

a b ¢ d e

al|O0 b 0 4 O
b|jo 0 0 d e
B= ¢ |0 b 0 0 e
d}jo 0 ¢ o0 O
e|la 0 ¢ 0 0

ITonomum P, == A. Marpaua P; = B-P; nonyuaerca papmoi

a b ¢ d e

e | 0 a+¢c 0 a

o

Marpena P, mourm Takas ke, Kak P, — TOABKO IOXYEPKHYTHE
anemenTl B P, Hamo samenmTh HyaamMn. Marpuma P; = B.P, pasna

a b ¢ d e
a | be dc bd+be O dc
b| O dcteg+ec 0 ea de
Py=- be eatec Dbitbe ea 0
ce 0 0 o cb

e | ce 0 od ab+ch gbtch
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P, noayuaerca u3 P; mocie 3aMeHsl NOJI6PKHYTHIX 3J1eMEHTOB HYIAMHE]

a b c d e
dce 0 0 bea bdc + bdc
b dce 0 ead e ec dcb
el 0w M
d cbe cea 0 cea 0
e cbe adc+ cea abd + abe cea adc

Martproa P, raMmabTOHOBHIX meneit paBHa

a b c d e

a 0O 0 0 0 bdc + dcb
b dce 0 ead 0 0
P,=c 0 0 O bea+ ead 0
d che cea O 0 0
e 0 adc abd 0 0

FamnanToHoBH menm abdce u adcbe, COOTBETCTBYIOMEE 3JEMEHTY
(1,4) BoimenanmcanHOll MAaTPROH, JAaOT FaMAJIBTOHOBH OuKIH abdcea
u adcbea, ecim pobGasuTh 3aMumKawomylo ayry (e, a). Bee apyrme
raMaJAbTONOBH Oend B P, IPABOOAT K TeM e CaMbIM JIBYM TaMUIBTO-
HOBHIM IMKJIaM, W T0dToMY B rpade G CymecTByeT TOABKO JBa TaKIX
OEKIA.

Henocrarkm sroro meroga coBepmeHno ouesmgRH. B mpomecce
YMHOMKeHna MaTprl (T. e. KOTAA ! yBeIMYMBAeTCA) KamIBII 3JeMeHT
maTpunk P; Gymer cocToATs m3 Bce 6oJbmrero 9mciaa 471eHOB BIAOTH
N0 HEKOTOPOT0 KPHMTHYECKOTO 3HAaUeHWsa [, mocie KOTOpPOro gicTIo
9J1eHOB CHOBA HA4YHET YMEHbMATHCA. IJTO NPOHCXOMHUT BCIEICTBHE
TOTO, 9TO JJA MAJBIX 3Ha4eHnd ! m mia rpados, ofbuno BCTpedalo-
IIIXCsT HA NpaKTHKe, YNCH0 Uened naaHu | + 1, kak npaBuio. 6omab-
me, 9eM 4ucio mermell gamuel [. a ana Goasmux 3Hadenmit ! nmeeT
Mecto ofpaTHasA KaptusHa. Hpome Toro, Tak KakK [IMHA Ka:;KI0ro
WIEHA BHYTPEHHero Nnpomn3BelleHAs BepHIWH yBeJMYABAETCA HA EIM-
HUIy, Korja ! yBeawdnBaeTcA Ha eIMHHOY, To o0beM maMsaTi, Heob-
XOANMEE A78 XpaHeHHA MaTpEns P;, pacteT odenb GHICTPO BIJIOTH
OO0 MAKCAMYMA NpPH HEKOTOPOM KpDUTHYECKOM 3HadeHun [, mocne
KOTOpPOro 3TOT 00BEM CHOBA HAYHHAET YMEeHBIDATHCA.
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He6onrmas mMopaduranus BHIIENPABEACHHOTO METOJA IO3BOJAET
BO MHOr0 pa3 YMCHBPIINTH HeoOXoguMHii o6beM ImaMATE ® BpeMsa
Bu9HcaeHmi. Tak Kax HAC HHTEPECYIOT TOJBKO rAMANETOHOBH IHKIH
H, KaKk GHJ0 0TMEYeHO BHIIE, OHA MOTYT GHTH MOJYyYeHH H3 WICHOB
BHYTpeHHEr0 HpoE3BefeHAA NI000il JHATOHAJBLHON AYSHKH MATPHEOH
B-P, 4, To Heo6XoQEMO 3HATH TOJBKO IIEMEHT P-4 (1,1). Ilpm atom
Ha Ka;KEOM dTame He 0673aTeJbHO BHUMCIATEH B XPAHATH BCIO MATPHIY
P;, nocraTouno Jump HaliTm mepBHii cTonGen ma P;. dta Momadmka-
OEA yMeHbmMaeT HeoOxogEMHiE 06beM DaMATE W BpeMsa BHYACJICHAMH
B n pa3. OnHaKO fajKe IPH ACOOJH30BAHHE 9TOH MOXEPHKANWE IIpPO-
rpammMa aasa OBM [14], manmcannas ma ssuke PL/1, xoropuit moaso-
JfeT HOCTPOKOBYID 00paGoTKy JmTep E mepeMeHHoOe pacIpefeieHHe
naMATH, He Gna cnoco6Ha HaiiTH BCe TAMHJIBTOHOBH IUKIH B HEOPH-
eHTHPOBaHHHX rpadax ¢ Gosee vem nmpumepro 20 BepmHHAME H CpeR-
HAM 3HAa4YeHHeM CTEeNeHH BepmHAHH, Goapmmy 4. McmoapaoBadacs
BuancanreabHas Mammeaa MBM 360/65 ¢ mamareio 120 000 6aitros.
Bonee Toro, make nna rpada ¢ BHIeyKa3aHHHMH <pa3MepaMEsy
NAaHHHH METOA HCI0Jb30BaJ (aKTHYeCKE Bech 06HeM MAMATH H BpeMs
BuuHACJHeHni paBHsioch 1,8 mmEyTH. He Taroe y;K HesHaumTeabHOE
BpeMA 1AA croas HebGoasmoro rpada.

2.2, Meron nepeGopa PoGeprca m daopeca

B mpoTEBOmONOKHOCTH airebpamueckEM MeTofaM, ¢ IOMOMILIO
KOTOPHX IHTAlOTCA HANTHE cpady BCe TraMEJbTOHOBH NHKIH H IpH
pealH3amuy KOTOPHX HPHXONUTCH XPAHATH HOITOMY BCe HEMOH, KOTO-
PHe MOTYT 0Ka3aThCA YaCTAMH TAKHX MEKJIOB, MeTOX Hepebopa mmeer
meJio ¢ ONHOHA NMEenpio, HOOPEePHBHO HPOAJIEBAGMOH BIVIOTH A0 MOMEHTA,
Korja ambo monydaeTcs raMEJIBTOHOB IUKJ, AB60 CTAHOBHTCA ACHO,
4T0 9Ta OEemb He MOKeT NPHBECTH K TaMAJILTOHOBY mukay. Torma
nenb MonadEOUpyeTcs HEKOTOPHM CHCTeMaTHYeCKEM cmocoGoM (koTo-
PHit rapaHTEpPYeT, 9T0 B KOHOE KOHIOB GYAyT HCYepOaHH BCE BO3MOK-
HOCTH), MOCJH€ Yero HpPOROJKAETCH HOHNCK TaMHJBTOHOBA IHKJAH.
B aToM cmocobe nas moncka TpeGyerca odeHs HeGoapmoi 06beM mansa-
TH ¥ 38 O[FH pa3 HAXORHTCA OAHH raMAJBTOHOB IHKJ.

Crnenyoman cxema mepeGopa, HCHOJB3YyOMAsA OCGHYHYI0 TOXHHKY
BO3Bpamenus, 6La mepeoHauadsHO mpenJyokena Pobeprcom m Maope-
com [30, 31]. Haumnpalor ¢ mocrpoenus (kX X n)-marpunu M = [m),
I7ie 3JIeMeHT m;; 6cThb i-A BepmAHA (CKasKeM Ig), NVIA KoTopoil B rpade
G = (X, T) cymecrsyer nyra (z;, z,). Bepmmen z, B MHOMecTBe
T (z;) MoxHO ynmopsamou®TH mpOM3BOJABHO, 06pa3oBaB 3JeMeHTH j-To
croaboa marpEns M. Ymcao crpox k& matpunu M Gymer paBmo Ham-
Gonbme#l mONAYCTONeHE HCXOAA BEPIIAHH.

Meron cocront B caenyiomem. Hexoropasa HauaipHas BepHmIAHA
(cxameM, ;) BHOHpaeTCca B KadecTBe OTIpaBHO# H o6pasayeT HmepBHIil
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aleMeHT MHOMKECTBa S, KOTOpoe KaKAHA pa3 Oymer xpaHHTH yKe
HaileHHLHe BEPIIHHH cTpoameiica menn. K S pobaBaserca umepmas
BepmuHa (HanmpEMep, BePHIMHA @) B CTOJ6ue zy. 3aTeM K MHOMKeCTBY
S nobapasercs mepBad BO3MOKHAsA BepIMIEHA (HaOpAMEp, BepIIAHA
b) B cTonbue a, morom nobaBasiercs k S mepBas BO3MOMKHAA BepImMHA
(ranpmmep, Bepmuna ¢) B croabue b 1 1. 1. Ilox «Bo3MOMxKHOM» Bepmu-
HOA MH HOHMMaeM BepIIMHY, elme He npmHamiexamywo S. Cymectpy-
10T J[Bé OPMYHMHE, HPEOATCTBYIOIIME BKJIOYEHHIO HEKOTOPOH BePIIAHE
Ha mare r B MHomectBe S = {z,, a, b, ¢, ..., 2., z,}. Uam (1)
B cTonb1e I, HET BO3MOMKHOA BepmMHH, miam (2) uens, oupefensemas
LOCJIEI0BATeILHOCTHI0 BEPIMIEH B S, uMeeT AamHy n—1, 1. e. asaser-
¢S TaMUJBTOHOBOM IEUBIO.

B cayuae (2)

(a) B rpade G cymecTByer ayra (2, z;) 1 103TOMY HaHJ€H TaMAJb-
TOHOB LHMKJ, HJIH

(6) nyra (z,, z,) He cymecTByeT W He MOMeT OHTbh HOJyYeH HHKa-
KOl TraMUJBTOHOB IMKJ.

B caywasx (1) m (26) cnenyer upnbermyTh K so3spawenuiro, B TO
BpeMA KaK B ciydae (2a) MOMHO HpPEKpaTATh HOMCK M HANEwaTaThb
pe3ynbTaT (ecam TpeGyeTcs HaMTH TOJBKO OfMH TaMAJIBTOHOB IHKJ),
nim (ecqm HYKHH BCe TaKHe [MKJH) IPOA3BECTH eYaTh n npuberayThb
K Bo3Bpamennio. Bo3spauenre coCTONT B yaaJeHAH HOCHETHEH BKJIIO-
9Y¢HHOM BEPMMHH 2, H3 S, HmOCJHe Yero OCTAETCH MHOMECTBO S =
={z,,a, b,c,...,2,}, m pgobasiemmm k S mepBoil BO3MOMKHON
BEPOIMHH, clefylomel 3a r,, B ctoabue z,., mMatpauu M. Ecam
He CymecTByeT HMKAKOH BO3MOMKHOW BeDPHIMHE, JeJaeTcA CJef YOl Hi
mar BO3BPAINEHHH M T. [.

ITonck 3akaHYMBaeTCH B TOM cJiyuae, KOTJA MHOMKECTBO S COCTOMT
TOJbKO M3 BEPIIMHHE I; M HE CYIeCTBYeT HAKAKOH BO3MOKHOA BepIIH-
HH, KOTOPYI0 MOAHO No6aBuTh Kk S, TAK 9T0 mAT BO3BpalICHHA Aeja-
eT MHOKeCTBO S NyCTHM. ['aMHIbTOHOBH UMKJH, HaiJIeHHHE K 3TOMY
MOMEHTY, ABIAIOTCA TOTAA BCEMHM TaMHJIBTOHOBHIMHM LHMKJAaMH, CYIIE-
CTBYOIIAME B Tpade.

2.2.1. Ilpmmep. Paccmorpmm rpad, maobpaxennnii ma pumc. 10.2.
Marpnua M npmBogmTcs Hmske, BepmEHH B KakaoM cToi6ue pac-
THO0JIoMeHH B aa(aBATHOM nopsAfKe:
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a b

e d

Pme. 10.2. I'pad us mpmmepa 2.2.4.

ITomek Bcex raMmMALTOHOBHX IHKJIOB IPOEBBORHTCA TAK (BepmmHa
a Gepercsa B KavecTBe OTHPABHOH BepPIIAHHI):

Muoxcecmeo S Kommenmapuu
1. a Jo6aBasieM mepByID BO3MOEHYW BepIId
HY B croabme a (T. e. BepmuEy b).
«2.a, b Jo6aBasgeM mepByi0 BO3MOKHYIO BepIIm-
gy B croabme b (1. e. BepmEEY c).
3.a b ¢ Ileppasn Bepmmua (a) B croabme c He
ABJACTCA BO3MOMKHOM (a €.S), no6aBnsem
CHeAYOMYW BepmEHy B cToabme (1. e.
BepmuRy d).
4. a, b, c, d Jo6aBnseM pepmmHy f.
5. a, b,ec, d, f B cronbne f Her Bo3MOMHOX BepMIHHH,
BO3BpaIMEHHe.
6. a, b, c, d B cronbme d He cymecTBYyeT BO3MOYKHOK
BepmmHH, ciaeayiomeit 3a f. Boaspame-
HHe.
7. a, b, ¢ AnanormyEo mnpenmupymemy. Boaspame-
Hae.
8. a,b HNobaBnaeM BepmEHY e.
-9.a, b, e Ho6aBnsem sepmuny c. °
10. a, b, e, ¢ HNoGaBasiem Bepmmmy d.
11. a, b, e, ¢, d Jo6aBasiem Bepmmny f.
12. a, b, e, ¢, d, f Tamunrromosa memn. Jyra (f. a) maer
raMAJIbTOHOB MEKA. Bo3aspamenne.
13.a, b, e, ¢, d Bosaspamenne.
14. a, BozBpamenze.

15. a,
16. a,
17. a,

®

Jo6aBnsiem Bepmuny d.
HNofaBasemM BepmuHy f.
Ho6asnsieM Bepmamy c.

coooy (oo
RAR.
[~ 9 ©

D
S
S
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18. a, b, e, d, f, ¢ lamuasToHoBa mens. Ilene 3amukaercs
- ayroid (c, a). Boaspamenue.

19. a, b, e, d, f Boaspamenue.

20. a, b, e, d Boaspamenue.

21.a, b, € Boaspamesnne.

22. a, b, Bosspamenre.

23. a Boaspamenue.

24, % Konen, momcka.

2.2.2, Yayumenue oCHOBHOrO MeTOnAa. [ OIYCTHM, YTO Ha HEKOTO-
poM 3Tame NMOKCKA NOCTPOEHHAsA IEOb 3aJaeTCd MHOKeCTBOM § =
= {z,, Z5, . . ., I,} ¥ 9T0 CJeayOmei BepMHUHOH, KOTOPYIO IpexmoJa-
raerca aobasmte k S. saBagerca z* ¢ S. Paccmorpum Temepn nBe

( Octatok rpaga G ’ C Octatoxk rpaga 6 ’

& X, X, X X X Xy A
Ll 2 r1 rl L| 2 r-1 5

Puc. 10.3a. (z € T (z;) n I'* (z)c=  Pmec. 10.36.(z ¢ -1 (z,) u T (z)=
= S.}) Craepyomeft pyrofi gomsma < S {J{z*}.) Crenyiomeii gyroi me
6uTE (2., z). AoM;KHA OHTH (z,, 2*).

CHefyIomue CATYallH, B KOTOPHX BepIINHA ABIAETCA H30JIHPOBAaB-
Boil B moarpade, ocraromenmcs mociae ypasenua u3 G = (X, I') Bcex
BepmuH, 06pa3ylOMUX HOCTPOEHHYIO 0 3TOr0 Ies.

(a) Ecim cymectByer Takaa pepmupa £ € X — S, aro z € T (z;)
u I'"'(z) = S (cm. puce. 10.3a), To, go6aBaas k S 06y BepmuBY
z*, OTIMUHYIO OT Z, MHL HE CMOKeM B HOCJTelVIOmeM NOCTUCHYTh Bep-
IMAHE T HA #3 KaKoil KOHEeYHoli BepINHH DOCTPOEHHON mMenu, u, 3Ha-
9HT, 3Ta LENh HE CMOKCT OPIBECTH HAC K IOCTPOEHNIO TaMHJIBTOHORA
nokna. Takum obpa3om, B 3TOM cjydae r ABIAETCA ENIHCTBEHHOM
BEpIIKHOM, KOTOPYIO MOKHO HobaBaTh kK S AAA mpomosKeHnsA memnd.

(6) Ecanm cymectyer takas Bepmuna r € X — 5, ut0 z € I'"1(z,)
u I'(z) =S | {z*} maa nexoropoit nmpyroii sepmmun 2%, TO z*
He MosKer OblTh Jo6aBIeHa K S, TAK KaK TOTIa B OCTAIOMEMCS moArpa-
de me MomeT CymecTBOBaTh HUKAKOil uenm Mexay z u z;. Llens,
onpenessemaa mMHoxecTsoM S |] {z*}, me MoskerT moaTomy mpmBecTH
K raMILIbTOHOBY ILIHKJIY, a B KadecTBe KaHAujnata Ha pnobaBaeHue
K MHO;KeCTBY S CIelyeT pacCMOTPeTb ApPVIYI0 BEPIMHEY, OTIAYHYIO
or z* (cwm. puc. 10.36).



2. TAMMJIBTOHOBBI IIMKJIBL B TPA®E 253

B ToAbLKO UTO DpHBefeHHOM NpHMepe CHTyamus (a) BO3HHKAET
Ha mare 2, Korja MHORecTBO S ecThb {a, b}. Ecam saMernTs Temeps,
q9T0 IJIA BepIIEHH e CopaBefadBo coorHomenme I'~! () = {b} = S,
TO CTAHOBHTCA SACHHM, 9TO € CIefyeT A06aBHTH B KauyeCTBe Odepef-
HOH BepIIMHH K MHOKeCTBY {a, b}. IloaToMy B mpEBeneHHOM mpHEMepe
MOKHO onycTETh marm 3—8 m cpasy oT mara 2 DepeiiTH, KaKk DoKa3a-
HO CTpeiaKoi#, kK mary 9.

ITposepra ycaosmii (a) m (6) GymeT, KOHeYHO, 3aMeJJIATL HTEpa-
THBHYI0 OpONeAypY, B AIA HeGoabmuax rpados (Memee uem ¢ 20 Bep-
MAHAMHE) He OOJYy4YAeTcA HHKAKOTO YJydYlleHHA NEepPBOHAYAJIHHOTO
axropur™Ma Po6Geprca m @aopeca. Ho nus Goapmux rpagos ata mpo-
BepKa OPHBOAHT K 3aMeTHOMY COKpameHHI0 Heo6XoguMoro BpeMeH:
BHYHCJCHMAI, yMeHbMAA ero o6HIHO B 2 mam Gonee pas. IlompoGmuie
pesyasTaTH BHUMCIGHHE [AA PpA3AAIHHX METOXOB IPHBONATCA
ga pmc. 10.7 B pasp. 3.

2.3. MyasTenenno#t Meron

IMocie BHAMaTeAHLHOTO H3Yy4eHHAs omepammil ajropmtma mepebopa
PoGeprca m ®ropeca CTAaHOBHETCA OYEeBHAHHM, YTO JlaKe IOCHe CHe-
JAHHOTO YJAydlleEHs He CIHIKOM MHOTO BHAMAHMA YNEJAETCA OCTAB-
mefics gactm rpada, B KoTopoil Geperca mOCIeRoBATEJLHOCTh Bep-
II¥H, OpPONO/URAIOMEX HOCTPoeHHEYH Nenb. OOGHYHO DOCTpOeHHe
genn S, B nponecce noucka (S, pacCMATPEBACTCA H KaK YOOPAKOYCH-
HOe MHOKeCTBO BePINHH, H KaK 00n4Hoe MHOReCTBO) moxpasyMeBaeT
CYImeCTBOBAHEE eme KAKHX-To memeil B APyrax dactax rpada. Itm
mpeAnojaraeMne menE JdEG0 moMoraloT GHCTpee DOCTPOHTH TaMHIb-
TOHOB LUKJ, JH60 yKasHBAIOT HA OTCYTCTBHEe TAKOr0 LIHKJIA, COHep-
sRAmMero mems .S,, 9T0 MO3BOJAET Cpasy OpHGerHyTs K BOSBPAIICHHAIO.

Meton, ommcaEHH# B 3TOM pa3sfene, GEn mpenioseH DepBOHA-
qansH0 Cenbm [35] nua mHeopmemTEpoBaEHHX rpados; 3fech Haerca
ero He6Goabmoe BHAOM3aMeHeHWe JJA OPHEHTHPOBAHHHNX Trpados.
MeTox CoCTOHT B CleqyIOmMeM.

HdonycTaM, 9To Ha HEKOTOpOM 9sTame HOHCKA LOCTPOeHa Nemb
S,  Bo3MO)REH men® S,, S,, . . . . PaccMorpEM kakylo-a1m6o «cpen-
HIOIO» BepITHAY ORHOH H3 9THX Hemell (CIOBO ¢CpemHsA» 3heCh 03HA-
gaer m06yl0 BepmEHEY, OTIHYHYI0 OT HAYAJBHON H KOHETHOI).
ITockoabKYy 3Ta BepmAHA Y)Ke BKJIOYeHA B HeOb ¢ OOMOMBIO ABYX
IyT, TO OYeBHAHO, 9TO BCe ApPYTrHe AYTH, BXOAAIMHEE WIH BHXONAMHE
H3 TaKo#l BepmHHH, MOryr OHThL ymadems ®3 rpada. Hasa mo6oi
HavyaJbHOH BepIIWHH BHIIEYKA3aHHHX Nemeil MORHO YAaJATh BCE
AYTH, ECXOfsdmue H3 Hee (3a HCKJIIOUeHHeM AYTH, BRIIOYAlOmMei# aTy
BEePIIAHY B Ienb), & AaA Ji06oii KoHeTHOH BepIMHH MOKHO YyHAJHTh
BCe JOYTH, OKAHYHBAIOIMMeCHd B Helt (ONATHL-TAKH 38 HCKIIOYCHACM
Ayrd, BRAOYAmeil ee B mens). Hpome Toro, 3a HCKII09eHHEM CIy-
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9asg, KOTZAa CYMECTBYeT TOJBLKO OfHAa Lenb (CKa)em, S,), IpOXOmsa-
mas 9epea Bce BepmuHH rpaga G (T. e. Korma S, — raMHJIBTOHOBa
nmensb), dobas HMeoOMmMasCcA Ayra, Belymas H3 KOENAa Jo0ol menm
B HAYAaJBHYI0 BePIIMEY 9TOH jKe Iemm, MOKeT GHTH yJaleHa, Tak
KaK Takad Ayra 3aMHKaeT He TaMHJIbTOHOBH IHKJH.

YnaneHune BceX 3THX AYT AacT rpad CO MHOTHMH BePIIHHAMH —
BCEMH ¢«CPeIHMMH» BepMIEHAMH IeNleil.— B KOTOPOM TOJBKO OJHA
AyTa OKAHYMBAGTCHA B Ka)KIOH BEepmMEHE M TOJLKO ONHA AyTa HCXONMT
u3 Hee. Bce aTH «CcpenHEE» BEeDIIMHH M AYrW, WHIHAEHTHHE MM, yAa-
asAorcAa u3 G, a BMECTO HUX JJA KaKIOi IemE BBOJHTCH €IHHCTBEH-
HaA fnyra, maymas oT HavaJbHOH BePMUHH IeNH [0 ee KOHeYHOH
BepmMEHEH. B peayibraTe BCero 3TOro MOJYYaeTCA PedyyuposaHHuE
epagp G, = (X, T'}), rae k¥ — mHnEeKc, NOKasHBAWIUi HOMEp mAara
TOHUCKa.

Paccmorpmnm Temepr npopos:keHme nemm S, (cdopMEpoBaEHOK
B pe3yJbTaTe MOMCKA), OCYMECTBIsAeMO€e IIyTeM A06aBiIeHEs BePIIUHL
I;, KOTOpasA SABIAEeTCA BO3MOMKHOHl B cMHcJe ajiroputMa PobGeprca
u Qnopeca, 1. e. B G, cymecrByer Ayra, MCXOAsAmas M3 KOHEYHOH
BepmuEH Nenu S, -— 06038auaM 31y Bepmuny e (S,) — n BXogAman
B BepmuBy z;. JloGaBieHme z; Kk S, OCYMECTBIAETCA TaK:

(1) Cravana ypmansaiotrcas u3 G, Bce HeoOXOommMBe NYTH, T. .

(a) Bce pyrm, oxkaHYMBAaOIMWecs B Z; WM mcxoiasmue u3 e (S,),
3a mckiiodermeM ayru (e (S,), zj);

(6) Bce myrm, BHXORsAImEe M3 r; B HaYaabHYIO BepmMEEY Oyt S,;

(B) ecam okakeTcs, 9TO z; ABAAETCA HadaJdbHOE BEepMEHOH Apy-
roit nmemm Sy, TO ciaeayeT yAaJHTh TakkKe J6y0 AYyry, Befymyio
M3 KOHEYHON BEePmMMHH nNenm S; B HAYaJLHYI0 BepHIHHEY menm S,.

(2) O6ospagrm rpad, ocraBmEECH Nocae yHaleHMA BCex YT,
qepes3 G;; = (th Fh’)-

Ecan cymectsyer Bepmura z B rpade Gi, He ABIAKNMAACA KOHEU-
HOH HM n71A omHON M3 menmeir S,, S;, . . . ¥ XoTopas mocjae yAaJeHAA
AYTr EMeeT NOJYCTeNeHb 3aXoia, PaBHYW egusamne, T.e. | I3} (z) | =
= 1, TO BHKHHYTH BCE AYIH, MCXOAsAmue u3 BepmuEW v = I3} (z),
3a HCKJI0YeHaeM nyra (v, z).

Ecian cymectByer Bepmuna z rpada Gy, He ABIA0MAACA Ha9aJbHOMH
HE JJs KaKo#l Iemm B KOTOpasA IlocJe yAaJeHHA AYT MMeeT IOJyCTe-

IeHb HMCXo0fa, PaBHYW enmHmOE, T.e. |y (z) | = 1, To BRKEEYTH
BCe OYIM, HCXONAMHEE N3 BePMHHN Z, 3a HCKJIOYEHMEM AYTH
(z, Tw (2)).

TlepecTponTh BCE NIEOW ® YAAJHTH AYTH, BELYMHE H3 KOHETHHIX
B HaYaJbHHE BEPIIMHH.

IloBTOpATH, mar 2 [0 Tex mOp, NOKA MOKHO YHAJATh AYTH.

(3) Ymanute m3 ocraBmerocs rpada G; BCe BepMMHH, HOJYCTeE-
DeHHM 3aX0fa W HWCXOfa KOTOPHX pAaBHHW €[MHMWNE, T. €. BOPMEHH,
KOTOpHE CTAJM TeIeph «CPeIHNMH» BepIIFEAME Iemeid. ITO yhaasieHue
IPOM3BOAMTCA TaK, KaK 9TO OHUIO ONMCAHO BHINE, B Pe3yJbTaTe 4ero



2. TAMHAJIbTOHOBLI IIHKJILI B TPAGE 255

HOJIy9aeTCA HOBHE penynapoBannuil rpad Gpiy, 3aMEHAIIMMA IPENH-
aymmiz rpad Gy.

CoBepmenHO 09€BHHO, ITO €CJHH No6aBjeHAe BePIIMEH I; K IeNH
S, mesaer moaycTenmeHb 3aXOfA HJH HOJYCTeHNeHb HcXofa (mam obe)
HEKOTOPOH BepIIWHH Z B KOHIE mara 2 paBHOH HYJAK, TO He Cyme-
CTBYeT HHKAKOTO raMHJIBTOHOBA NEKJIa. B 3TOM ciayuae BepmmEHA I,
yAaJaAeTcA H3 MHOMECTBA S, H B KaveCTBQ JPYyroi BepmHEH I,
LIOSBOJIAKINEH NPONOMKATH Henb S,, BHOApaeTcA HEKOTOpasA Apyras
pepmeEHa B3 MAOKecTBa Iy [e (S,)], m Tax 10 Tex mop, moka He Gymer
ncuepnano Bce MmHomecTBO I'y le (S,)] ® npmpmerca npmbermyrh
K Bo3BpamenmO (T. e. e (S,) ynansgerca u3 S, H 3aMeHAETCA APYToif
BepIIHHOA ¥ T. f.). OTMETHEM, 9TO omepanHA BO3BPANICHHA IpeAmoJa-
raeT XpaHEHHe N0CTaTOuYHOH mHPopMamum o6 yHaJeHENX Qyrax
B marax 1 m 2 ma xakmom arame k, TTo6H MomHO 6HI0 mOo rpady
Gu+1 BoccraHOBATHL Ipad G, npm mwobux k, ecid NpAXOAHETCA HpH-
GeraTh K BO3BPANICHHIO.

Ecam (Ha HexoTopoM 3Tame) B KOHIe mara 2 yCTaHOBJEHO, UTO
TOJNIBKO OfHA IEeNb NPOXONHT fajiee Jepe3 BCe BOPIIMHH, TO B 3TOM
ciydae CYImIeCTBOBAHME IaMHJBTOHOBA IHKJIA MOKET GHTDL BHSABJIEHO
HemocpeacTBeHHo. Ecam mmka mpm sToM He Haiiien (MJIHE e€CIH OH
Hal/IeH, HO HAN0 HAUTH BCe FAMWJIBTOHOBH IWKJHY), TO HYKHO IpPH-
GerayTh K BO3BpPANCHHI.

Jlyumgit BHYRCANTOABEHIE OYTh COCTOAT B TOM, YTOOH IpH KaK-
oot mTepammm mara 2 (sa HCKJIMYeHHeM NocaefHeil) mpoBepATH
OTAMYEe OT HYJAA HOJYCTemeHei 3aXofa H HCXO[a BCeX BepmmH rpada
Gy. IToaToMy xax TOABKO OJlHA M3 HAX CTAHET PABHOH HYJNIIO, Cpasy e
OPAMEHAETCA ONepANHA BO3BPANICHAS, H €CJIH HalileHa raMANBTOHOBA
menb, TO HOJYJAeTCHA H IAMIJIBTOHOB IMUKJ Ges mpoBepkd CyMECTBO-
BaHHA NYTH BO3Bpara ).

Ecam Be BO3HMKAaeT HA OfWH H3 BHIEYNOMAHYTHX CJy1aeB,
T. €. ecad (HAa HeXOTOPOM aTame k) B Komme mara 2 ocraerca Goxee
9eM OfjHA IIeNb H BCE NOJYCTENeHH ABIAAKTCA HEHYJEBHMHA, TO HEJIb3A
eme CHeJaTh HAKAKHX BRBOJOB. Torja BepmmHa z; AobGaBiaAercs
K S, 1 BHOApaeTcA Apyrasa BepmHMHA NJA AajJbHEHTIEr0 NPOXOIKeHAA
nenu. Ilarm 1, 2, 3 noBTOPAWTCA, HAYAMHAA C HOBOr0 pPeAyLHPOBAH-
HOro rpada.

2.3.1. Ilpumep. B macToameM npaMepe GyfeT mOKasaHO, KAK HTe-
PaTHBHEHIA nponecc mara 2 IpABOAHT KO MHOTHM IENAM, IO yIalMHMCA
A3 OCHOBHOH HemH S,, B KAK 9TH IeNu MOTYT HPHBECTH K GHCTpoOMY
OKOHYAHHI0 IPOH3BOJHMOrO IOMCKA.

PaccMorpaM gacth rpada, msobpamennyio Ha pac. 10.4. Cravana
HOJAYCTemeHHE 3aX0[a H HCXO[a KaKqo¥ BepmEHH GoJbIIe eXWHHITH.

1) 3mecr Ayra, SAaMHRAWNIMAA TAMHJIBTOHOBY nemb.— ITpux. ped.



256 TJ1. 10. TAMHJIBTOHOBHRI LTMKJIBI, HEIIM 1T 3AJAYA KOMMHBOSAHEPA

ITepsas umepayus. HaureM ¢ BepmmEN 1 KaK Hav9aJdbHOM BepIIH-
HBl cTposmelcsa uemu S,, A mompoGyem nob6aBHTH K §,, HampEMED,
pepmuBy 6, Tak 9t0 mems S, Gymer {1, 6).

Mlar 1 onmcamHOTO MeToma ynaxmr Torza ma G ayrm (1,2), (1,3),
(1,10), (2,6).

Mlar 2 ykamer temeps Bepmury 10, KaK AMEOMYI0 HOJVCTeNeHb
saxonqa 1 u paromyio Boamoxuylo nemb S; = {4,10}, mocme uero

Prc. 10.4. Tpad n3 opmmepa paam. 2.3.1.

vRanserca nyra (4,2). Bropoe npmvememme mara 2 faer BepmmHY
2 ¢ momycremenbio 3axoga 1 m BoamomEyW menmb S, = {3,2}, mocuxe
gero ypaasmwortea ayra (3,12), (3,9) n (3,4). Tperbe npumenesme mara
2 macT BepmmHy 4 ¢ moaycreneHpio 3axona 1 m mpmBogHNT K mpoposKe-
Huo memu S, mociae nobasnenmsa ayra (11,4), Tak wro neme S; ecTh
temepp {11,4,10}. B cmny mara 2 gyra (11,9) ynanserca, m To xe
otdocaTca K ayre (10,11), sammkaromeir nens S,. YerTseproe mpmme-
HEHHUe mara 2 He HPMBOAAT K JaJbHEHIIAM YAAJeHAAM, H HEPBHI
penyurpoBaHHEHE rpad, DOJyYamOHANACA B KOHIOE mara 3, OOKa3aH
na pmc. 10.5a, rme memm S,, §; ®m S, wu306paKeEHN KEPHHIME
JAHAAMY,

Bmopas umepayus. Tak kak cymecTByer Gosee 4eM ofHa 1iemb
¥ TAK KaK DOJYCTeNeHHW 3aX0ofa M MCXO4a BCEX BEpPIIHH HEHyJeBnle,
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TO MH IPOROJAKAEM PacHHEpPATH menb S, Aaasme. Ilycrs, manpmmep,
n3 muEoxecrsa I (e (S,)) = {8,5,7) BwGpana Bepmmma 8, Tak 49ro
nens S, npesparETea B nens {1, 6, 8}. Mlar 1 gacr Temepsr Bepmmny
5, o6e mosrycTeneHE KOTOpOi paBEH 1, m BepmmEy 1 ¢ nonycTeneHnIO
saxofia, pasHoil 1. BsaB cnavana BepmuERy 5 ® coenaB ABa pasa mar

Pmc. 10.5a. Ilepsuit pexynupoBamewit rpad Gy.

2, npagem K moGasaermio Ryr (2,5) m (5,13) maa pacmmpenma menm
S,, Koropaa mpespamaerca Temeps B {3, 2, 5, 13}. Hyrm (2, 13),
(12, 13) m gyra BosspaTa (13, 3) ynanswrcsa !). Bropoe npuMenenme mara
2 naer BepmmAY 3 € mOJycTemeHbI 3axoma 1, a Tawke Bepmmmy 1
(¢ momycremensio saxoma 1), moaryseHHyI0 Ha mpemHEymeM 9Tame.
Bsas pepmmmy 3, go6aBuM K S, ayry (12, 3), mocre vero moxydmm
nens {12, 3, 2, 5, 13} = ymammm ayry (12, 11). Tperse npumenernnme
mara 2 Bce eme faer BepmmEy 1 ¢ noxycrenens® 3axona 1 m Goanme
He naer HEKaxkax sepmmH. K memm S, noGaBaserca xyra (9,1), mems
S, npespamaerca B {9, 1, 6, 8}, a ayr= (9, 7), (9,14) = nyra BosBpa-

1) 3nech TepMEH «AYra BO3BpATAa® HCIOXL3YETCA B HECKOXBKO HMHOM CMHCIe,
9eM Ha CTpP. 255: 8TA AyTA BAMHKAET HO TAMANBTOHOBY, 4 HOROTOPYH HPOMERYTOT~
my nemb.— Hpux. ped.
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ta (8,9) ymansiorcsa.UeTseproe unpuMeHeHHMe IMara 2 YKasKeT [Be
BepmuEH 9 u 7 ¢ moaycrenedsamn 3axofia 1. Baas cnauana sepmmry
9, nobasum ayry (10.9), coemmusomyo uenm S; B S, ¥ AAOMYI0
RoByww mems S, = {11, 4, 10, 9, 1, 6, 8}. dyra (10, 7) ynmansercs.

Pmc. 10.56. Tpad G; mocie JeTBepTOro IpEMEREHHsA mara 2 Ha BTOPOH ATepauun.

IIaToe mpuMeHenue mara 2 gaeT BepmMHY 7 C IOJYCTeNeHBIO 3aXofia
0. 9To roBOpHT O TOM, YTO OUOMCAHHHIA HOMCK HE MOKET NPHBECTH
HA K KaKOMY TaMAJIBTOHOBY LHKIY.

I'pa¢ G, monygaromuiics B KOHOE 4€TBEPTOrO MPHMEHEHUA mara 2,
moka3a® Ha puc. 10.56. Temeps ciegyeT BOCCTaHOBATh BCe yaajIeH-
Hee BO BpeMA BTOpPO# HTepamud Ayrd, 4To0H BepHYTHCA K rpady
G, m3 pmc. 10.5a, m mnpomasBecTH omepanui0 BO3BpAaNEHHA, T. €.
ynaxmth B3 S, BepmmHy 8, 3aMeHHTH ee APYroil BO3MOKHON BepmIH-
HOH (5 mam 7) m mpopnomxare npumerath mara 1, 2, 3 u 1. 1.

W3 mpmBeneEHOro mpmmepa BHJHO, 9TO STO 0YEHBH CHIABHHI MeTON,
moncka. Ilocae gByX ®Tepammii OH NHO3BOJAET CHEIATh BHIBOM, 4TO
HEKaKOf TraMWJIBTOHOB IUKJ He MOKET COJepMKATh B KadecTBe CBoelt
gactn nenob {1, 6, 8}. Ito 1/12 Bcex DONHMTOK HOWCKA, NMOCKOIBLKY
TmoJIycTeneHb HCXOfla BepmmHEH 1 paBHa 4, a Bepmuen 6 — 3. Homes-
HO, YKa3aHHLHA BHBOJI OTHOCHTCA TOJBKO K JacTm rpada, udobpaken-
Ho#i Ha pmc. 10.4, KoTopas camMa MomeT UPHHAJJEKATb K HAMHOIO
GoapmeMmy rpady. MomHO HO3TOMY OMEAATh, 9TO TPH 3aaHHOM
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cpefHeM BSHAYGHHM CTeHeBed BepMHMH HmOMCK JAmmb cJaaGo saBACHT
ot pasmepa (sdcia BepmmH) rpada. 3tor PaxT GyAeT mpoAEMOHCTPH-
POBAH HA 3KCIePEMEHTAJLHHX JAHHHX B CJIeAyIOmeM pasaene.
Hanporas, meron Po6eprca m (Duopeca (a1m ero yayumeHHHR
BAPHAHT) JAA NOCTIVKEHHA TOTO Ke pesyiabraTra TpebyeT o4eHb JHE-
TeJBHOTO HOHCKA, TAK KAK B HEM CYIIECTBeHHO mepe6HpAIOTCA BCE
nend, madmsapmeecs ¢ 1, 6, 8, . .., opemie yeM mnpomsoiifer Bos-
spamesme kK 1,6,... . OueBmgmo, 49ro 3aTpaumeaemas paGora
SQBHCHT KaK OT pasmepa rpada, Tak H OT CTemeHed BepmHuE.

3. Cpansmenne MeTO0B NONCKA raMHIbLTOHOBHX NUKAOB

B macroamem paspese CPABHMBAITCA NEPBOHAYAJBHHIA BAPHAHT
anroparMa PoGeprca m @iopeca, ero yaIy1meHBH BAPAAHT B MYABTH~
memHo# MeTOA. OTH TPH MeTONA CPABHHBAKTCA IO HeoGXommMoMmy
BPEMeHH BHYMCJICHHA AJA HAXO0KACHHSA OXHOr0 TAMHJILTOHOBA IAKJA,
€CIH TAKOBOH CYImIECTBYeT, HIH [OKA3aTEALCTBA €r0 OTCYTCTBHA.
ITposepka 6uia mpoBefieHa Ha ciayvaiiHo BHGpaHHNX rpadax, cTeneHE
BEPIIMH KOTOPHX JIeKaT B IPeANHCAHHHX rpaHANax. Bcero 6nuo
Hcooas30BaHO oKoxo 200 rpadoB, ANA KOTOPHX NPHBOATCA CpeHAe
pesyasraTH. Bo Bcex rpadax oxasaamch TaMEIBTOHOBH IHKIH.

Ha pmc. 10.6 nmoxasama 3aBECHMOCTH TpeGyeMoro aJaropmTMOM
PoGeprca m ®Oaopeca BpeMEHH BHYMCJICHHASA OT YHCJIA BePIIMH rpada;
CTeIleHH BePIIMH JIeKAT B npefiedax 3 — 5. Beugy cEanHHX Bapma-
nEi TpeGyeMoro BpeMeHE AJNA rpadop OAHHAKOBHX pasMepoB IpH-
BOJATCA TPH KPHBHE, XAPAKTOPH3YIOIEe CpENHEe, MAKCHMAJILHOO
H MHHBEMAJHHOE BPeMA, HOJNY4YeHHO® JJIA pPasIAmIHHX rpafos ¢ oxm-
HaKOBHM 9HCIoM BepmmH. Cienyer samerath, uT0 Ha pmc. 10.6 npm-
MEeHeH HoJyJorapmpMedecKmii macmrab, 9TO TOBOpPHET 06 SKCHO-
HeHIWAJBLHOM Xapakrepe sasmcmmoctde. QopMyna, Raomas OpA-
6nm;KxeHHYI0 BaBACHMOCTH BpeMemH I' oT wmcida BepmmH n rpada.
€O CTeNeHAMH BEPIIMH B Opefeaax 3 — 5, Taxoma:

T=0,85.10"*.10"*" (coxynn ma CDC 6600).

Y nyumenuuit sapmanT ajdropurMa Pobeprca m Quopeca me HaMHEO--
ro Jydme HepROHAYANLHOr0 anropurMa. HeobGxommmoe BpeMd BLYHC-
JieHHSL B HeM Bce eme 3aBHCHT (Golee mim MeHee) SKCIOHEHIMAJIHHO
0T n. 3aBHCHMOCTH OTHOIICHHS BPEMEH BHYHCJIEGHHA OPH HCIOJB3O-
PAHHH OSTHX JBYX AJTOPHTMOB JJIA HEOPHEHTAPOBAHHWX rpados
co cremeHAME BepmmE 3 — 5 mpmeegeEa Ha pmc. 10.7. Hs aroro-
PHECYHKA BHJHO, 9YTO (yJyINeHHHA» BAPHAHT JeACTBHTONLHO XYKe
Aansa rpadoB MaJHX pasMepos, Xora AnA Goarmmx rpagor (¢ Gonee
g9eM 20 BepmMHAME) OH IOBBOJAAET COKOHOMATEL Gosee 50% Bpemenm
BHYHCJICHHA.
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ITo oTHOmEHHEIO K TOMY K€ BHINEYIOMAHYTOMY MHOKecTBY rpados
MYJBTHANENHOA AJrOPETM OKa3alCA o49eHb 3PPeKTEHBHNM. ITO BRIHO
m3 pmc. 10.8, Ha KoTopoM mokasamo HeobxogmMmoe NJasA 9TOr0 AJNrO-
PETMa BpeMs BHYHCIeHHEA (37eCh OPEMeHeH JNRHeXHHH Macmraf).
T'padrk mokasniBaeT, 9T0 BpeMs pacTeT ouerb MedAeHHO B 3aBACHMOCTH
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Prc. 10.6. Buamcnarenbuan peanmaanmAa amropurma PoGeprca m ®aopeca.

OT 4ucjia BEPIIAH ¥ IO3TOMY AJrOPHTM OPEMEHHEM JJA OYeHhL 60Jab-
mex rpados ). JIpyrEM OpeEMyImMecTBOM 3TOr0 MeTOla ABIAAETCA
oueHb crabas BapEanWA BPeMeHH BHWYHCIEHHA JJS PasTHIHLIX I'pa-
¢oB ommEaKOBOro pasmepa, H IOITOMY MOKHO ONEHHTH C Pa3yMHOM
CTeNeHbI0 JOBEPHTEJBHOCTE BPEMsA BHYACHEHHSA, HeobXomEmoe n1A
pa3amIEEIX 3amad. Hpome Toro, sKCOEPEMEHTH IOKA3HBAIOT, YTO

1) Orcopa He clegyeT geraTbh BRBOM, ITO ANTOPATM 2apaKRMUPOSIKKG BAKAH-
TABAETCA 3a BpeMA, IPONOPIAOHATLEOR nk mpa HexoropoM k> 0. Ha camoM fmene
MOKHO MORoGpaTe MpAMEpH, KoTopHe. TpeGyT HaMEOro §oabmero BpeMenn, IeM
arTo noxasamo Ha prC. 10.8. TakHe KORTPIpAMEDPH CTPOATCH C NOMOMBIO rpados,
He COIeDKamHEX TaMAILTOHOBHX IHKJIOB.
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Pmc. 10.7. Peanmsanma yayumermoro aaropetda PoGeprca m Quopeca. T, —
PpOMA BLYHCACHESA A}A NOPBOHATALLHEOrO METOMA, T; — BpeMsa BHYHCIGHEA JAR
YAYYMeHHOTO METOfA.
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Parc. 10.8. BuuncaATenAsHAA PeaJHSANEA MYJLTHOONHOrO ANATOPATMA.
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JaA rpadoB, CTeNeHH BEPIIAH KOTOPHIX JEKAT B BHINENPHBEIeHHEIX
upesneaax 3 — 5, MeTOA IO CYMECTBy HE YYyBCTBHTeJEH K CTEHEHAM
BEpIIVH.

BramcaaTeabHEE pe3yJabTaTh, NoKasamnne Ha prc. 10.6 — 10.8,
OTHOCATCS K HOHCKY OJTHOTO TaMHILTOHOBA MEKJa B rpade. HeGesnn-
TePEeCHO CKa3aTh HECKOJBKO CJOB O BHYACJIEHHAAX C TPEMsA aJTOPHT-
MaMH, KOTJa HCKAaJKCh BCe TaMIJIBTOHOBH LHMKJIH. Tak, MJf8 HeopHeH-
TrpoBaHHOro rpada ¢ 20 BepmmHaMmE CO CTenmeHAMHE BepmEH 3 —5
moTpeGoBasock 2 ¢, 9To6H HafTH BCe TaMAJIBTOHOBH LHKJIH, CIENys
anropat™y Pobeprca m Qnopeca (aTmx mEkI0B oxasanock 18). Vayu-
TIeHHHE BapHAHT TOro jKe ajropurma unorpeGosax 1,2 ¢, a MyasTm-
menHoit aaropmrM — 0,07 ¢. Brumcaenus nposogmiazEcks ma IBM

CDC 6600.

4, Tlpocras 3agava INIAaHAPOBAaHMA

Bo BBefeHmm K JaHHOH riaBe MH ONHCAJH OPEMED IPOMEIILJIEH-
HOH ¢MpMHI, BHIOYCKAalOmMed HOPOAYKTH pPj, Py, - - ., Pp € HCOOJB3O-
BaH@EEM EJMHCTBEHHOTO THIA AaNNapaTypPH B IHMKIAYECKOM peKEMe,
¥ IOCTAaBAJH BONPOC O IOPHAKE ITPOH3BOACTBA UTPOAYKTOB, Tpebyo-
ImeM HAEMeHBIIEr0o BO3MOKHOTO 4YHCJIA IePeHaCTPOEK AaNNapaTypHL.
Bua moctpoen rpad G = (X, A), BepmEHH Z; KOTOPOT0 OPEACTABIAIOT
upoaykTH p; (i =1,2,..., n), a gyrm (r;, z;) NOKa3HBAWT, 9TO
UPOAYKT p; MOMKHO NPOH3BOAHTL BCJIEN 3a TPOAYKTOM p; Ge3 mepe-
HaCTPOHRKH.

Ecim rpap G = (X, A) mMeeT raMHJIBTOHOB IMKJ, HampEMEep
Zi,, Zi, Tigy - -y Tip, TO COOTBETCTBYKINAS IOCJEA0BATEILHOCTH
OPOAYKTOB Di,, Pi, Piy - - » Pin MOKET GHITH IpoM3BEJieHA HA amma-
patype 6e3 Kako#-ImOO IepeHaCTPOHKH, TAK KAK IO ONpEJeJeHHI0
raMHEJIbTOHOBA IHKJA
(Iih’ Ifh+1) €4 nas Beex k=1,2,. .. (zip,,=xi,) @ A ompe-
AeJdeHO BHIme Kak MHosecTBo {(z;, x;) |¢;; = 0}.

Ecan G He mMeeT HEKaKOTO raMEJBTOHOBA IHEKJA, TO MHE MOMeM
mocrpouts rpadp G; = (X;, 4,), rue

Xy=XU{y}

A=A {x, yi)leX}U{(yh z) |z € X},

T. e. BBeCTH B rpap G QEKTHBHYI0 BepIUHY Yy; BMECTE C IyraMH, BeJy-
OIMIf B Hee W HCXOAANIEME B3 Hee B KKy [EeHCTBHTEIBHYIO Bep-
muany rpada G.

Ecan y rpada G; cymecTByer raMmJIbTOHOB THAKJI, TO OH Oyaer

UMeTb BRJ Zi,, Ti,y - « «y Lips y,[, Tippqs - » =y Tip, 9TO NPHBOJHT K CJe-
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Rymomeil IOCIEA0BATENLAOCTE IPOE3BOJCTBA HPOAYKTOB
DPirpgs Pipgas + o +9 Piny Pigy Digs <« oy Pip

C e[MHCTBEHHOH omepanmeil NepeHACTPOXKHE HDOCHe OKOHIYAHHA IpPOH3-
BOJICTBA HOCJEXHET0 NPOXYKTA M HAYAJNOM OPOM3BOACTBA IEPBOTO.
Taxmm o6pasoMm, PEKTHBHAA BEpPIHHA HTPAET POJNb METKH, NOKA3H-
BalOMEll TO MECTO B NOCIe0BATeNbHOCTH, 'TRe HeolXommma mnepe-
HacTpoiika anmaparypn. B repmmmax rpada ¢uKTEBHAA BepmmEHA
H ACCONMMPOBAHHEE ¢ HOH XYrm oGecneYHBAIOT CYIMIECTBOBAHHE LEIH
MEKAYy ABYMA felcTBHTeNbHHME BepmmHaMu. Taxmm oGpaaoM, eciam
CYIeCTBYeT IOCHe0BATeILHOCTh NPOXYKTOB C OHOH IIepeHaCTpoiKoM,
T. . ecqid B G cymecTByer TaMWJIBTOHOB IHKI, OPH YCJIOBHM, TTO
MO’KHO MCIOJIL30BATHL ORHY «AYTY» (z;, ;) § A, 10 KobGaBnenme Bep-
IIHHH Y, K G BCerja IpHBeJeT K CYMEeCTBOBAHAI B G, TaMHEJIBTOHOBA
LAKAA, TAK KaK JIROIHAA HeoOXoxmMas «gyra» (I;, ;) Moser GHTH
8aMeHeHA ABYMA QHKTEHBHEIME fyramu (T;, ¥,) B (41, Zj).

Ecam rpag G, He mMeeT raMEAbTOHOBA IEKJIA, TO MH IOCTPOEM
rpad Gy = (X,. 4;) BMecro rpada G,, rae

X=X, U{ys}

A2=Al U{(z’ yz) IJEX}U{(yz’ $)|$€X}.
R aHAJIOTHYHO 6yneu neiicrnonarb JaJjee.

Teopema 1. Ecsu 2pag G, = (X, A,,), onpedessemuii xax

Xp=XU [,Q @, (10.2)

An=AU l,.L;J‘ {(=, yp) |z€X}IU [,-§i {(vp 2)|z€X)], (10.3)

codepacum 2eMUALIMOK08 YUKA, a 2paf Gn,_y makozo yuxaa He codep-
HCUm, Mo YUCA0 m ecmb MUHUMAALHOE YUCAO He0OZ0UMBT neperacmpo-
ex, U ecau 2amuabmorod yuxa é G, umeem-sud

zilv ey ziav lﬂv ziaﬂ’ ey zis’ El’ z‘ﬁu’ ey ziyv 'ﬂlv

z‘yﬂ.' DEWE} zio’ lym I’ z‘6+1’ esey Tin,

mo npodysmul GoANHW npouseodumecs ¢ nocaedosamesvHocmu
Di s veey Pigy 3amem Pig, v ++os Pipp oo U m.a. ...

samen pgeﬂ, ey pin,p“, ceey p‘a'

Hoxasameabcmeo. JloxasaTeabCTBO ClEAyeT HEMOCPENCTBERHO H3
paccyRneHuil, DpefHIeCTBYIOMHAX TeopeMe, ¢ HCIOJIb30BAHHEM HHXYK-
IHEA.

a+l
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4.1. BuunCaATEIBHRME ACHEKTH

B paccyxpeEmax npepmaymero pasgera rpad G Kakaui pa3s
OONOJHAJNCA efHHCTBeHHOH (MKTEBHOA BepmmuEOA. Ecam omrmmans-
HOEe pelleHHe 3aJadd CONeKHT m NepPeHacTPOeK anmapaTypH,
TO HyKHO OGyaeT cmematb m -+ 1 DONHTOK OTHCKATh TAMHJIbBTOHOBH
neKniu B rpadax C, Gy, . . ., G,,, IpEIeM TOJIbKO DOCIHEIHAA H3 BTHEX
OONHTOK OKAKeTCA YCIeIIHOHA W mpuBefeT K pemenmio 3agadn. Owe-
BHJHO, 9TO 9YHCJIO M OTPaHHYEHO CBepXy HeawdmHOX n ® B obmem
ciIy4yae B NPaKTHYECKHX 3ajadax oHO OyaeT JAME HEGOIHLIIOM YACTHIO
qucaa n. TeMm He MeHee ¢ BHYACIHTEILHOA TOUKH 3PEHHEA HEOGXOgAME
pa3igYHHE NPONeAYPH MJIA NPOBEPKH HaJamInA B rpade raMu.IbTOHO-
BHX OEKJIOB H IOCTPOEHAA TAKHX NHKJIOB, TAK KAK OKAa3HBaeTCH
[6], aTo mpome HaiiTH raMEIBTOHOB HEKJ B rpade, EMelOmeM TaKoX
OHEKJI, 9eM JAO0Ka3aTh, 4TO He CYMECTBYeT HHKAKOTO TaMHJILTOHOBA
neEKaa B rpade, ero He mMmeiomeM. IJToT (aKT HOACKA3LIBAET, 9TO
Goxee mopxogamuM OymeT aaropuTM, KOTODHI HaYMHAET C BepxHei
rpagunu B aas ontEMaabHoro (MAHEMAaJbHOTO) 9MCIA MEPEHACTPOEK
anmapaTypH H® @OCJefoBaTeJbHO JaeT H nposepAer rpadu Gpg,
Ggy, ... H T. 0. B0 Tex mop, moka He Oypmer Hadpen rpad G,,_,
He HAMEMUH# raMAJIbTOHOBHX HHKJI0B. HpaTkoe ommcaHEMe TaKoro
ajJropHETMa JAaeTcA HUKeE.

Hlaz 1. Haitte Bepxmio rpaEmny B pas ontumansHoro (MmHE-
MaJpHOr0) 4dHclIa Heo6XomHMHIX mDepeHacTpoeK ammapaTypH (cM.
OpHJIOKEeHHe).,

ITaz 2. HUcmoapaya dopmyrm (10.2) m (10.3), mocrpomtes rpad
GB.

Ilaz 3. Onpepennts, uMeer au rpad Gy raMuabTOHOB NEKA. Ecam
Aa, To XpaEHTH 3TOT OEKJI B BAAe Bexropa H, sammcas ero Ha MecTo
IpegHAyIIero XpaHAMeroca QUKJIa, ¥ nepedTH K mary 4 mim mary 5.

Ilaz 4. B <« B — 1, nepeittg x mary 2,

IMTaz 5. OcranoB. m = B + 1 ABidercA MMHEMAJILHHM YHCJIOM
nmepeHACTPOEK anmmapaTyph, W HOCIHENHAA MoclefoBaTeqbHOCTH B H
ABJIAeTCA TpeGyeMol MIOCIeqOBaTeJbHOCTHI0 NPOM3BOACTEA NPOAYK-
TOB.

IMar 1 DpmBegeEHOro BHmeE aiaropurMa rpebyer maapHeHIIHX
noscEenmd. OdueBHAHO, YTo deM 6osee To4HOM OGymer HawandbHAA
BepXHAA rpaEmna B, TeM MeHblIee YHCJIO HTePamdil OCHOBHOIO ajro-
pATMa OpHieTcA cpexaTth. llpomenypa moaydeHHs Xopomeill ONEHKA
AJA BepXHeH IpaHANH AaHa B npmioseHmd. CymecTBOBaHHE TaMUIb-
TOHOBa IEKJa B rpade Gy MoKeT OHTH YCTAHOBIEHO C HCIOJb30Ba-
HneM MYJbTHOENHOro aiaropmrma pasg. 2.3.
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YACTD II

5. 3agaua RoMMHBOSKeEpa

3dajmaua KOMMHBOSAKepa TECHO CBASAHA ¢ HECKOJALKHMHA APYTHME
samavaMu Teopmm rpadoB, obGcyxknmaeMHMH B ADYrEX UacTAX ITOM
KHHTH. 3fechb MK H3yIHM JBe TAKHE CBSH — C 8afaveil 0 HasHade-
HEAX (cM. 1. 12) = ¢ 3ajmaveit o kpaTdaitmenm octose (cM. ra. 7). Obe
STH 3amavd MOTyT GHTDL pemleHH HAMHOIO Ipome, 9eM 3afada KoM-
MHBOS’Kepa, B MOKHO HCCJIef0BATh 3TH CBASH [JIA TOro, Iro6H pas-
pa6orats affeKTHBHNIE MeTOR pemeHHs mocaefHeH sajgaym.

5.1. Haxuaa rpapEma ®3s 3aJAYd 0 HASHAMCHHAX

Jlmmeiinylo 3agavYy 0 HasHa4YeHAAX AJAA rpada ¢ TPOHSBOJBHOMN
Marpuneii BecoB C = [cj;] MomEO chopMynmposats Tax (cM. ra. 12).

Iyers [Ey] — (n X n)-MaTpEna, B Kotopoit &, = 1, ecam Bep-
IIEEA z; <HA3HATeHA» K BepmmHe z;, & §;; = 0, eciu z; He Ha3HAYeHd
K z;. Takymo 7e cxeMy M0)KHO HCHOJb30BATh H B 8ajaleé KOMMHEBOS-
mepa, monaraa §;; = 1, ecIm KOMMEBOSIKED efleT HeIOCPEACTBEHHO
H8 z; B z;, 1 §;; = 0 B mpoTEBHOM caydae. B aroli mocuepnei samaue
MOKHO TOJOMKATHL ¢j; = oo (i = 1,..., n), 7106H ycrpammts Gec—
CMHCNIeHHHe pemenmsa ¢ §;; = 1.

Tenmeps 8amava o Ha8HaweHEAX (OPMYIHpPYeTCA TaK.

Haire senwammm §,;, MEEEMBESHpYIOMYE

2z =j§1 P c”g”, (10.4)
OpH YCIOBHH, TTO
2§u= ,‘§u=1 (10.5)
(nas Beex i, j=1,2,..., n)
Ey=0 mam 1. (10.6)

Ycaosre (10—5) mpocto rapaETEpyer, 9ro pemenme GyReT MUKIH-
9eCKEM, T. €. B Ka)KAyH BepIIEHY BXOAHT H H3 Hee BHXONHT ONH&
ayra.

VYpasuenma (10.4) — (10.6) BMecTe ¢ MOmONHATENHHHM OTpPaHE-
deHEeM, COCTOAINEM B TOM, YTO peIIeHHEe NOJJKHO AABATh eduHcmeeH~
Kl MAKA (TAMEIBTOHOB), a He IPOCTO HEKOTOPOe YHCI0 HECBASHHX
OAKJOB TaxXke MOryT GHTbL HCIOJIL30BAHH AJMA GOPMYIEPOBKE 3afaqm
KOMMHBOS’Kepa. 3aMeTHM, 9TO HONOJHHTEJbHOe YCJIOBHE C;; = oo
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MOMHO HHTEPOPETHPOBATH KAK OTpAHHYEHHE, YCTPAHAIIIEE BO3MOMK-
HOCTh NOABJIEHHEA B PEIICHMH 33[a4¥ 0 HA3HAYEHAAX NUKIOB JImHH 1.
Tak kKak gobaBiesme m1060r0 OrpaHMYEHHsS B 33JaUe 0 HABHAYEHUAX
HE MO;KET YBEeJHYATh MUHAMAJIBHOTO 3HAYEHHA 2, OUIpEeNeIsdeMOro
u3 ypasuenmid (10.4) — (10.6), To 310 3HaueHume z ABIAAETCA HMKHeil
TpaHEOed Beca pemeHHMA 3aJadd KOMMHBOAKepa AJaf rpada ¢ mMaTpm-
neit Becos [cyl.

5.2. HmkHan rpaHMna n3 3ajaddm 0 KpaTdaimeMm ocTose

Ina rpada c cammerpmuHodl martpumed Becos (paccrosHmi) C,
T. €. JJIA HeODHEHTHPOBAHHOro rpada, HMKHIOI I'DaHANY AJIA peme-
HAA 3aadd KOMMHBOSIKEpa MOKHO IOIYYMTE 00 KpaTdajimemy
ocToBY rpada caenyromuM ob6pasoM. Ilycte ycranosaeno, 910 pe6po
(21, z,) BXOomgAT B ONTMMANBHKI NHMKJI 3aJadM KOMMEBOsKepa. Ecam
310 pe6po ymaJauTh M3 IHKJIA, TO HOJYIMTCA IENb, COCTOAIMAA H3
n — 1 pebep, mpoxonAmasa Yepe3 BCE BeDIIMHL, HAYHUHAS C BePOIMHE
Z;, 11 OKAaHYMBAKIAACHA B I,. Tak Kak BeC KpaTYaHmero OCTOBA,
cKasKeM L, fIBIfieTCA HWHKHe#l rpaHdAmed Oad Beca 3TOH Ienu, TO
IJIdHA KPaTiadmero ocToBa uiawc c (I, T,) OyAeT HWKHEA rpaHuWnel
JJA Beca ONTHMAJbHOIO pemeHMs 3aflaud KOMMUMBOSKEpA.
B o6mem ciyuae 3apanee He m3BeCTHO, Kakume pebpa comepkaTcs
B ONTHMAJBHOM NHMKJIE, HO CaMoe NJIHMHHOEe pebpo B LHKJIE AOIKHO
6uth [15] Be Kopoue, wem max [c (z;, s)]. 3necs s — Bropas GamsKai-
*i
mas BepHIMHA K BepmumHe z;. Takum 06pa3oM, BeJmdmHa
L+ max [¢ (z;, 8)] (10.7)
i

ABJACTCA HMKHEH rpaHuned Beca pemeHHA B 3amade KOMMHABOSKepa.

5.3. [ABoiicTBEHHOCTH

Ounpepenmn G(TSP) xak ocroHm# noarpad HeopmeHTHpOBAH-
Horo rpada G, o6pasoBaHHHI BepmuHamM® ® Temm peGpamm rpada
G, KOTOpHEe HCHOJB30BAHH B ONTHMATBHOM IIMKJIE KOMMHABOSIKEDA.
Ananorugno onpemenmm rpadu G(AP) m G (SST), o6pasoBannne
TeMU K€ BepIIEHAMM, HO pebpa KOTOpHX 6epyTcd 13 ONTHMAaTIbHHX
pemeHmii 3aja4d O HA3HAYEHHMAX M 3aJa4Yd O KpaTyadmeM OCTOBe
COOTBETCTBEHHO.

I'pad G(TSP) obmamaer creayroIMAMH CBOACTBAMHE:

(1) rpad sBIAETCA CBABHEIM, T. €. KA/KAYI0 BeDIIAHY MOKHO COeqd-
HMTh ¢ J1060# Opyrod BepIIMHON IENbIO,

(2) cremenb Ka’KOoil BepHmIMHH paBHA 2, T. e. KajKgaA BepHmIMHA
HMHOOOEHTHA KBYM pebGpam.

Ha puc. 10.9 (a) npusenen npmmep S-sepmmunoro rpada G (TSP).
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I'pa¢ G(AP) me obsasarenrHo obnagaer cBoicrBoM (1), Kak aro
sugEo ®3 pEc. 10.9 (6), Ho mo ompemenenmI o6namaer cBoMCTBOM
{2). Ecam, ogmHako, okasercs, 9To /A pPemeHAs 3aJa9d O HasHATe-
HEAX BHOOJHAETCA ® cBoiicrBo (1), To aro pememme Gymer Takxe
pelmeHHeM 3a7aYH KOMMHBOSIREpA.

Ias rpada G(SST) cmoiicrso (1) BHOmOTHAETCA MO OIpEfENOHHID,
HO OH MoKeT He mMeTh cBoucrBa (2). Ecam ke okamercs, wro nas
KpaTdJaifmero ocroBa CBoicTBO (2) BHOOJMHASTCA — 38 HCKIIOYCHHEM
IBYX ¢KOHEUHHX» BepmMH (CKA/KEM, I, H T,), KOTOpPHEe Heobxomxmmo

1 2 4a<>os

(a)

()

(]

S

Prc. 10.9. 'padu saja7 KoMMEBOKEpa, O HABHAYOHAAX B 0 KpaTdaiimen ocToBe.
(a) G (TSP). (6) G (AP). (8) G (SST).

HMEIOT cTemeHb 1,— To KpaTyaiimmit ocTos 6yaer raKe KparJadmeir
Ienb10, OPOXoAAIei Tepes Bce n sepmmuH. Ecam, kpome Toro, pebpo
(z,, Z5) BXOAT B ONTAMAJBEKMN MUK 8aJJa18 KOMMHEBOsUKEpa, To pebpa
KpaTdaitmero ocrosa BMecre ¢ peGpoM (z;, T;) AaloT pemeHHe 3afadm
xommuposukepa. (Ecam ke (z;,, z;) He 06:A3aTeABHO IPHHANIGKHAT
ONTAMAJHHOMY NEKIY 387898 KOMMHBOsKEpa, TO Heo6xoxuma HEG0Mb-
mana MojgmpmKamus; cM. paspg. 6.)

Taxmm o6pa3oM, pemerms 3afad o HASHAYCHHAX M KpaTdadmem
OCTOBE ABAAITCA RBOMCTBOHHHMA B TOM CMHCJe, 9T0 oHH obmamaior
CBOMCTBAMHE, ABIAINNIEMECA JONOJHATOIFHHMA 0 OTHONICHHAID K CBO-
CTBaM 3aJlaTM KOMMPBOsKepa. Temepr o6GHapy:REBaKTCA ABa IyTH,
MOTyIIEe IPHBECTH K PEIIeHHI0 moCTefHeid safaqd.

(I) UcnoassoBaTh pemeHHEe s8ajadd 0 HasHAYEHHAX (IAA KOTOPOTO
BHIOJHsAETCA cBoiicTBO (2)) m Ho6ETHECA, 9TO6GH 3TO pemeHme mOXYM-
Haaock cpofictBy (1). (II) HcmoansoBaTs pemmeHEHme 3afadm O KpaT-
gaiimes ocroBe (XA KOTOPOro BHOOIHAETCA cBoiicTso (1)) m mobmThCa
BHOONHEHHA cBoiicrBa (2).



268 TJI. 10. TAMAJILTOHOBEI OIMKJIBI, IIEIIA B 3ATAYA KOMMEBOAXEPA

B paan. 6 aTo#t rMaBH MH HccaeqyeM OyTh, OCHOBAHHHN Ha MeTOHe
(II), a B B paan. 7 6ymer paccmorper Mmeton (I). Cumenyer, ommaxo,
NOMHHATB, 9TO XOTA 3ajada 0 Ha3HAYeHMAX ompefeleHa RJasa rpados
¢ IPOM3BOJbHOM CTPYKTYPO#A BecoB, KpaTdadImAi 0CTOB oIpeNeasAeTCH
TOJIBKO JIJISi HeOPHeHTHPOBAaHHHX I'padoB, T. e. HiaA rpadoB ¢ cAM-
MeTpEYHO# (¢;; = ¢;;) MaTpuued BecoB. 1A HeCEMMETDMYHHX MaT-
pHuI BecoB (T. €. OPHEHTHPOBAHHHX rpagoB) B Tia. 7 GHIIO BBEAEHO
NOHATHE JPEBEeCHOCTH — aHAJOI NOHATHA ocToBa. TaxkmM oGpaaom,
TO, YT0 OHJIO CKa3aHO O CBA3WM MeKAY 3ajadeil KOMMEBOSKEDa
H KpaTia#imaM OCTOBOM JJA HEOPHEHTUPOBAHHHX TIpadoB, HMeeT
TOYHHM 3KBHBaJIeHT, OTHOCAINHACA K CBA3H MeKAY 3anateil Kommm-
BOSKepa M Kpardadme#d JpeBeCHOCTHIO B CJydae OPHEHTHDPOBAHHEIX
rpadoB. B caenyiomeM pasgene, oTHAKO, ME OTpaHMIAMCH CHAMMETPHY-
HO¥ 3afmadeil, TaK KaK pacopocrpaEeHHe Ha Oosee o6muit caydvai
OpPOH3BOTHTICA OYEBHAHHM CIOCOGOM.

6. 3Jagagya xoMMuBOA;KEpa W 3ajgada
0 KpaTyaiiimem ocCTOBE

Kak ye oTmedaloch B mpegnaymeM pasfelne, CAMMETDMIHAA 3a-
Zada KOMMHBOSKepa TeCHO CBA3aHA C 3afladiedl 0 xpaTdaiimem ocTOBE
rpada G, ¥ omxprmas 3agada KOMMEBOsKepa (T. €. 3affada HaXOMKae-
HAA KpaTdaidmed raMHJIBLTOHOBO# yenu B rpade) NpPaKTEIeCKM DKBH-
BaJleHTHa 3ajade HaXOKJeHHA KpaTdadmero octoBa rpada G, c Tem
OorpaHWYeHMeM, YTO HAKAKAaA BepPIHIEHA He AOJIKHA HMETh CTENeHb,
Gonemyio yeM 2. BBEny TOro, 4T0 OTKpPHTaA 3ajada KOMMHBOMKEpa
HecKoJIBKO GoJjlee CHJIBHO CBf3aHA C 3afadeil 0 KpaTdailmeM OCTOB®,
9eM 3aMKHYTafd, MH Ha4YHeM C PaCCMOTPeHHsS CHayaJjia 3TOA 3ajadwm,
OTJIO;KMB Ha KOHeI[ pa3sfeia obcyKaeEme TeX HeGoNbnImMX H3MEHEHHH,
KOTOpHE HeoOXOoaWMO cHesJaTh B 3aMKHYTo#l (o6GrumO#) 3ajade KOM-
MHEBOAKepa. :

Samaua HaXOKOeHHA KpaTdaimed TraMHJILTOHOBOA Uenm 6miaa
Bnepsue mcciaeqoBana Jleo m Xakmmm [13], nasmmmm ee gopmynn-
POBKY Ha H3HKe JHHedHOro nporpammeposaBEEsa. [as moasoro
rpaga ¢ n BepmmHAMHE HX OpPMyampOBKa copep:xeT n (n +1 ) mepe-
MeEEHX # n (n -+ 3)/2 -+ 1 orpammYermil, Kotopue GopMyanpynTCA
sasro. Hapany ¢ atem mMmeerca oveHEp GoJibIIoe YWCJIO OTpaHNYEHHH,
KOTODHEe HeJib3A cpOpPMYJIHPOBATh ABHO, HO KOTOPHE PACCMATPHBAIOTCA
HeABHO, IPEYeM 33 ORMH Pa3 (OOCHe KakA0r0 HTEPAIEOHHOTO I PHAME-
HeHHs CHMIJEKC-MeTola) BBOAATCA HEMHOTME H3 HHX. XOTH METOX
JuHeilHOr0 NpOrpaMMHEpPOBAaHMA H RaeT Bcerja pemenHe, oH He Gynmer
3nech Gonpme o6CYKOaTECA, TAK KaK 06aafgaeT BPOKIEHHOI IPOMO3L-
KOCTBI0 B Hed()PEeKTHBHOCTBIO.



8. SAAYA KOMMHUBOMIKEPA H 3AXAYA O KPATIANINEM OCTOBE 269

6.1. Onpenenennn

Iycrs G = (X, A) — peGepHo-B3BemMeHHNII HEOPHEHTHPOBAHHEIR
rpad, a d¥ — cremens BepmurEH z; B rpade G. Umcao sepmum B G
6yner ofo3sHavaTHCA qepes n=|X|

Ecam 3apam ocroB T = (X, AT) rpada G H cTemeHh BOPIEHH I,
B nepese T o6osnaqena gepes d{ , MOJKHO OLpefeJdaTh 6AA30CTH 3TOr0
0CTOBa K TAMAJILTOHOBOR HEH ONHEM M3 CAGAYIOIHX ABYX CIOCOGOB:

er= S‘ (a7 —2) (10.8(a))
d >2
HIHA
er= ‘f‘.i [df —2|—2. (10.8(6))

Bupaixenne (10.8)(a) ytaTHBaeT 6AA30CTh TOABKO IO TeM Bepma-

|aM, A1 KotopHx di > 2, B 10 Bpema Kak (10.8)(6) mpmEEMaer
B0 BHEMAHHE H BepMUHH cTemeHH 1. O6a 3TH BHpPAKEHAA NI TAMATH-
TOHOBOX memE nalT € = 0 @ MOMKHO CYHTaTh, ITO YeM Goasbmie &p,
TeM CHAbHee fepeB0 I' OTAHMYAETCA OT FaMEJIHTOHOBOM LOIH.

Temepp MH pacCMOTPHEM JBe CIeRYIOIlHe 3a/aYH.

3adava (a). Kpamuaidwas 2amusbmoroea yens. Haltra rparTaaii-
it ocroB T* == (X, A*) rpada G, Tagoit, ITO CTEIEHH BCEX BOPIIME
He HNpPeBHMAT 2.

3adava (6). Kpamuaihwas 2aMUALMOK06G Uenb ¢ OMMEYEHHHMU
KOHYeGHMU 6eDULURAMU. 3aRaHH JBEe BePMAHH Z; H Z4 (Z;, z4 € X),
HaliTE KpaTdakmuii ocroB I’ ; == (X, A,,,), Tako#, IT0 CTOmeHE BCEX
BepIIME He NPeBHIIAKNT 2, a4 CTeNeHH BepIMH I, H I, PaBHH 1.

Temeps HymRHO TpOBEpATHh HOApadyMeBaeMoe B CPOPMYJIAPOBaH-
HHX 3aa9aX YTBeD/KIeHHe O TOM, ITO AepeBo I', Bce BOPIMHHK KOTO-
poro WMeT cTemeHb, He Goabme UeM 2, ABAAEGTCA HA CAMOM JeJe
raMunbToHOBOi memew. J[leficrBETensrHO, Tak Kak I — mepeso,
TO CTONeHbh HHKAKOH ero BePMHEHH He MOKeT GHTh paBHOA HYIO

u, caexoBaTeapHo, d7 = 1 mam 2 pas Beex i. Iycrs g BepIIAH AMEIOT
cremeEs 1, a n — ¢ mmeror cremens 2. Uncao peGep B mepese paBHO

mr =5 3 df, (10.9)

{mmi

TaKk KaK OPH CYMMHDOBAHHH Kayxioe De6po CuHTaeTcA NBaKMH,
IO OXHOMY pasy AJAA KaRAOH H3 ero KOHOYHWX BepIIAH.
N3 ypaBrerus (10.9) moayamm

mr=slg+2(n—g]=n—%.
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Tak kax uHcao pebep B mepeBe paBHO n — 1, T0 ¢ = 2 EH mO3TOMY
POBHO [1Be BepIIHHH HMEIOT CTemeHb 1, a n — 2 BepmEH — cTemerb
2, 1. e. T aBIAeTCA TaMAJABTOHOBOH I(ENBIO.

6.2. AnropuTM nomcka, UCOONB3YWOINME NEepeBo pereHuii

6.2.1. Pemenme 3amaum (a). Mm paccmoTpmm cHawana sapgagy
(a)  06BACHEM CYTh aNrOpPHETMA, HCIONB3YIOIIETO /iepeBO peleHHH,
Ha ONHOM IpHEMeEpe.

I pumep. B rauectBe mpuMepa Bo3bMeM HonHbi# rpad ¢ 6 Bepmn-
gam® B3 paborn [eo n Xaxumu [13] co crenyiomeir maTpHnei Becos:

1 2 3 4 5 6

1 0 4 10 18 5 10

2 4 0 12 8 2 6

3 10 12 0 4 18 16

18 8 4 0 14 6

) 5 2 18 14 0 16

6 10 6 16 6 16 0

C momompro Meroma rii. 7 Jerko HAaHTH KpaTyadimmid OCTOB ITOTO
rpaga (6es orpammueHm#l Ha df); oH noxa3aH ga pmc. 10.10 (a). s

T .
3TOT0 PHCYHKA BHAHO, 4TO d, — 3, a TaK KaK HaM HyMeH KpaTdyaH-

ma# 0CTOB, JJIA KOTOPOTO di <2, TO MOKHO CKasaTh, YTO B OKOHYA-
TeNbHOM] OTBeTe NOJIKHO OTCYTCTBOBATh NO KpadHed Mepe ONHO
B3 pebep (2,1), (2,6) mam (2,5). Takum o6pasoM, pemeHEHe IEpBO-
HAYalbHOK 3aJauyd ABIAETCA pemeHEeM OO Kpalimed Mepe ORHOR
H3 CIAeAYOIHAX TpeX YaCTHHX 3ajad, Haobparkaemux yanama B, C u D
nepeBa pemenmi Ha pmc. 10.11. Ha aroM prcynxe ysen A npexncras-
IfeT NePBOHAYAJBHYIO 3aiavy, a yaau B, C m D orBeyanT 3agadaM,
MAaTpPHOH BECOB KOTOPHX Te e CaMue, YTO M MATPHIA BECOB 3a1avTH
A, HO TOonBKO pebpam (2,1), (2,6) mam (2,5) coorBercTBeHHO HpH-
nHcaH OecKOHEYHHI Bec.

Ha pmc. 10.11 umcao, crosmee oKoaAO yalna, PaBHO Becy KpaT-
yafimero ocTOBa, COOTBETCTBYIOINEr0 YaCTHOH 3ajgave, ompenenseMo
atEM y3aoM. Cinenyer 3aMeTETh, YTo Ha Ja1000# CcTajEE BeTBIEHHA
HAEMEHLIMIEH# H3 BeCoB y CBODOmHMX yanoB (T. €. y3l0B, B KOTODHX
eme He OPOM3ONLIO BETBIEHHWE) ABJIAETCA HHMKHeH rpananed AJIA Beca
OKOHYATENHHOTO OTBETA.
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Haiinem Tenepnr xparuaiimme ocroBu I (B), T (C) m T (D), coot-
percrpyomme ysaam B, C ®m D. PesyabtaTH H300GpasKeHEH COOTBEeT-
creesno Ha puc. 10.10 (6), (B) ® (r); Beca STHX OCTOBOB YKAa3aHHK
BOJIHBHE YBJIOB.

OcroBu T (B) m T (D) ABnsAloTCA TaMHEJILTOHOBHMHE Nenamz (Bce
dl <2), B 10 BpeMa kax T (C) raMHJILTOHOBOH LeNbI0 He ABIAETCA.
KpatyaiimeM m8 atax aByx ocroBoB Gymer T (B) ¢ Becom 23. Hmm-
HAA IPAHALA Beca JJIfA OKOHYATEJLHOIO OTBETA PABHA HAMMEHLIIEMY
us BecoB ocToBoB T (B), T (C) m T (D) = papna Tamke 23. Taxmm

] 2 1 9
6 3 g 3
5 4 s 4
(a) (6)
2 | 2

4
(o) (2)

Prc. 10.10. KpaTuaitinme OCTOBH B IpONEecce IOHCKA.
(a) T* (A), pec 22. (6) T* (B), sec 23. (8) T*(C), voc 24. (r) T* (D), Boc 25.

TAMHNLTONOSA HETAMMAL FAMMALTONOSE
uen» TOKOBO uenv
Aepeso

Prc. 10.11. Ilomck ¢ pepeBoM pemeRmii.
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ofpasom, T (B) naer onTEManLHWE OTBET, T. €. ABJIAETCA KpaTdai-
me#l raMuabTOHOBOX menbi. Ciaegyer 3aMeTHTH, 9T0 B y3iae C He HyX-
HO TIPOM3BOAHUTH fajbHelmee BeTBIeHMe, TAK KAaK J0Had raMHEIBTO-
HOBA Ienb, NOJYIeHHAA NPH TAKOM BeTBJEeHHH OydeT HMeTh Bec,
He MeHbIUA YeM 24.

Htak, anropuT™M, HCOOJB3YIOIAA [EePEBO pPeMEHHH, MIO3BOJIAT
B 3TOM YaCTHOM IPHEMepe IOoJYYHTH OUTHMAJHLHHHE OTBET, HPHMEHAA
AJTropuTM KpaT9afmero ocToBa TOJABKO 4 pasa.

JApyraM no609HKM NpPEeEMYNIECTBOM TaHHOIO METOAA ABIAETCH TO,
9T0 OH 9YaCTO faeT HAONOJHATEJbHHE TaMHJILTOHOBH IeNH, OJH3KHE
K OOTAMA.IBHHIM, KOTOPHE B IDAKTAYECKAX 3aXa9aX MOKHO HCIOJB30-
BaTh B KAaYeCTBe AJTEPHATHBHOIO NPHEMJIEMOTO PEINeHHA.

6.2.2. Pemenue sanaum (6). B aroit sagave Eago HaiiTH KpaTyai-
Ory0 raMHJIBTOHOBY IeNb ¢ ABYMA 3aJaEHHIMHE KOENOBLIMH BePIIAHAME
Z; M Z,. JTY 3aa9y MOKHO CBECTH K 3afade (a), HCIOOJB3YA CIeqYIO-
myi0 TeopeMy.

Teopema 2. ITycmv C = [c;;] — mampuya pebepruz secos nepeo-
KavaabHozo 2pagpa G u k — docmamouro 6oablioe ROAOHUMEALHOE
yucao, Goavuiee wem eec abol 2amuarvmonosots yenu. Tozda pewenue
3adawu (a) ¢ mampuyeli pebepunzx secos C', 2de

i1 =Cy + k,

C'iz'=cli+k’ (048 scex x;=~ x4, T,)

Crj=Cy5+ K, (10.10)
C;2 =Cjz+k,

cij=ci;+ 2k, (0as ecex x;, ;=1,, T,)

ci;=cij (0as ecex x;, x;5~ x4, Tp)

Asraemca pewenuem 3adavu (6) ¢ nepeoravarvHOU Mampuyel eecos.

Horasamesscmeo. Kamnasa raMmisToHOBA Iemb OTHOCHTCA K OJ-
HOH M3 CJIeJyIOIAX KATeropHii:

(1) z; m z, He coBmagalOT HE C OJHOH H3 €€ KOHIEBHX BEepPIIHH;

(2) omEOli W3 ee KOHNEBWX BEPIIHH ABJIACTCA HJIH I,, HJIH I,;

(3) ommoit koHmeBo#t Bepmmaioll ABIMETCA Iy, a APYroit r,. Bec
raMEIJIbTOHOBOH mnemm ¢ matpEmed BecoB C' Goabme Beca artoit sxe
nend ¢ matprne# C Ha BenmumHy:

4k, ecim menb oTHOCHTCA K KaTeropmm (1);

3k, ecam menb oTHOcHTCA K Karteropma (2);

2k, ecim memp oTHOCHTCA K KaTteropmd (3).

Tax Kak k¥ mpeBocxomuT Bec 1060l raMHJBTOHOBOH IeOH, TO Bec
(mna matpunm C’) camoit ATHHHOK TAMHJIBTOHOBOR INENH KaTeropHA
(3) Membmme, 9eM BeC CaMOH KOPOTKOH raMEJIBTOHOBOH Hemm KaTero-
prE (2), a Bec caMOHl NJIMHHO# TaMHEJIBTOHOBON nemm Karteropmm (2)
MeHbIe, 9eM BeC caMoil KopoTkoil memm kateropmm (1). Takmm obpa-
30M, pemeEme 3agadd (a) ¢ Mmarpumeir Becos C’ macT kpaTwaimyio
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raMEJIbTOHOBY Ienb KaTeropmd (3), T. e. osa Gyaer pemenmeM 3agavym
(6) ¢ Marpaneit BecoB C. 3To JOoKa3HBaeT TeopeMy.

B cBA3H C 3THM ClefyeT OTMETHTb, YTO OTHOCHTeJBHHE Beca BCEX
raMEJIbTOHOBHX Iemeil B mpefesax ofHOH KaTeropEH He H3MEHAIOTCA
npa npeobpasosarmn (10.10).

6.3. AaropaTM mTpajdoBaBEA PepIIEH

B aToM aiaropmTme MCHOJABL3YeTCA Ta ke MAed, IT0 H NOKA3aHHAA
BHIIE TeopeMa 2, a HMEHHO TAKoe NpeoGpa3oBaHme MATPHIH BECOB
C, mpnm KoTopoM pa3iHYHLHE KaTeTOPHH AepesbeB mrpadyioTca mo-
pasHOMY, HO B TO ;Re BpPeMA OTHOCHTEJLHHE® BEeCA BCeX [E€PeBbeB
B IpefieJax ofEo# KaTeropmm Be maMeHATCA. lleas npm aToM cocromT
B TOM, 9TOGH pa3/leJIATh Pa3JHIHHE KATETOPHHE M CAEJATh KATETOPHI0
raMaIbTOHOBHX Iened Gonee mpmeiaeKkaTeabHOH (MeHee mTpadyeMoii),
a TOrfa IpPAMEHEHHE AJICOPHTMA MHHAMAJBHOTO [epeBa ABTOMATH-
YeCKH OPHBEeT K KpaTdalimed raMmibTOHOBOH I€IH.

Teopema 3. Ecau mampuya C npeobpasoeana ¢ mampuyy C' max,
umo

ci=cy+p@A)+p@) maa i, j=1,2,...,n, (10.11)

20e p (k) — n-mepuunii eexmop, o6pasosanHuil JelicmeumesrbRuMU
ROAOICUMEALHEMU U OMPUYAMEALRHMU NOCMOAHKHHMU, MO OMHOCU-
MmeabRbe 6eca 6cexr 2aMUABMOKONT Yenell das mampuyr C', umerouyjuz
yKasannbie KOKYUesbe GEPUIUNR, HE USMEHAIOMCR.

Hoxasameavcmeo. Ilycts F —Bec mpoH3BOJBbHOH TaMHILTOHOBOI
uenm ¢ MaTpuneit C, mieomeil KOHIEBHEe BOPIIAHK I; H Zy. TaK Kak
KaKJafA BepPIIHHA COe[IMHEHA TOYHO C [ABYMA [APYIHMH BepIIMHAMHE
(3a HCK.II0YeHHOM KOHIEBHX BEPIIMH, KaKIafd A3 KOTOPHX COeJHHEHA
TOJBKO C ONEOH ApYyroil BepmmHoi), TO Bec F¢- TOk Ke caMoil raMBIb-
ToHOBOH memm ¢ martpmneii C' oramuaercs or F, Ha Beamummy

Fo-—Fe=2 ; p(+p()+p(2). (10.12)
P, 2

3To WOCTOAHEAA BeJHMUAHA, HE 3aBACAIAA OT BHOGpPaHHOH TraMEILTO-
BoBoii memm. OTciofa clefyeT TeopeMa.

6.3.1. Pemenne 3apaunm (6). IIpaMeBeHne aIrOpATMA HAXOMKACHHA
KpaTya¥imei raMHJIbTOHOBOH NN ¢ YKA3aHHKMH KOHIEBLIMH BepINH-
HaMmu (3amaua (6)), ocEOBaHHOTO Ha Teopeme 3, GyleT mpoXeMOHCTPHAPO-
BaHO Ha mpEMepe.

II'pumep. Paccmorpam moammii rpad G ¢ 10 BepmmBEaMm, MaTpHEOA
BecoB C, KoToporo naerca taba. 10.1, m mpegmonoxmM, IT0 MM XOTHM

HaiiTH KpaTuafimryi0 raMEJABTOHOBY IeNb ¢ KOHNEBHMH BepIIHHAMEA
8m9.
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Tabauya 10.1
MaTpana pecoB nmpEMepa

1 2 3 4 S 6 7 8 9 10

1 0 28 3 28 22 36 50 67 40 [ 74

2 28 0 3 40 41 64 74 80 63 | 101

3 3 3 0 14 53 53 53 50 42 83

4 28 40 14 0 50 41 39 4] 28 69

S 22 41 53 50 0 40 61 86 53 78

6 36 64 53 4] 40 0 24 58 22 39

7 SO 74 53 39 61 24 0 37 11 30

8 67 80 50 41 86 58 37 0 36 60

10 74 1101 83 69 78 39 30 60 41 5 0 f

B coorserctsEm ¢ TeopeMoil 2 NoGAaBHM K KaMKHOMY 3JEMEHTY,
ctroamemy aumbo B ctpokax 8 ¥ 9, nubo B cronbmax 8 m 9 Tabaunm
10.1, mocratogrno Goapmoe guciao k (ckasxem, 1000). Ilonyansmywocsa
mocie aToro mobGaBieHHAsA TaGIHANy HAa30BEM pe3yIbTAPYOMEil MaTpH-
neid BecoB C.

Iamnee nocrynaeMm caegyiomum oGpa3on.

HaxoguM kpargaitmuii ocToB rpada G. Ecau on okamercsa raMuiIb-
TOHOBOIf Ienkl, TO 3ajada pemeHa. B paccMaTpuBaeMoM LpEMepe
KpaTeaiimui#i octoB, unokasamemiéi ma puc. 10.12 (a), me sBaAerca
ramMnabToHOBOH menkio. Crenenn Bepmmu 1 m 7 paBaul 4, a He 2,
Kak a10 Tpebyercsa ana ramuasToHoBoil menu. Ciaegya QyXy TeopeMmu
3, Mbl MmomeM «omTpadoBaTe» 3TH BepmuHH. JlomycTHM, UTO MH
OpoM3BOJLHO BHOpadnm Majdwid mar (ckaseM, O eNMHHLI), TaK 9TO
Bce mTpadu KpaTHH eMy. (MoHO BRIGpaTh BeInYAHY mara paBHOH
1, 5o aro Gyaer HeonpaBRaHO MaJO M UPHBENET K YBEJUIEHAK THC.Ia
Tpebyemux mrepanuii.) Taxum o6pa3oM, ecad MH pemuad mrpadoBaTh
TOJBKO T€ BepPIIMHH, CTeNEHH KOTODHX Ooldbme gem 2, TO

p(i)=>5(df —2). (10.13)

3ameTuM, 4To MerTof mrTpadoBaHHMA BepmHMH BHOpPAaH HPOH3BOJLHO
O CYIEeCTBYeT MHOTO JPYrHX ajnprepHaTns (cM. paan. 6.3.4).
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I )

Pme. 10.12. Kparyaiimiue OoCTOBH IpE HTepanmax co mTpadamm.

B coorBercrsmrm ¢ ypasmermeM (10.13) mrpadm Bepmmm 1 m 7
pasEx p (1) = p (7) = 10, DpmueM AAA Bcex OCTAJLHHX BepHIME
oarm paBEH 0. Cnegys (10.11), BuumcaEM HOBYIO MATPHIY BeCOB
E HaiineM 1A Hee KpaTdaimmit ocToB. PesyasTaT DOKasaE Ha
puc. 10.12 (6), m8 KoToporo BHEHO, YTO 3TO AEPeBO MHOro Gamxe
K TaMHEABTOHOBOH Iemm, MOCKOJAbKY AJA Hero & = 1 BMecto & =
=4 B DOpenHAymEM Caydae.

Mocrynas Kax u panee, omTpadyem BepmERy 6 1 monoxmm p (6) =
= 5. (Cnexyer saMeTHTH, 94TO 9TOT HoOBHi mrpad nobaBiaserca K mpe-
RHAYme# MaTpROe BecoB, a He K mepBoHavaabEol marprne C.) Taxmm
o6pasom, mrpadu paBER p (1) =p (7) =10, p6) =5 m p (i) =0
AJNA BCeX OCTANbHHX BepmuH. CooTBeTCTBYIONMMI KpaTdaimEi oCTOB
m306pasker Ha pEc. 10.12 (B),  gaa Hero € = 1, Kak B AAA DPeRRAY-
mero ocroBa. Omrpadyem Bepmmmy 7, moaaras p (7) = 5; HOBHE
KpaTualimmuii ocToB Gymer Tem sxe, uro  Ha pme. 10.12 (6). Ipomoa-
xasa nmanee, mrpadyem Bepmmmy 6 eme pas, moaaraa p (6) = 5,
E onaTrhb HaXofHM KpaTyakmmi#i ocToB. PesyasTaT NOKasaH
ga pmc. 10.12 (r), m8 KoTOopOro BHAHO, YTO Temeph 3TO raMMJIbLTOHOBA
nens H, CAEf0BATEABHO, IO Teopeme 3 — Kparuaifmas raMEJbTOHOBA
gggb. Bec aToit menm ¢ mepsoEauanbHOM MaTpmmeit BecoB C, paBen
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31ech mOJE3HO OTMETHTh, YTO €CJIH HA HEKOTOPOM 3Tale MOJy-
JaeTcA KpaT4adImii 0CTOB, V;Ke BCTPedaBIIUiicH paHee, TO 3TO He 03Ha-
qaeT, YTO NPOHM3OILIO 3al(MK.ITUBaHUE, II J000H TAKOH I[NK.I aBTOMATH-
YeCKH YCTPaHAETCA OpH OpofoJ:KeHu:m anropurma. (OmgHaxo, Kak
6yner BHIACHEHO HHIKe, CXONHMOCThL IIOCJeIOBATEIBHOCTH KpaTrdai-
OIIX OCTOBOB K KpaTrdaiimeil raMHJIBTOHOBOI lemiu He MOKeT ObITh
rapaHTipoBaHa 6e3 KOHKpeTu3auud BHOmpaemoro cooco6a mrpadosa-
HIA BepmuH.) MH DOJYYMJIH KpaTYAaAMYI TaMIUIBTOHOBY el
¢ KoHueBHMHN BepmuuaME 8 u 9 3a 5 nrepauuil, BKI09aA 5 BuYICIE-
HIII KpaTYaflllX OCTOBOB, B TO BpeMA KaK IO.THHIi mepe6op comep-
Kaa O6m 8! = 40320 Buumcaensii MATpHI BeCOB M CpPaBHEHIII
nenen.

AJBTepHATHBOH K BHINEOOHCAHHOMY MeToy mTpadoB ABIAETCA
caexyromuii. BmecTo mrpadoBaHEA TOIBKO TeX BEPIINMH, JJIA KOTOPHX

dl > 2 (c mcnoxs3oBanmem (10.13)), MoxHO mTpadoBaThH TOIBKO
Te BEPIIMHH (3a ICKJIOYEHHEM IBYX BHIEICHHHX KOHEYHHX BepIIIH),

cTemenn KoTopHX di = 1 << 2, mpuueM BeIndmHa mrpada p (i) orpu-
mateIbHa W paBHa BHOpauHoR eqmuuie mara. C gpyroif croposl,
MOKHO IPHMEHHThH KOMOMHAUMWIO 3THX JIBYX NOJIMTAK HATOKeHIS
mTpadoB HJIM BOCHOJb30BATHCH COBEPIIEHHO NPYTHMH IO.JIITHKAMII,
omiucaHHEMA B pasg. 6.3.4. 3gecs caenyver oTrMeTuTh, 4TO BHGOP
OOIMTUKH HAJOyKeHHA mMTPadoB MOKeT CYMECTBEHHO BIUATH HA 9ICI0
HeoOXOMMMHX HOJA TOJYYeHAH pemeHUA HTepanuil.

IlpennonoskuM B KavecTBe npEMepa, YTO Ha BTOPOM 9Talle
ONHCAHHHX BHYICJIEHHI — KOrga KpaTdyadmunii ocToB n3obpaskeH
Ha puc. 10.12 (6) — Mm pemmnan BoCHoJB30BATHCA BTOPOIl HOTHTIKOIL
HaxokeHHA mrpadoB B BMECTO TOro, 4ToOH modo:kaTh p (6) = 5,
B3aau p (10) = —5. IlonyuuBmuiica KpaTyaitmuit ocToB OHI OH
TaKHM, KaKkoil mokasaH Ha pnc. 10.12 (1), 1. e. on HeMeT1eHHO a1 6K
KpPaT4aiffimyl0 TaMUJIbTOHOBY IeNs.

Hurepecuo oTMeTHTh, UTO He CYMECTBYET eIUHCTBEHHOTO BEKTOPA
mrpados p (i), i = 1,..., n, I19 KOTOPOTO MaTpHUa BecOB Gymer
npeoGpa3oBHBATECA TAK, 9TO KpaTyadmmil ocToB OymeT ¥ raMHJIbTO-
HOBOH LembIo H, ciaeqoBaTeJbHO, Kpardalimeil Takoil nenbio. B mpuse-
JIEHHOM I pEMepe OKOHYAaTeJbHOe 3HAaUYeHWe BeKTopa mTpadoB npu
nepsoit moauTuke tTakoe: p (1) = p (6) = 10, p (7) = 15, Bce ocraan-
Hue p (i) = 0; B To ;Ke BpeMA OpPH BTOPOH NOJINTHKe, OPHHATOIL,
HAYMHAA ¢ mara 2, NJA OKOHY4aTeabHOro Bexktopa mrTpados p (1) =
= p(7) =10, p(10) = — 5, Bce ocranvume p (i) = 0.

6.3.2. Pemenne 3amawm (a). MH DpomiaiocTpEpoBanu CHavaiga
TIpHMeHeHHe aJaropuTrMa mrpadoBaHEA BEPMHH K 3agade (6), Taxk Kak
K 3To#l 3ajade HeIoCpeqCTBEHHO OpmMeHnMa Teopema 3. Ilomobmo
TOMY KaK JIJA pemeHus 3amaqdm (6) ¢ mOMOmMBIO ajJropmTMa IONCKA,
HCUOJB3YIOMero nepeBo pemeHnil, oHa Omua ceemeHa K 3agade (a),
Tak # ceffyac, 9To6H pemnTh 3agady (a) ¢ [IOMONIBI0 AJTOPHTMA
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mrpadoBaHAA BepmHAH, MH CBefieM ee K 3agade (6). dro ocymecTBiA-
€TCA TOCPENCTBOM CJAEAYIOMEro NpHeMa.

K Mmuo:xecrsy X Bepmmn rpada G mobasum eme nBe BepIIEHH,
HampuMep I; H Zp, B o6pasyem HoBoe MHOKecTBO X' = X |J {z;. x,}.
K wmboskectBy peGep A rpada G nobGabaM nBa mHOMecTBa pebep:

S, =5‘-‘-‘4 {(zi, z))} m Sz-’-jg‘{(zzv z)}

n obpasyem HoBoe MHOMecTBO A’ = A (J §; U S;. Ana scex j =
=1, ..., n samanny Beca a — nuna pebep (z;, z;) ® b — nasa pebep
(z9, zy), THe a 1 b — JBe NPOH3BOJBHHE LOCTOSHHEE.

Teopema 4. Pewenue aadavu (6) das 2paga G’ = (X', A’) ¢ xonye-
SUMU GEPULUNANU Ty U Ty R6A%EMCR peweruen sadavu (a) dax epaga G.

Horasameacmeo. Jliobas raMmisroHOBa nenb rpada G’ ¢ komme-
BHINH BepIIAHAMHE Z; B I, MOKET PAcCMATPHBATHCA KAK TaMHIBTOHO-
Ba meOb, OpoxofAamas dYepe3 BepmuuaH rpada G ¢ mobabiaennbME
peGpamu (zy, x;) ® (z4, T;), x4, z; € X. Taxum o6pasom, BeC raMEIBTO-
HoBolt memm w3 G’ paseH, ckaweM, F' = F + a4 b, rne F — Bec
HeKoropofi ramMmianrTOHOBOL memm u3 G, H, cienoBaTeabHo, Bec F’
MHEHHMAJIEH TOJIBKO Torfa, Koraa F MauEMalen, T. e. korna F coorser-
CTByeT Kpariaimeii ranmiabroHoBoil memm m3 G. Teopema moxasama.

6.3.3. CxonumocTs MeTona mrpadopamms sBepmmn. Meron mrpa-
doBannsa BepmmH, ommcaHENEA BHme, Oua passur Rpucrodmmecom

0

0
Puc. 10.13.

[7] u, B HeckombKO HHO#E (opme, MPEMEPHO B TO ke BpeMA XeIXOM
n Kapoox [18]. Ilocnename aBropu moxasanm Takke, 9T0 HTEpaNHOH-
HHil Merol He 00A3aTeNbHO CXOAHTCA, H B KadeCTBe MOAXOAAMEro
OpHEMepa mpenioknaAr rpad, naobpasxennuwii na puc. 10.13. HecMorpsa
Ha aror Gonpmoi#t HEMOCTATOK, METON ABJAAETCA TeM He MeHee OYeHb
OeHHHM N0 ABYM OPHYEHAM.

Bo-nmepsux, B GoapmmHCTBe CIy3IaeB oH cxommarcA (kak Oynmer
moKazaHO Hm:ke, Bce 33 cayvaitno Bubpapnne 3anadu GHIE pemeHH
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BTHM METOJOM IO KpaiHed Mepe npH OgHOH CTpPATerU: HAJOMKEHHA
mTpados).

Bo-propmix, momycTmM, 4TO MTepanum OCTAHOBJEHH B HEKOTOPHIl
MOMEHT, KOrja KpaTdafimui 0oCTOB ¢ MOAMGHIEPOBAHHOR MATpHIEH
ects T', mrpadu Bepmum p (i), i =1, 2, ..., n, H CTemeHn BepmNH
diT'; paccMaTpHBaeM 3ajady, Korjga HYXHO HailTH Kpardaiimyio
raM4JIbTOHOBY IeNb C KOHIEBHMH BepIIHEAMH Z; M I,. Bec ocroBa
T’ ¢ momudEuAPOBAaEHOA MaTpHIeH paBeH

- T
Fro=Fr+ X p@di+pM+p(2),
i#1, 2
rae Fr. — Bec octoBa 7', BRYHCIEHHHI JJIA OepPBORAYATIBHOMN MaTpu-
L BECOB.
Ecnim H — xpaTvaiimasa raMmiabToHOBa Ienb rpada, To BeC NeO:
H ¢ mogmdunmpoBasHO# MaTpHIeil paBeH

'F—H=FH+2.}zp(i)+p(1)+p(2)-
1 '
Tak kak mo ompefenenmo Fr. << Fy, 10 pasHOCTE

f(p)=Fy—Fr.=Fy—[Fr +H§ P @ —2) (10.14)

ABIAETCA Mepoil Gimsoct: gepeBa T’ K KpaTdaiimeil raMHmJIbLTOHOBOIL
nenu H, opuuem f(p) =0, ecim T’ = H.

Beanummy f(p) momEHO paccMaTpEBaTh Kak (YHKIHIO BEKTOpa
mrpadoB p = (p; [i{ = 1,. .., n). Xeag u Kapn npegmomuau nsa
MeTofa HaxoskmeHHAa mTpadoB p*, mamEmmusupyomux f (p). Onun
OCHOBAaH Ha TeXHEKe npeobpasoBaHusa CT0Ja6I0B, a BTOPONl ABIAETCA
MeTofloM HadcKopeitmero cmnycka. (Jlpyrod, meckonsko Gomee obmyuit
OoC/1ef0BATEbELIA NOAXO0A, OCHOBAHHHIA Ha 3BPUCTHYECKOM IOHMCKE,
On.1 BemaBHO ycnmemno npmmeneH Hamepumnu u ap. [4].) Ecau meron
mTpadoBaNAA BEPHIMH CXOQHTCA, TO AJA MHHUMAJILHOTO 3HAYEHUA
f,(p*) = 0, Tak kak " — H u d! = 2 gaa Bcex i # 1, 2. C mpyroit
CTODOHH, Kak OHJIO 0TMEdYeHO BHImE, METOX CXOJHTICA HE BCeraa,
H 0Pt OTCYTCTBHM CXOJEMOCTH MHENMaJbHOe 3HaueHue f (p*) meiam-
qiHel f (p) paBHO HEKOTOPOMY LOJOMKHTEIbHOMY Ymcay. CoBepmeHHo
0YEBHHO, UTO B HTOM CJydYae BEJHYHHA

Fr-+ Y p*(i)(dl —2) (10.15)
i+1, 2

AaeT HH-KHIOO TpaHHNY Beca Kpardailmel raMuUJIbTOHOBOII IenH.
B arom mociaegHem ciydae mosdydaeMas TIpaHANA ABIAETCA OYeHBb
TOYHO# u MOkeT OHWTh Hcmoab3oBaHa ¢ 6Goabmum addexTtor [19]
B aJTOPATME INONCKA, UPHMEHANIEM AE€PeBO pemeHHEH,— B AyXe
TOTO, KaK 3TO fAe’dajoch B pasp. 6.2.1.
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6.3.4. CrpaTernm manowxenns mrrpadoB. XoTA, KaK y:Ke 0TMeUA-
aocs B pasn. 6.3.3, cymecrsyior nsa merona [18] mas ompenenemmsa
TIOC/IeA0BATEJBHOCTE ITpadoB, BHHYAIAOMMX KpaTdafimmit ocTOB
CTAHOBHTHCA Kpariaifimed TIaMEJLTOHOBOH NHeNbi0 (€CAH TOJBKO
Boo6me CXOREMOCTb BO3MOKHA), 008 9TH MeTORA ABJAITCA CIHITKOM
H3HCKAHHNMH H Tpefynor Goammmx 3aTrpaT BpeMesd. B HacTosmes
paspene MH SKCOCPHMEHTAJNbHO HCCAGKYeM BIHAHAC PAMTHIHHX
cTpartermii mrpadoBsaHAA BEPHIMH HA CKOPOCTH CXOAMMOCTH METOA.
Hdna scex 33 caywaitHo BHOGpaHHHX NOMHHX rpadoB, HCHOABIOBAH-
HHX AJs OpPOBepPKH CTpaTermid, mo KpaliHed Mepe ogHA CTpaTerHs
OpEBOANA K KpaTdaiimmeil raMuibToHOBOH memd. Jro yGe:kmaer HaC
B TOM, 9T0, XOTA H CYMECTBYIOT 3a5a9d, B KOTOPHX QJTOPHTM ITpa-
doBaBEMA BepmEH He cxomuTCA (Ha camMoM fexe A06oit cpA3ENE rpad
6ea raMHJIFTOHOBA MAKJAA IPEBOSAT HAC K TAKORX CHATYALIRH), HO BCE e
B GonpmmACTBE 3879, OpH COCTABJGHHE KOTOPHX HE CTApaJHCh
cHenaaNbHO HAWTA KOHTPUPHEMEPH, GYRET MMeTh MECTO CXOJXHEMOCTD.

(I) Purcuposannwe wmpagn

(a) Toabko nosodscumesvhvie wmpagdve

310 TOT caydvail, Korna BCe BepmEHN r; Aepesa I co cTemeHAMN

di > 2 mrpadyoTcA Ha BeaEIRAY v-(d] —2), a Bce ocrannEHe
BepmuHEH He mTpadyoTcA. Buno maliemo, YTo AAA MAJAHX Y YHCIO
HeoGXOMMMHNX [INA AOCTH/KEHHA pPEINeHHMA HTepandmit (T. €. ompexeie-
HHA HEKOTOPOr0 raMHJLTOHOBA NHKJAA) npE6amamTensHo o6paTHO
OPONOPIUOHAJNBLHO BEJAYAHE Y, HO A AOCTATOYHO GONBIINX Y BIOJHE
BO3MO’KHO 3aIMKJINBANAE H pemende noaydeHo He Gyaer. Hammyumee
3HAYGHHE Y 30BHCHT KAK OT YHCJA BEpPIIWH, TAK H OT pacupefejeHHs
Becos pebep.

(b) Toavko ompuyamesvhnie wmpagdu

9T0 ToT caywail, Korja BepIIMEH Z; (38 HCKJIOYCHHEM ABYX OTMe-
96HHHX KOHIEBHX BepIINH) mMTPAPYHTCA HA BEJMYEHY — Y, €CIH

dl = 1, a ocransnNe He mrpadyorca. PesyasTaTH mpEMepHO Te Ke.
4910 E B caydae (a).

(c) Horoxmumeavhne u ompuyamesvivie umpagn

B sToM caywae sepmmHN z; mTpadylOTCA B COOTBETCTBHE C (a)
u (b), B 3aBECEMOCTH OT ToTo, Gyner aum di > 2 mwim di = 1 cooTser-
crBeEHO. Buuo HaiifeHo, YTO 3HAUeHHe Y, PABHO® MOJIOBEHE HCIOJE-
ayemoro B caywasax (a) m (b), ob6ecmeamBaeT CXOAHMOCTH HIPHEMEPHO
3a TO ’Ke caMoe YACJO HTepanui, uro H B caydaax (a) m (b). dror
meTox B o6meM nyume MeTomos (a) m (b).
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(1) Hocaedosamesvho ymenvuiaemue wmpagu

ITpr ucnoab3oBaHnE (UKCHPOBAHHHX IITPAagioB MOMKET BO3HHK-
HYTh CHTyaIlEsl, KOTJa BePIIEHA z;, ¢ di — 3 (Hampumep), omTpado-
BaHHaf B HEKOTOPHIT MOMEHT HA Y, NPEBPATATCH B BepmEHY ¢ d; = 1
oCae CAeAyoIedl HWTepaldM, EHHME CJIOBAMH, BEPIINHA Z; «CBEpPX-
omrpadosanar. Ecam ncmoabayercas cmemanuas crtpaterus (I (c)),
TO Ha cJefyiolmed HTepanMd BepmuHa Gyner omTpadoBana HAa BeJHIH-
HYy — ¥, # 3TO MOeT npeBecTH K TOoMYy (He 06s3aTeqbHO), 4TO dy

cHOBa crTaHer paBHHM 3. M3-3a aTuX KoneGaHnil BelmamuH d: MO:KeT
noTpeGoBaTeca HeonpaBsaaHHO 6oabmoe YHCIO HATepal@il.

Buno BaiineHo, 4Tto B Tako# cETyanmm ais GodpmEHCTBA rpados
JyImm# MeTOR COCTOHT B YMEHbIIeHHH paHee HaJlOMKeHHOoro mrpada,
TAK 9T0 HA CjaeAylomed HTepanud AJs BHIIENPHEBEJEHHOTO IpPHAMepa
ciiefoBano GH omrpadoBaTh BEPmMEHY Z; HA -—— oY BMECTO — Y, THAe
0 <a < 1.

CmTyanesa, aHaJor#YHas ONMCAaHHOHM, BO3SHUKAET H TOrJa, Korja
BepIIEHA CO CTENEHBLIO af =1 cBepxmTpadyeTcA Ha OTPHIATENBLHYIO
BeJIHYEHY, B pe3yJbTaTe 4ero mocje OYepenHoil HTepannd OHA MOy~
qaeT di > 2. B aToM cayuae mOCTYmalOT KaK # B npeARAYINeM.

B uncieHHHX sKCHepIMEHTaX, pe3y.JbTATH KOTOPHX IPHBelEHEE
B t1aba. 10.2, 6mao mcuoabaoBaHo 3HadeHme « = 0,d.

({I1) Buuucasemwe wmpagn
(a) Toavko noaoxmcumesrvusie wmpadu

B atoM cayuae Bce BepmMHH I; C d > 2 mrpadyiorca Ha p (i),
rae p (i) BHYHECJAAETCA KaK MEHEMAJbHHE NOJOKHTEIbHHII mTpad,
KOTODHI{1, 6yAyun npEMeHeH K BepmEHe r; (M30IHPOBAHHO), yMEHb-
maer d; Ha OJHY eJHHHIy IoC]e OXHOIX mrepanun. Hlrpadm p (i)
OPEMEHAKTCA TOIJla ONHOBPEMEHHO — KajsKAHWI K cBoell Bepmuse.

BenmumHa p (i) An1A 3afgaHHO# BEPIIEHH X; BHYUCIAAETCA CJeAYIO-
muM obpasom. Ynanem m3 pmepesa I' = (X, A7) TOIBKO OxHO H2
pebep (z;, z,), HHIENEHATHHX BepmuaHe r;. JTO NpPHBElET K paclaje-
Hoo T Ha nBa noanepeBa T m T,. Haiinem peGpo HanmeHsliero Beca,
COoelIMHAIOMmMeEe 3TN JBa NOJepeBa, T. e. HalineMm pebpo (2}, zf) c Becom

¢ (2], zf) =min min [c(z;, z)], (10.16)
ijTl thTz
=f=xi =in

rie z; W I — OUTHMaJbHHE B8HAa4YeHAR Z; M Z, COOTBETCTBEHHO,
a T, m T, 0603Ba9al0T KaK JlePeBbs, TAK B COOTBETCTBYKINHE MHOe-
cTBa ux BepwmmH. Bec ¢ (2], zf) ABAseTcA N03TOMY HaEMEHBIIEM BECOM
«cBa3m» nopnepesbes Iy m T, B oMHO AepeBo, KOTAA yAajJeHO HePBO-
HavasnbHOoe pebpo (z;, z,). Takmm obpasom, mrpad c (2}, zf) —
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¢ (z;, x;), HajJaraeMHi# Ha BepHIAHY I;, ABIAETCA HAHMEHBIIHM
mrpadoM, KoTopHil yaanua 6 pebpo (x;, z,) A3 KpaTIafmero ocToBa
npn caepyiomeii mrepanmm. IloaTomy ecam mrpad BHGpam kak

p()= min [e(z}, 27)—c (i, 1)) (10.17)
(x4, X JEAR

ro mrrpad p (i), HaAOKeHHHA TOJABbKO HA BEpPHEHY Z;, YAAIAT OH
(3 mpepmonxo;kemmH, 4TO p (i) ABAAETCA ENNHCTBEHHRIM) TOJABKO
ogao pe6po (x;, ) W3 MHO:KecTBa pefep, MHNEAGHTHHX I;, T. €.

yMersmma 6 d Ha eqmumny. Pe6po (z;, z?) ABIAETCA Kak pas Te
pe6poM, KoTopoe MEHEMHBHpYeT BupaskeHme (10.17).

3mech clAeAyeT oTMETHTh, 9TO Korga Bce mTpadu p (i), BHUHCACH-
gHe mo (10.17), HaxAagWBAIOTCA ONHOBPEMEHHO KAyKAh HA CBOIO
BEPHIAHY, CTENeHH HEKOTOPDHX BepIIEH MOTYT YMeHRIETHCHA Go.aee
geM Ha 1, B To BpeMs KAaK CTemeHE APYTHEX BEepIIMH MOTYT BooGme
He¢ YMeHBHIATHCA (HMJIH MOTYT JaKe YBeJIMYATHCA). OT0 O6BACHAETCHA
COBMECTHHM BINAHAEM MTpad0B BepIIHEH HA Beca peep mpE cleayio-
me#t mrepanmu. Taxmm ofpasoM, X0TA HCHOAb30oBaHEEe mTpados,
gaiigenaux m3 (10.17), He rapaBETHpyeT mOJAyYeHHe OTBETa WOCJ]e
3aJaHHOTO IMCJa HTepanui, Ho, Kak 6u10 06Bapykeno (cm. Ta6a. 10.2),
aToT Merox mrpadopamma aygme, yeM MeTonH (I) m (II).

(b) Tosavko ompuyamesvhtie wmpagn

9T0 TOT Caydait, KOrJa BCe BEPMHHH I; C af =1 mrpadyoTcr
Ha OTPHNOATEABAYIO BeJRUARY p (i), TAe p (i) BHUBCAAETCA KAK MAKCH-
MAJbHHE (HAEMEHBIIAH OTPHIATEAbHHE) mMTpad, KOoTOpHHA, Gymyunm
IpEMeHeH TOAbKO K BepHIMHE I;, CRelaeT CTemeHh di paBHOH 2 mocie
onHO# HmTEpanme, T. e. fobaBET BTOpoe peGpo K Bepmmue x;. OMHAKO
mrpad p (i) OpPEMEHAIOTCA ONHOBPEMEHHO — KayKAHH K CBoel
BepIIREHE.

3navenme p (i) 4aA JaEHON BepMIAHH x; BHIHCAACTCA CASAYIONAM
o6paaom. Jlo6asnom pebpo (z,, z,) k aepesy T. 3to goGapieEme mpm-
BefleT K 3aMHKAHHAI0 IUKJa, COCTapJeHHOro m3 peGpa (r;, x,) BMecTe
¢ pebpamu gepepa T', BXOOAMEMA B NeOb OT I, A0 &;. IlycTh MHO:Ke-
cTBO pebep AepeBa T B memm oT z, A0 x; (ACKAIOUAA mocaexnee pebpo,
EHIEAeHATHOe z;) Gymer S,;. Ecam Torma mo6GaBmter pebpo (z;, z,)
K pe6pam T ®m ymaadaTh oxHO Kakoe-1rGo pe6Gpo s S,;, To monyumrca
OpYyToe MEePeBO, B KOTOPOM CTE€NeHb BePIMEH r; paBHA AByM. Ecinm,
TaKaM 0o6pa3oM, HaKJIagHBAeTCA eJWHCTBeHHHH mrrpad p (i) HA Bep-
oAy Z;, TAe

p(i)=m€ig[c(zg,zr)— min  {c(z,, zy)}], (10.18)

r (xpr Xp)ESy

(T. e. p (i) paBeH HamMeHbMEMY AONOJHHTEABHOMY Becy AoGaBieHEsA
pebpa oT r; Kk Kakoi-HEGynb Apyroi BepmmHe z, m yAajeHHA peGpa
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13

(a) (6)

Pme. 10.14. 3apasa c 24 sepmumamu. (a) HagaapEMit Kpardaitmmit ocTos.
(6) Kparsafimmi raMeabTOHOB MUK, MOMYYeHRHHIt mocie 40 mTepanuil ¢ mCuOIb-
sosammem mrpados III(c).

HaHMEHBLIIOr'o Beca B LENH OT Z, K Z;), TO CTeNEeHh BEPIIEHH %; CTAHET
paBHOif 2 mocie eNMHCTBEHHOH HTEpPAIMH.

Ecam Bce mrpadn p (i) HakAagWBAIOTCH ONHOBPEMEHHO, TO, Kak
u B cayuae (III (a)), BaammopeiicTeme aTEx mTpadoB nesnaeT HeBO3-
MOKHHM DpPeICKa3aHEAe HM3MeHEHHS CTemeHeil BepIIMH mocie ORHOM
ATEepAInH.

(c) Hosoxcumesvine u ompuyamesvhtie wmpagu

JTa CTpaTerns 3aKJII09aeTCA B HAJOKEHHHE MTPadoB Ha BepIIAMH
B cootBercTBEE ¢ (III (a)) mam (III (b)) B saBECEMOCTE OT TOTO, 6yneT
ae df >2 wm dT =1.

B rtabnmme 10.2 mpmBomsTcs pesyasTaTH M Aenaercs CpaBHeHUe
ceMH cTpaTermii mTpajoBaHHsA, omHCAaHEHX BHme. I'padw B aT10i
rabaune 6nnA moOAydYeHH caydaiiHnM BHGOpDOM n TOUYEK B KBAApaTe
OpE PaBHOMEDHOM pacmpefelieHHA, a B KadvecTBe BecoB pefep c;;
6panock eBKIHEAOBO paccTosHme MexRny i ® j. Tab6amma maer wmcaa
mTepanmii m BpemeHa BrwmcaeREdE (OJBM CDC 6600, Bpema B cexyn-
nax), HeoOxomuMue NAA moaydemms orsera. M3 aToit Tabampm BEA-
HO, 9TO [eHCTBHe BCEX cTpaTermii mrpadoBaHHA 3ABHCHT OT 3aJavH,
XO0TA MOKHO 3aMETHTH, uTo Hamiayumeit aeasercsa crpaterasa (II1 (c)).
Hcmonraya sty crpaTermio, MOXXKHO HaiTH KpAaTYafIryl0 raMmabTO-
HoBY muemr B rpade mnpumepmo ¢ 60 BepmmHamMm Memee wem
sa 15 c.

Ha pmc. 10.14 ana mexotoporo rpada ¢ 24 BepmEEaME MOKA3aHH
HaYaJdbHHE KpaTdadmmi ocToOB H OKOHUYATEAbHAs KpaTdYaiimas
raMojibpToHoBa mHemb. IlepBasg ®W mocieHAS HTPOHYMEDOBAHHHE Bep-
MHAHK ABJIAINTCA OTMEYeHHHMH KOHIEBHIME BepIIMHAMM.
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6.4. 3anaun, poxacTBeHHBble 337a%€ KOMMHBOAKepa

o cux mop B pa3f. 6 MH HMeJH JeJ0 C «OTKPHITON» 3amadeil KoM-
MIBOSJKEpA, T. €. C Kpardailmed ramMmibTOHOBOI mennio (a He ¢ UAK-
JoM). BHawane aro GHJIO ompaBmaHO TeM, 9TO OPH 3TOM MH IIMEJH
de10 ¢ Oosee mpAMONl CBA3BI «OTKPHTOL» 3ajadd ¢ Kpardaiimmm
octoBoM. C 1pyroil CTOPOHH, HY/HO C€JaTh TOJALKO 09eHb HeGoabme
u3MeHeHud, 9TOOH HDONOATH B K «3aMKHYTOH» 3aJade KOMMIBOMKe-
pa. Xeanq m Hapn [18]. manpmmep, BBenm noEHATEE KpaT4daiimero
1-1epeBa rpaga G, npudeM OHO ompenenAeTCA KaK KpaTYaiimmit ocToB
noposkaeHHoro moarpada rpada G c¢ ynmaneEnod BepmumOH 1 miapc
aBa kpaTdaiimux pe6pa, ncxomsamux n3 BepmuEH 1 X AByM apyrom
BepmmHaM JepeBa. OdYeBNMAHO. 4T0 MEKNY HOHATHEM KpaTdaliimero
1-nepeBa m «3aMKHYTOI» 3ajjadell KOMMHBOSKepa CYIECTBYeT Ta Ke
caMas CBA3b, 4TO H MEKIY IOHATHEM KPATIa#mero oCTOBa M «OTKPHI-
Toli» 3apmadeil. Takmm oGpasom, mrTpadoBaEHme BepmMEH H3MEHSET
OTHOCHMTEJBHHE Beca 1-IepeBheB, HO OCTaBJIsieT WHBAPHAHTHHM OTHO-
CHTeAbHOE YHOpPSAOYeHNe TaMHJIBTOHOBHX UMKI0B. Tak e coBep-
OIeHHO O0YeBUIHO, YTO, KAaK B «OTKPHTOH» 3ajade, KpaTdaiimui
OCTOB CO BCeMM BepmIHAMH4 cTeneH” 2 (3a HCK.II0YeHEEM IBYX KOHI[e-
BHX BeDHIEH) CTAHOBHTCA KpaTdaillmed raMHJIBTOHOBOH MEObI0 MEKAY
STMMH KOHIEBHMH BepIINHAMHA, TAK H B «3aMKHYTOH» 3amade KparT-
qajimee 1-mepeBo, Bce BePIIAHK KOTOPOTO HMEIOT CTEIeHH 2, ABIAETCA
KpaT4afiEM TaMMJIBTOHOBEIM IEKJIOM rpaga. Axropmrm mrpadoba-
HHA BepmnH, obcysknapmuiica panee B JaHHOM pa3fene, MOMKeT OHTH
ACNONB30BaH NMo3TOMY (aktndeckn 6e3 maMeHeHHIi B [iA pemeHNA
«3aMKHYTOH» 3aJadH KOMMHUBOSREDA.

7. 3agaya KOMMUBOSAK€pPa H 3a7a49a 0 HAZHAYCHHAX

B paan. 5 6si10 oTMegeHo, 9TO 3aad9a 0 HasHa9eHHAX, oUpeflesse-
mana coorHomermamm (10.4), (10.5) = (10.6), moxer mmeTs pemenns,
06pa3oBaHENE HEKOTOPHM YACJIOM HenepeCceKaloUluxCA NEKJIO0B, H 9TO
COOTBOTCTBYIONIEHA MeTO] pemeHMA 3aJad¥ KOMMEBOsKepa TpebGyer
Ha10XeHAA OrPaHAYeHNil X0 TeX mOp, IOKa pemeHHe He GyNeT COCTOATE
N3 eIMHECTBEHHOTO (raMmnJbTOHOBA) MEKJIA. B HacTosAmeM pasfe’e ME
ucciefiyeM INpPOHeAYPHl HAJOMKEHHA 3THX OrpaHNYeHAA B paMKax
aJropmTMa IONCKA, NCNOAB3YHINEro pepeso pemenmii. [Ipumensemasn
cxema Gymer B OCHOBHOM TaKoIf jke, Kak ¥ B pasf. 6.2 nnsa anropaTMa
OOACKA, OCHOBAHHOTO Ha pACCMOTpPeHHH KpaTdaiimero ocrosa.
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7.1. AaropuTmM nomcka, Hcmoabsylomuil nepeso pemeHul

TlycTh pemeHHe 387%a9d O Ha3HAYeHHAX ¢ MaTpHuel Becos [ci;]
{rme ¢;; = o0, Vi) 06pasoBaHO HEKOTOPHM YHCJOM HelePeCeKAIOMHXCSA
nuki1oB. Tak, Hampumep, ecaIH pelmeHHe 8afavYd ¢ 8 BepIEHAME
myeer BHL Eyy = Bog = B35 = Ein = o= Bt = Es = Bes =1
B &;; = 0 naa Bcex ocraapENX map (i, j), To pemeHne, oTBeJalomee
nByM mukaaM, nsob6paskeno Ha pmc. 10.15 (a). Temepsr meo6xopmio

1 3 1 3
5 5
6 8
6 8 . ]
2 7 2 7
(a) (6)

Prc. 10.15. Pememme 3ama3s 0 HAamaveHmnx. (a) Pemennme 3agaum P,.
(6) Pemenme 3ajain P,.

cllenaTh CAEAYIOmee — MCKIIOYATH NAHHOe PENIeHHe BMECTe CO MHO-
THMH PYTEMH TAKHMH jKe DeIIeHHAMH, He HOTepAB pelIeHHe 3aqavm
KoMMUBOs:Kepa ¢ Tol ke Marpuuedl BecoB. Tak Kak pemeHHe 3amaum
KOMMHBOS;Kepa ABAAETCA TaMHJABTOHOBHM IHKJIOM, TO MH GymeM
NHTATHCA HCKAKNYATH A1060e pemenme, cocrosmee 6osee IeM H3 OXHO-
ro IHKJIa,

(A) lIpasano npocroro Bersaenua. [Iycrs B o6mem cayqae pemre-
HEe 3aJlaYH 0 HASHATGHAAX CONEP:KAT (He TaMEJABTOHOB) LHEKX (I,
Ly, . . .y Ty, ;) MIEEH k. YaleHEe 3TOro LEKJIA (E BCeX pemIeHHi,
€ro Cofep;KaIHX) H8 NaAbHEHIIEro PacCMOTPEHHSA AOKET GHThH HpoHs-
BefleHO IyTeM HAJOKeHHsA TpeGoBaHHA, 9TO MO KpaiiHed Mepe onHA
H8 YT (T,, Z4), (T4, Z3), . . ., (z, Z;) He NOMKHA BXONHTH B pemeHHe.
9TO MOMKHO CHeJaTh COBCEM IPOCTO, ©CIH HEPBOHAYAALHYIO 3a1ady
< Marpuneit BecoB lc;] pas6ers ma k momsamaw Py, P, ..., P,.
B samawe P, c(z;, z;) monaraercs paBHEIM oo, & BCE OCTAJBHHE Cj;
ocraiorcs Ges n3MeHEHHA (T. . TAKAMH Ke, KaK H B sanaue P,), B sa-
nave P, ¢ (x4, z3) = oo m Boo6me B 8anagze P, ¢ (z;, 2;) = oo. Oue-
BHIHO, YT0 pemeHHe sajaum P,, He cofiep:kamee uHKia (2, Z,, . . .
«ees Ty, T1), ABIAETCA POIIeHHEM IO KpaiiHel Mepe ofHOl U8 8anay Py,. . .
. . -, P, H, cenoBaTeqbHO, ONTHMAJLHOE PENIEHHE 8aJaTH KOMMHBOSA-
JHepa ABAAETCSA PeIMIeHHeM ONHOH WM HECKOJBLKHX M3 3THX HON3anad.

Taw, sanpumep, mckmozag Ha puc. 10.15 (a) mEka pamEN 3,
moJay4aM Aepeso pemennii, H3o6paskennoe Ha puc. 10.16, B KoTopoM
sanaun P,, P, n Py npencraBienEn ysjiaMH [epeBa, pacTymero u3 Ha-
qanpHOR 3amasm P,. ITycrs sagaum Py, P, m P; pemeHH Kak 3amavm
O HasHAYeHHAX, A OYCTh COOTBeTcTBYlomue Beca 6ynyr C,, C, H Cj,.
Tax xax C, ABIAeTcs HHKHed IpaHumeidl B 3anaue KOMMHBOSKepa
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masa Py, a Taxike gaa Py, m Py, 1o wmcao L = min (C,, C,, C;) asaa-
eTCA HH/KHell IpaHHIeH JJd Beca pelleHHA NepBOHAYAJbLHOH 3ajaum
KOMMHBOSIKEPA.

Nycrs, ckamem, L = Cy (1. e. C;<<C, v C,<<C;). Ecanm peme-
Hue 3agadd P; ABIAeTCA TraMHJIBTOHOBRIM IHKJIOM, TO OHO OyHeT
pelleHHeM IePBOHAYAJbHOH 3aJaYd KOMMHEBOMKepa. B npormBHOM
caydae OyCTh oHO Oymer, ckameM, TakmM, kak Ha puc. 10.15 (6).
ckmoqwaa muka (1, 8, 2, 6, 1), Mu cHOBa cocraBisdem H pemaem
nopsagaun P,, Py, Py n P,, nokasauuue Ha pmc. 10.16. U3 aroro

Puc 10.16. Jlepero pemeHmil ¢ OPOCTHIM OPaBMJIOM BeTBICHHA A.

PHCYHKAa BHABO, 410 P, oTmBedaer 3ajade, AJA KOTOpPOH B MaTpHIue
BECOB DJIEMEHT C;5 IOJOKEH PAaBHHM oo (B JOmOJNHEHHE K TOMY, 9TO
aJIeMeHT ¢y, M0JIO’KEH PAaBHHM co y:Ke paHee). To ke camoe oTHOCNTCA
A K P, Pg n P;. HuskuAA rpaHuna Temepnr mepeonpeneifercd Kak
L = min (C,, C, C4, Cs, Cq, C;). NonycruM, uto 3agasa P, cooTser-
ctByetr Becy L (1. e. L = C,). Ecan pemenue 3agaun P, sApiasgercsa
raMHJbTOHOBBIM IOKJOM, TO OHO OyneT pemeHMeM IepBOHAYAIbHOI
3alaY¥ KOMMHUBOgKepa. JlaabHeimee BeTBaeHne B y3ne P,, ¢ Apyroi
CTOPOHHI, JOJJKHO OCYIMECTBJIATHCA TOTHO TAK ke, KAK 9TO [eJa;10Ch
B P;, ¥ 3TOT nmpouecc npogoiKaeTca A0 TeX mop, IOKA 331ad9a C TEKy-
muM 3HadeHneM Beca L He 6ygeT uMeTh B KadecTBe pelleHMA IaMHIb-
TOHOB HnKJI. Horga aro mpomaoifer, To HOAyYeHHHH UHKI 6yger
OKOHYATEJbHHM pelleHmeM, TAK KaK ero Bec (Oo ompedeneHAI0 dOCJaa
L) Be mpeBoCXOANT HHUMKHHX I'PAHMI BECOB JIOOHX APYTHX TaMIIBTO-
HOBHX IHKJOB, KOTOPHE MOI'YT NOABHTLCA IPH JajJbHEHIEM BETBJe-
HAN B OCTABIIEXCA y3JaX [epeBa.

W3 npuBegeHHOro ONHCAHMA AJrOPAUTMA CTAHOBHTCA OYEBHAHEIM,
9T0 OPHMEHEHHHH IOHCK C IOMOMLI0 [epeBa pemeHHA OTHOCHTCH
K TANY C ¢«OIPHOPHTETOM IO MINPHHE», KAK 3T0 OGBACHEHO B IPHIOME-
Hum 1.
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(B) Ilpasmxo mcemogawomero Bersuendsa. Hak o6bsacEeno B mpm-
AoxeHEm® 1, gnA Xopomero BeTBJISHEA HpHE pasbmeEmm 3agaam P,
Ha nopsapawa P,, Py m Py Tpebyerca ToabKO, 9T06H KAMKAOE BO3MOK-
Hoe pemeHme 3amaum P, (3a MCKIOYeHEEM YNAJAAEGMHX pemeHmni)
60 pemeHmeM mo KpaiiHe# Mepe ommo# m3 mopsamad. OmEAKO, KAK
OTMEUGHO B HPHJOMEHHE, OYeHb JKEJATeIbHHM CBOHCTBOM MeTofa
BeTBJICHEA GpN0 G pasfmeHHme BOBHHMKAIOIIAX MOA3aAAaY HA BIAHMHO
ECKJIOYAIOMHAe, KOJb CKOPO pedb HAeT O BOSMOKHHX peIIeHMAX 3aja-
au P,. HEuME cioBamH, Kampgoe OONYCTHEMOe pemenme 3afgaum P,
TOKHO GHITH pemeHmeM ONHOM, B TOJbLKO ONHOE H3 9TEX NOA38JaT.

Pamee ommcaEHOe NpPAaBWIO BETBJIeHAA OCHOBHBAJOCH HA TOM
paxTe, 9TO MUK, TAKOH, KaK (T, Ty, - - ., Thy L1), MOKET GHTL yRAIeH
HOOCPEeACTBOM HCKJIIOUCHNA ONHOK 3 ero Ayr. 910, OOHAKO, HE IPHBO-
OAT B IIpOLecCe BETBJISHMA K B3AMMHO HCKIITAIIIEM IOX3aHA9AM.
Tak, B BHNINeOpHBeNeHHOM OpUMepe pemeHme 3agase P,, cooTserT-
cTByomee makiam (1, 3, 6, 1) = (2, 5, 4, 7, 8, 2), asaserca nomycTH-
MHIM PeImeHHEeM Kak moas3agadn: P; (¢ ¢i3 = o0), Tak B P, (¢ ¢34 = o).

JpyruM mpaBmioM BeTBICHHA, YAAJAKOMEM NHKI (I, Zs, . . -
-« .y T, T;) ¥ OPHBOAAINEM K B3aHMHO HCKIIYAIONIEM IOA38JATAM,
ABJAAETCA CJIeqyIomee:

s sagadd P, moaoxkmrh ¢ (1, T,) = oo;
nas saga4dn P, monokEts ¢ (1), £) = — M = ¢ (24, Z3) = oo}

ana sagaum Py monokETE ¢ (T, Z) =c (x5, x3) = —M
2 ¢ (z5, T,) = oo.

maa sagaum P, monoxmETh ¢ (1), ) =c(xy, ) = ... =
=0 (zh-h .‘Ch) =—Mmnec (.‘Ch, .‘tl) = 00,

rxe —M — pocraTouno Goabmoe OTPHENATEABHOe WHCIO, TapPAHTH-
pymomee, 9T0 Ayra, BeC KOTOopoil paseH —AM, BXOMNT B ONTHMAJILHOE
pemeHwe.

9T0 mpaBMIO BeTBIEHHESA HABEPHAKA NPHBONAT K B3AEMHO MCKIIO-
JalollEM NOxsajfadaM, TAK KAK AJaA JIOOHX NBYX mOg3amad HMEETCH
oo KpailHei Mepe ogHa AYra, HCKIOYEHHAS H3 peMICHAA ONHOM,
HO 38BEJIOMO BXONAIAA B pPemeHHWe Apyroit momsamadm. Jlerko Tak:ke
BHEAETH, ITO HM ONHO BO3MOKHO® pemeHme samadm P, me Gymer morte-
pAHO, T. €. UTO0 JN06oe pemeHme mepBoHAYAJLHOHA 3amaum P, Gymer
ABNATHLCA PeMeHHeM OfHOR M3 moAsafad. JT0 OYEBEAHO B CHAY TOTO,
gro ai06oe pemenwe 3agaun P, mMeeT HEKOTOPYIO HOCIENOBATEABHOCTH
AYT, BHXOAAMYIO U8 I;, TAKAX, KaK (T, Za), (Za, Z3) B T. 1., @ IEPBHE
r Oyr OOJKHH COBHAJATH ¢ AyraMd nemm (z;, Zg, &g, - . ., T) OpH
HexkotopoM 3Hauenmm r =0, 1, ..., k. 3pagenne r = 0 orBeuaeT
TOMY CIYJ810, KOTJa CoBHANeHMA Boobme =Her, r = 1 — cayuailo,
KOTZIA Tq = Xo, HO Iy 7%~ 23 B T. .
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Puc. 10.17. JlepeBo pemexrnii ¢ uckao- Prc. 10.18. Jepeso pemennii ¢ yayd-
YAIOMHEM UPABAIOM BeTBIEHAA B. MeHHKM ITPAaBHJOM BeTBJICHHAA B.

B npmeeneRHOM npuMepe mepBoHadYaIbHAA 3afada P, pasbuBaiack
6n Ha TpE moA3ajayu, mokasamuue Ha puc. 10.17 (cp. ¢ pasbuenmenm
Ha nepsBoM ypoBHe u3 puc. 10.16, moaydeHHHM IO OpefHAyIIeMy
OpPaBHJY BeTBJEHUA).

(B) Jdyamee npasuno serpneana. O6a npeangymux npaBHia BeTB-
JeHAA UCKII0YA U (OpH Ka:kI0M OTHeAbHOM BETBJIEHUH) BCe DemIeHHUsd,
cojep:Kamue 3aJaHHHI IHKI, TaKo#, Kak (Zy, Zg, . . -, Ty, ). Ode-
BH(HO, OXHAKO, 9TO B pemeHHH 3aJa9¥ KOMMHBOAKepa He TO.JIBKO
He JOJKeH He CYIUeCTBOBATh TAKOM UHMKI, HO MOoKHA OHTH IO Kpail-
Heil Mepe ofHa AyTra, BeAyluad n3 MHO:kecTBa BepmuH S = {zy, . . .

.. Zr} B MHOecTBo BepmuH S = X — §. [leilcTBuTensHO, CyIe-

CTBOBaHMe Kakoil-1n6o gyru, Begymeit u3 S B S, He TOJIBKO rapaHTH-
pyeT HMCKIWYeHHEe pemeHW#l, COMep:Kallux IHKT, [pWHAJTesKamuil
MHOKeCTBY S. HO Tak:;Ke IO3B0;1geT UCKINIATH pemeHus, MHOKecTBa
BepIIMH KOTOPHX JexaT B S H KOTOPHE COCTOAT U3 HECKOJBKHX
IOAKIOB (a He TOJABKO u3 ofHOro). Takmm o0O6pasoM, MO/KHO OKHAATH,
9T0 NpaBHMJIO0 BeTBJIEHMSA, OCHOBAHHOE HAa Tpe6oBaHMHM, YTOOHW cymme-
CTBOBAJa HeKoTopasa Ayra u3 S B S, Oyaer paBHOMepHO .J1yd4ime, deM
XBa TPENHAyIue NPaBHIa BOTBNEHUA 2.

Tak kak gyra u3 S B S J0M:KHA HAYHHATHCA B HEKOTOPOH BepmmuHe
n3 S, To 3ajgaYyy MoKHO pacmennTk Ha k& moxsazad. B moxsamadve
P; Mo 6ynem tpe6oBaTh, YTOGH HAYAJMbHOHU BEPIIMHON AYrH ABIANACH
z; € S, a KoHeuHO#l BepmuHOH Onsa HekoTopas BepmmHa B S. ITO
MOKHO CHeJlaTh, NOJIOKHB ¢ (Z;, z;) = oo AaA Bcex z; € S ¥ ocTaBHB
6e3 H3MeHeHHWA BCe Apyrue Beca. B pemeHmHn moilyuusmelicA 3afgadu

0 Ha3HAYeHWAX MHl HaBepHAKa OH MMenM IYry U3 Z;, BeAymyw B S,
TaK KaK JJfA BCeX APYrHX aAbTePHATUB MX Beca AOJKHH GHTH IOJO-
7KeHH DaBHHIMHM 00,

B npumepe, fanHOM Bume, HaYanbHAA 3agada P, Gulia GH B C0OT-
BeTCTBAM C HACTOAIOMM NPABHJIOM BeTBJIEHHA NOApa3deNeHa HA TpHU
noA3afadd, onpefeNeHHHe, Kak nokasaHo Ha puc. 10.18. [lansHeitmue
BeTBJIEHHA NPOHCXOAAT AHAJOTMYIHO.
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7.2. Tpumep

Haiita pemenme 3aja9® ROMMHEBOS/Kepa C MATpHOeH Becos
1 2 3 4 5 6 7 8

1]o0|76]43 (38|51 |42|19(80

2(42 049126 78] 52|39 87

3|48 |28 |0 3653|4468/ 61

417213129 |00 |42]|49 |50 38

5/30152(|38147 o |64]75] 82

6166151 |83151 (22|00 |37|T1

7177162 (93154 |69 |38 oo |26

8142 |58 (66 |76 |41 |52 |83 | 0

Temeps MH ECIONB3YeM TOJIBKO YTO ONMCAHHEIA QJTOPHTM MCKJIIO-
9eHWA IHKJI0B, GepA Ha RaKAOM mAre NEKJIH HaWMeHbINeX MIMHH
H ACHOJb3YA NPABAJO BeTBJEHMA B.

Pemenne safjaum 0 HasEaveHmAX ¢ MaTpmmei C, cOCTOHT m3 JBYX
nEriaos (2, 4,3) = (1,7, 8,6, 5) ¢ Becom 232. I10 cooTBETCTBYET

232
(A)(178,651) (243)

(14,3,2,7,86,5)

c".oo

(1.4.2.7.8)(3.6.5)f (1.6,532478) 4 (1783.24,6,5)
(1,7,824,365) (1.765324.8)

Puc. 10.19, Momcr, ncmoassymomait aepeso pememmit ms mpumepa 7.2.
yaay A nepeBa pemeHE#, moxasamHoro Ha pmc. 10.19. HMcrarouernme

nakaa (2, 4, 3) mo npasmay BeTsiaeHHA B mpmBommT K TpeM mojisajga-
9JaM, m3o6pakaeMux Ha puc. 10.19 ysaamm B, C m D. MaTprou Becos
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9THX moA3ajad, PeImIeHHA 3aJad O Ha3HAYEeHHAX NJIA HHAX NI BeCa 3THX
pemeHHE# paBHH COOTBETCTBEHHO

3148|128 |00 36)|53]|44(68]61

4172|3129 0 (42 (49|50 38
C. = (ID 4’ 3) 2’ 7, 8’ 6’ 5)
5130 |5238(47 (oo (6475 82 264

2142 oc |49 (26|78 52|39 |87

3[48 (o0 |00 [0o [S3]| 44 (6861

4172131129 joc 142 49| S0 | 38
C.= (1,7,8),(2,4),(3,6,95)
5130|5238 (47 (0| 64|75 82 248

666 |51 (83 (5122« (37|71

7{77]162)|95 (546938 |x |26

8142 |58 |66 (76 {41 | 52|83 | o

Pemenne nmonsagasu B ABisAeTCA raMEJABTOHOBBIM IIHKJIOM € BECOM
264. Onpako HEHEe rpasuuH B ofomx y3aax C m D meHbpme 3TOro
8HAYEHMA, TAK YTO CYmMeECTBYET BO3MOXKHOCTb NOAYYNTh NVYIIee pelre-
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1 2 3 4 5 6 7 8

1]o0) 76|43 |38]|51)42(19] 80

2|42 oc [49)26| 781523987

3[48)/28[oc|36)53)44 68 61

4| 72| 0 |oc|oo|{42[49|50] 38

Cp= (1,7,8),(2,4,6,5,3
® si30[s2(38 470 [6a75]82 2508)' 53

6|66]51 (8351

8
8

3711

7177(62 (9354|6938 |co|26

8(42|58 (667641 (52 |83 co

HHe, NpOROJ:KAA Iponecc BeTBieHHA. Hawmenpmas W3 HHKHAX Ipa-
gux; ecth L = min (248, 250) = 248, m oma coorBercTByer ysay C,
IOBTOMY HpOLeCC BETBICHHA CJAeAyeT HPOAO/IKATH € 3TOTO Y3Ia,
HeKkAWuaA nERa (2, 4). Temephr BOSHHKAIOT JBe APYTHe NOABAJAYH,
noxasannne ysnamu E u F pa puc. 10.19. Ux maTrpunu BecoB, peme-
HAA 387891 O HABHAYEHHAX H BeCa TAKOBM:

1 2 3 4 5 6 7 8

1100|7643 138)51)42]19]| 80

2|42 |00 |49 | 0| 78 |52]39] 87

3|/48)c0|o0loo| 53|44 )68 61

4172131 |29 |0 |42149 |50 38
C, = (,6,5(1,42,7,8)
5]30)52 |38 |47 ) o0 |64 |75 82 280

6|66 |51 |83 51|22 |ac|37(71

777162 |93 (54|69 |38 oo |26

814258 (66|76 |41 (52 {83 | co
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1 2 3 4 S 6 17 8

1| [76]43 38|51 [42]| 1980

49 [26 |78 |52 |39 | 87

9
&
to
&

3148 ) |x | 153 (44|68 |61

4172 (29 | [42 |49 |50 |38
C, = (1,7.8.2.4.3,6, 5)

5130 (5238 (47| |64]75]82 254

6|66 |51 |83 |51 |22 |0 |37 (71

7177162 {93 (54 |69 |38 [0 |26

8 42 58 66 76 41 52 83 o

Cregyer oTMeTHTh, 9TO HA 9TOM 9JTale pemeHue Hopsafadm F
ABIAETCA TaMEJIbTOHOBHM IIHKJIOM C BecOM 254. 3TOT BeC MeHBIIe,
geM BeCc IPGIHAYINEro JyImero pemeHEA (¢ Becom 264), m, caemoBa-
TeJIbHO, JYINIEM TEeKyI(WM pemreHneM Oyger pemenme mopsajaqm F.
JIsa yana (£ u D) Bce elle Ja0T pemeHns ¢ HeTaMAJbTOHOBLIMA ITAKJIA-
MH H fABIAKTCA IOITOMY KAEAMAATAME HA HPOJOJIKEeHHe Iporecca
perBiennd. OgHako Aad y3na E HmmHAs rpaHmna pasHa 280 > 254
(Tekymee 3HaYeHMe HAMJIYYmETO pelNeHHs), H, 3HAYHT, BETBJIGHHE
B 9TOM y3Jie He MOKeT IDHBECTH K JydmeMy pesyiasraTy. lloatomy

1 2 3 4 5 6 7 8

1| |76143 385142 || o

to

42 | oc {49 |26 78 | 52 [39]87

374828 |oc 365344 |68]61

4172 00 |oo | |42]49 |50 |38
C,- (1,6,5,3,2,4,7,8)
513052 |38 (47 | oo |64 (7582 274

6166 51 8315122100 (37|71

777162 |93 15469 |38 |0 |26

8 (42 (58 [66 |76 (41 |52 |83 | o
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ysex D ¢ mwxmedi rpamEmmest 250 <254 ABIAETCA €NMHCTBOHHHM.
yB8JI0M, BeTBIGEHe B KOTODOM MOKeT NPEBecTH K yayymermo. Hcxmmo-
germe mexaa (1, 7, 8) ms pemenms paa ysia D npEBOgET K TpeM
mofsasagaM, ofosmauenenM Ea puc, 10.19 xak G, H = 1. Coorser-
CTBYOIIMe STHM NOJ38JaiaM MATDHIH BeCOB H DemeHHA 3afad
0 HASHAYGHHAX TAKOBH:

1 2 3 4 5 6 7 8

1{oc 764338 |51 (4219 |80

2|42 100 149 |26 |78 |52 39 |87

314828 [0 |36 |53 44|68 |61

4(72 o0 [0 {0 |42 |49 |50 |38
CH 3 (1,7'6,5'3.2'4'8)
5130|5238 |47 |0 |64 |75 |82] 251

6166 |51 |83 |51 [22 |ao |37 |1

7{o0 162 (93 {54 (69 (38 |0 |0

8|42 |58 |66 |76 |41 |52 |83 |oo

1 2 3 4 5 6 7 8

1|00 |76 |43 ]38 |51 (421980

2|42 |0 |49 |26 (78 ;52|39 87

3148 [28 | oc [ 36|53 (44 |68 61

4|72 |oo |0 |0 |42 |49 |50 38
C = (1,7,8,3,2,4,6,5)
5130 |52 (38 |47 [0 |64 |75 82| 266

6166 [S1 |83 (5122 (00|37 71

777 |6219354 (69 [38] |26

81 |58166(76 (41 |52 | x|

Ha atoM aTane Mu 8aMevaeM, 9TO pemenme mopsapaim H asiaserca
TaMEJIBTOHOBHM IHKJIOM C BecoM 251, 4T0 MeHBme dYeM NPONHAYINGS
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aysmee 3Havenue 254. Ilostomy pemerue mopsapgasu H, 1. e. (1,7,
6, 5, 3, 2, 4, 8), samemser mpegnaymee Jydmee pemeHue. Kpome
TOr0, 3HaueHHe 251 MeHRImIe, YeM HIDKHAA T'paHHMNa B J1060M KoHed-
HOM y3Je JepeBa, M, CIeOBaTeJIbHO, HAHJEHO ONTHMAJLHOE pPelIeHHe
Bceil 3aavn. (PemeHUs BO BceX KOHIEBHX y3JaX — 3a HCKIKYEHHEM
ysaa E, BeTBIeHHE B KOTOPOM GHIJIO NpeKpameHo paHee,— ABJIAITCA
Ha caMOM fejie TaMHJIBTOHOBHMHE IMKJIAMH, H 3[eCh 6e30THOCHUTEIBLHO
K TpPaHNIAM BeCOB 3TUX DemeHHd He HYMHO OGN GHIO IPOH3BOAMTH
JajlbpHeiimee BeTBJIeHHeE.)

7.3. BauucauTebHBE KOMMEHTADHHM M XAPAKTEPUCTHKH

Toapko 9To omMCAHHKHE aJrOPUTM IOHCKA, HCIOAb3YOIMHIl JepeBo
pelmeHUil I OCHOBAHHHWE Ha MCKIKYCHUH IEKJOB, 3aBHCHT OT HAaXOMK-
AeHHsA pemeHMi 3aadY o HasHavYeHHAX C O09eHb HE3HAYHTEJIHHO H3Me-
HEHHHMHU MaTpPHIaMH BecoB. 37eCh CJIEAyeT OTMETHTh, YTO KaKAaf
43 3TUX 3afaY MoKeT OHTH pelmeHa O4YeHb IPOCTO, €CIM XPaHHUTh
pelmeHMe nmpeAnAymed 3afadd, U3 KOTOPOH OHa BO3HMKJIA. B 4acTHO-
ctd, MognduKanuu, IPOU3BOAAMEE B C.1yYae BCEX TPeX paHee yIOMsA-
HYTHIX NPaBHJI BeTBJEHHs, IPOU3BOAATCA C IOMOIMBI) NPAPAaBHHBA-
HHAA oo HEKOTOPOTO 3JjemeHTa ¢ (x;, zj) a1A Ayru (z;, z;), Bxogamein
B peleHIe TeKyme# 3afayd O Ha3HAaYeHHSAX.

B Benrepckom aaroputme (cm. ria. 12) pemenus 3agayn o HazHage-
HUAX 3IeMeHT ¢ (I;, ;) B OKOHYATe.IbHOU OTHOCHTENBHOH MaTpHIE
BECOB JOJKeH 6u 61 uMeTh 3HaveHHe (, a COOTBETCTBYIOMHUH MapKep
LOKAa3HBaeT, 9T0 B pemeHnn Ob1o HazHavyenue. MameHenue 3HaveHHs
auaemenTa ¢ (z;, r;) mpeBedo Onl, 04YeBUAHO, K IepepacupefeleHHIO
9TOr0 Ha3HA4YeHHs, HO ocTaBUio Om Gea uameHemus apyrue n — 1
ga3gagedni#. Takum o6Gpa3oM, HadynHag ¢ pemeHHs (Has3HaYeHUI)
Bsafady — JO0 TOro Kak Owiau mpoussefeHN MoAMPHKAIMM MaTPHIIH
le;y] — 1 ymanss ymomsanyToe Ha3HadeHHe, MOKHO IOJIYYHTH pele-
HEe HOBOil MopM(pMmupoBaHHOH 3afadil, IOBTOPHO NPUMEHASA BEHIep-
CKMil aATOPHNTM HA HOCJAEJHEM INare, TAK KaK €{MHCTBEHHBIH «IDOPHIBY,
T. €. eINHCTBeHHOe yBEeINWYeHHe YHCIAa HeHYJeBHX Ha3HadeHHH
¢ n—1 710 n, gax 6K B AeHCTBUTEJTBHOCTH ONTHUMAJIbHOE pENIeHHE
HOBOH 3ajadd o HasHawueHHaAx (gerand cMm. B ria. 12).

Pa6oyne xadecTsa BHIIEONHCAHHOI'O aJIfOPHTMAa IOMCKA C MCKJIO-
YeHmeM IHMKJOB 0 OpaBAay BersieHna B wmccrmeposanm Beaamop
u Manoyu [2]. Ha mw6oit cTagun BeTBIeHHEe B y3ige IPOAOJIMHKAIOCH
TaK. 9T00H MCKIIOYHMTH QUKJIb HAMMEHBbIIEeH AJHHK B PEIIeHHH 3ajadu
0 HazHAYEeHHUAX, COOTBETCTBYIOMEIl 3TOMY y3Jy. 3ajjada KOMMHUBOSKEDA
€ IOPoN3BOJBHON acHMMeTPHIHON MaTpuIeil BecoB MOeT GHTH pemeHa
ma UBM 7094 11 sa T cexyHa, rae

T =~ 0,55-107%. p3.46
H n — qucio BepwidH B 3afade. (Bu.10 moxasaHo, YT0 ABa APYTHX
IpaBmiIa BeTBIeHUA 06Ja{at0T XYAIMHMME XapaKTepucTUKaMe, ocobeHHO
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B 3a1a9aX, rpadsl KOTOPHX CORAEP/KAT TAKHe «CKOIICHHA» BePINHH,
9T0 AYrH B OXHOM H TOM jKeé CKOILIGHHH MMEI0T MaJsle Beca, a8 AyTH
MeKAY BepIIMHAME U3 DA3HHX CKOILICHH® HMel0T GoJbmme Beca.)

Tey He MeHee BHINEONHECAHHHI aJArOpHTM paGoTaeT He CAMIIKOM
XOpoImIo B CHMMETPHYHHX 33/la4aX, TAK KAK B HHX pelIeHUA 3afad
0 HA3HAYEHHAX OOHWYHO COCTOAT M3 GOJBIIOr0 IKCAA WHKIOB JIMHH
2 B miaA X HCKIOYeHHA TpebyercA odYeHb. MHOTO BerBieHmit. Eme
xyme 06GCTOMT fe;o Torga, KOTAA 3ajjada KOMMNIBOAMKEpA PpeIIaercs
Ha rpade, KOTOPHil He CORepP/HKHT rAMHJALTOHOBHX ITHKJIOB KOHEYHOTO
Beca.

7.4. Jlyumme rpaHMnE 1A fepeBd IMOHCKA

Mu onmcamm B pasg. 7.1 aaropeaTM mDOHCKA, B KOTOPOM B KadecTBe
HmKkHell rpaEMOH B yane GepercA 3HAYGHWe M3 pEMeHHS COOTBET-
cTByOmeii 3amaTm o0 HasHaYeHHAX. Ha camMoM-To fejle coBepIIeHHO
O9YEeBH[IHO. UTO METOA HMCKJIIOYeHHSA IHKJIOB OCTAETCA HOH3MEHHHM
HO3ABHCHMO OT TOr0, KAKAA HIWKHAA TPaHENA HCIOAb3YeTCA NIA
orpaEAYeHHA momcKa. Ho TAK KaK Opomecc BeTBIGHHAA B yajie Ipe-
KpamaeTcA TOJBKO TOTAA, KOTA HIM pelleHHe HOA3ANATH, OTBETAlD-
e STOMY Yy3ay, ABAAETCA TaMMILTOHOBHM IEKJIOM, HJIH KOTAA
HEUKAAA TPAHENA B y37e HPEBOCXONHT 3HAYEHHe HOJYYeHHOTO RO
STOT0 HAIIYYMEr0 PpPemeHHA, TO OYeBHAHO, 9TO KAYECTBO ONEHKH
rpaHHEOH OKA3HBACT 3aAMETHO® BIHAHHME HA YHCJIO BETBIGHHH B AepeBe
pemeHmil M, CIeOBATeALHO, HA BLIUCIAHTEALHYI0 3()PeKTHBHOCTH
merona. llenb HacToAmero pasgena ABJIAeTCA ONHECAHHE MeTORA
OOJAyYeHHNA HEKHEH IpaHBNN, BHIACAAEMOA IO pemIeHHI0 3aaTH
0 HA3HAYCHHAX ¢ HEGOILIIAME JOMOIHATEIbHEME YCHIAAME B ABIAI-
meiica Goiee TOuHOH, dYeM paHee HMCHONB3yemue rpaHEnH. Ilycrts
peIIeHHEe 387349 0 HABHAYCHHEAX COMEPsKAT HOKOTOPOe IBCIO0 IHKJOB,
KaK 3T0 NOKAsaHO B KadecTse npmmepa ma puc. 10.20 (a). Ilycts
i-it muK:1 0GosHagaerca S;, ;, M OYCTh YHCJIO HEUKJIOB pPaBHO n;. (Mm
6GynmeM ICIOL30BATH ONMH M TOT e CHMBOX S;, ; KaK AaA o6o3Hade-
HEA OOKIA. TAK M A 0003HAYeHHS MHOKeCTBA €ro BepIIHH.)

OmpeneanM cmAzusanue KaK 3aMeHY IMUKJIA e[WHCTBEHHOH BepImm-
Boi. Ilonyuennuit rpad comepsmur n, Bepmmm S;; (i=1,2,...
« .. m). B RavecTBe MATpHON BecoB HOBoro rpada Geperca (n; X
X ny)-marpama C; = l¢; (S1,4, S1,5)] ¢ snemenTamm Bmpa

1 (Sy, 1 Sl.j)= min [fy (ky, k;)), (10.19)

hlessl.l
1651, 4

rae F, = [f; (k;, %;] — oxomuaTenrEAaA MATPENA OTHOCHTEABHEIX
BeCOB, DOYYEHHAA B KOHIE pelIeHNA 3aAa4l BeHTepCKHM (Hampuaep)
metomon (ca. ria. 12).



12d

A

013

(@)

Niepesoe
CTArnBaHmMe

7
S.3

Si6 Sg1= 81, USy 2
ng
Sis
% 52'3 sl,l
Sy2
Sis Sia
(6)

Bropoe
CTArMBaHKE

>

Say

(e)

Tpetve
cTArMeaHue

oc,

° 82

(2)

Puc. 10.20. Mpouecc crarusamua, Ileppoe CcTAruBanme, BTOPOC CTACHBAHME, TPCThC CTArHBAHIeE.
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Ha pmc. 10.20 (a), manpmmep,
¢ (Sy,5 Sy6)= min [f3 (Ksy ke)]-

hsE{11, 12, 13}
keE(B, 14, 15, 16}

Teneps BTOpoe pemenze 3afadd 0 Ha3HAYEHAAX B Caydae 3afadm
¢ Mmarpunei C; Bce eme MOMET coAepKaTh AKIL, B KaYeCTBe BEPIIHE
KOTOPHIX BHICTyHaioT npefgupymue uukiau. Puc. 10.20 (6) nokaswiBaer
OfMH H3 BO3MOKHHX cnoco6oB 06pa3zoBaHMA HOBHX LHAKIOB S, ; (i =
=1,2,..., n), roe n, — ux obmee gnucao (ga pac. 10.20 (6) n, =
= 3). 3TH NAKJIH OUATH MOTYT OGHTH CTAHYTH B BEPIINHH M NAaTh
HOBYX0 3ajady ¢ HOBod MaTpmueil BecoB C,= lc, (S,,4, S»,;)], Bramc-
JeHHoH Tak ke, kak u B (10.19), 1. e.

¢2(S2, 1, 82, ;)= min [f2(k;, k), (10.20y
k; Sz. i
R jES,
rfe MHOMeCTBa S, ; HBIAITCA O0ObeIMHEHAAMH BCEX MHOMKECTB
Sy, 1» obpa3ylommx «iacTHHe» nEKIH, @ roe F, = [f, (k;, k;)] —
MaTPHIA OTHOCHTEJIBHHX BECOB, IOJYYeHHAH B KOHIE PENIEHHHA BTO-
poii 3ajaud o Ha3HAYEHHAX.

Pemenme 3amaym 0 Ha3HAYEHHMAX [JIA HOBOIO, ABAMIH CTHHYTOIO,
rpada Bce eme MOKeT COAEpATh LHKJIH, W ATEPANMOHHHI mpouecc
PemeHAA — CTATHBaHHA MOMHO IPOROJKATH 0 TEX HOP, IOKA 3aja-
9a He CBeJeTCHA K eJUHCTBEHHOH BepIImHe.

OnpenennM komnpeccuro Kak npeobpasopaHne MaTpUIH, HE YAOBJIe-
TBOPAIOIEH aKCHOME TPeYroJbHAKA B METPAYECKOM IPOCTPAHCTBE,
B MaTpAIy, yAOBJETBOPAIOMYIO 3ToH akcmoMe. Taxkmm obGpasom, aas
KOMIOPECCHA MATPHIL HYKHO 3aMEHATh KaMIH{ 3J1eMeHT m;;. I
KOTOpPOT'0

m;; >my,+my; (OpE HekoTOpOM k),
anemenToM min [m;, + my;] @ npofoxKaTE 3TY 3aMeHy 10 TEX TOP, IOKa
k
N1 BCAKOTO k He GyNIVT CIpaBeINBL HEPABEHCTBA M;; < My —+ Myj.

Teopema 5. Cymma anauenuii pewienuti 3adau o HAZHAYEHUAT. NOAY-
YEHHBT 60 6DEMA NpOYecca (PeuwleHue — CMmAUBaHUe — KOMNDECCURY
ocyuiecmeanemozo enaomd G0 MoMeHma, kKozda «cmanymas» 3adaia
6ydem codepmamb eGUHCMEEHHYID MOUKY), A6AREMCA MOUHOL HUNCHEL
2panuyell Jdis 300U KOMMUGOAICEDA.

Horasameavcmeo. B ra. 12 nokasano, 9to 31ement (i,j) B MaTpHIe
OTHOCHATEJBHHX BECOB, IOJYJeHHOH B KOHIlE PeIeHAA 3aavlf 0 Ha3HAa-
9eHHUAX, faeT HAKHIOW I'DaHALY NJIA JONOJHATEILHOI0 BeCa, KOTOPHE
Nojy9aeTcs H3-3a BRKJAWYeHud ayra (i, j) B pemende.

Paccmorpmm nmka S;,;. moayveHHHI! B KOHI® pemeHNA NepBOX
3aflay@ 0 Ha3HavyeHMAX. Jl1060H TraMAILTOHOB LHKJ, OPOXOIAIUR
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dYepe3 Bce n BepmuH, Oyger mMeTh U0 KpaiiHell mMepe aBe nyra (ogHy
HanpaBlIeHHYI0 BHYTPb HUIKIa S; ;, APYTyI0 — Hapy®ky), HHIOAEHT-
HHe BepImIMHaM, He JeRamuM B S;;, H (IPAXOAAMMe» B ONHY H.IH
6osiee Bepmue B3 S, ;. Yncno rakux nyr 6yger, 09eBHIHO, YETHHIM.

°3

PeweHne 3aaun 0 HIIHAYEHNUAX
enmm—n [3MWALTOHOB UMKA

(a)

§13=(1,25)

5]'2 =( 3v4)6)

5‘3-(8,10)
(d)

Puc. 10.21. IIpeo6pasoBaBre raMuIbTOBOBHX MIIKJIO0B NPH CTATMBAEMM.
(a) Pemenne 3agaun o HaapavennAx. (0) [aMHJIBTOHOB LEKJI.

Ha pume. 10.21 (a) raMunbTOHOB LHKJ LOKa3aH SKHUPHOM JamHmeit,
B TO BpeMmsA KaK pemIeHHe 3afladd O HadHaUeHHMsAX LOKA3AHO TOHKOH
JnHneit. [locne crarnBaHuma nponydvaerca rpad, wusobpaskeHHHI
Ba pnc. 10.21 (6), ¢ aByma pyramm, UHOPAEeHTHEMH S; 3 B Sy,
¥ YeTHIPbMA AYTaMH, HHOOAEHTHRMHE S;; O S, .

Ecan Telnepr ICH01b30BATh HEPAaBEHCTBO TpPeyroJbHIIKA, TO HOJdYy-
M

€4 (S Sia)<ceyq (S, Sy,4) +¢1(S1.40 Sy,2) +¢1(Sq.2, Se.3)s (10.21)

i, c1eloBaTelbHo, HazHadeHue u3 puc. 10.22 (B xoTopom nyrm (S, 4,
S1,1). (81,1, S1,2)s (S1, 2+ S1.3) 3amerenn nyroii (S, ,, S1,3)) AMeeT 3uage-
HITe, He IpeBoOCXOfsAMee BeXHIUHH HazHaueHuns u3 puc. 10.21 (6). Tax
Kaxk Ha3HadeHue Ha puc. 10.22 umeer mo aBe AVrH, MHIMAEHTHHIX
Ka;RI0Il BepmiiHe, I pelIeHIe 3aJadd O HA3HAYEHHAX A CTAHYTOIO
rpada mMeer MEHLINHIT BeC Ha3HAYEHNsA, TO 3HAYCHME PeIMeHHsA 3afadn
0 Ha3HaueHNAx, cKaskem V (4 P;), ABigeTca HIGKHeH rpaunneil pias
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BOJMIMHH HasHaveHmsa Ha pmc. 10.21 (6), 1. e. naA 3HaveHHEs HpHpa-
WeHAA Beca, KoTopoe GHZ0 GH Heo6xomEMo [iaA 06beEHOHAA BMOCTO
pPA3IATENX NHEKI0B. QUeBHEHO, IT0 HOCKOJBbKY rpaf HadHaveHHSA,
HOJYYeHHHE ¢ DOMOMBI0 JI060r0 raMEJIBLTOHOBA IHKJIA, CONXEPHHT

Sit
Se %
.

Pmc. 10.22. Hasmauemme, coorsercteymmiee pumc. 10.21 (6),

C ABYMA [yraME B KayKfRod Bepmmawme.
MO0CJIe MePBOTO CTATEBAHAA (T. €. B CJIyIae HASHAUGRUS, COOTBETCTBYIO-
mero puc. 10.21 (6)) sitnepos mEki, TO €ro Bcerxa MoHO mpeobpaso-
BaTh B rpad ¢ MeHBmEM (HJIM DABHHIM) BeCOM, B KOTODOM KaREOif
BepIIAHe HHAMNEBTHH TOJABKO JBe AYrH. JTO NEJAeTCA ¢ IOMONILIO
saMeHH mend, o6pasoBamHOil NyraMH, BeXymMEMHA H3 OfHOH BePIIHHH
B IPYI'Yy®, eAEHCTBOHHON NYroil Me;RIy STEMH BOPIIHHAME (Kak GuuIO
TPOREMOHCTPHPOBAHO BHIIe),

Ecam, ¢ pgpyroit CTOpPOHH, MATPHIA OTHOCHTeJBHHX BecoB (,;
e YNOBJIeTBOPAET YCJIOBHIO TPOYroJbHEKA, T0 coorHomenme (10.21)
MoKeT GHTH He BHmoaHeHo. B aToM cayduae marpmma C; mommHa GHTH
C€HAYAJIa HOXBEPTrHYTA KOMOpecCHH. 3HAUGHAe PeIeHHs 3a/avd O Ha3-
HAYEHHAX C KOMIPeCCHPOBAHHOH MATpHIeH ciaeqyeT BBATH TOrAA
B KAavecTBé HWKHeH TIpAHANN BeJEYHHH OPHpPANIGHAS Beca, 9TO
Beobxonmmo mpE o6LeMHEeHAHm NUKJIOB. JTO TaK, m60 KOMIpeccHs
MATPHEOH MOKeT JHINb YMEHbIIATh MJIH OCTABATH (63 mM3MEHeHHA BeC
ai060ro HasHAYeHMs NJA HEPBOHAYAJBHOH MATPHIH.

Anamormueo V (AP,) —— Bec pemeHEA 3afau@m O HA3HAYOHHAX
HOCiIe BTOPOTO CTATMBAHAA SABIAETCA HU;KHEH rpaHmmeil Beca CBS3H-
BAEMHYX IWKJIOB, HOJYYAeMHX IPH 3TOM CTATHBAHHH, M TAK AAJIEE
JJIS TPOTHero, Y€TBEPTOT0 M OCTAJBHHX cTArmBaHmid. [loaromy Bexm-
9mHa

L= izi]o V(AP)), (10.22)

tne V (AP,) — sHaueHme HAYAJbHOTO pEIIGHHs 341a9d O HA3HAYE-
HEAX ¢ HaaJabHO# marpmnei C, a k¥ — wmcao crarmBanmit, meo6xonm-
MHX JyIa mpeoGpasoBanusa rpada 3aaYu B eMHCTBOHHYIO BOPIIHHY,
paBHO® BeCy peImeHMsA 34ATYA KOMMHBOs:Kepa. TeopemMa IoxasaHa.

Boo6me 3nech ciemyer OTMETHTb, ITO [a’Ke €CIH HadaJbHAS MAT-
pPHIa BeCOB YNOBJETBOPAGT YCHOBHIO TPOYTOJBHAKA, TO HOCAOXYIONIAO
MATPHOH OTHOCHTEJABHHX BECOB MOTYT He YNOBJIETBOPATHL 3TOMY YCJO-
BHIO H HA KAKOM-TO 3Tame MOKeT mOTPe6OBATHCA KOMOPECCHS.
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IIpumep ewuucreHUR 2pARUYB

Paccmorpmm 3amaty KommmBospxepa ¢ 10 BepmmEamm, marpmma
BECOB KOTOPOH CHMMeTPMYEA M mnpuBefeHa B ta6a. 10.3,

Pemerme HavaJbHOH 3aJjadyl O HA3HAYCHAAX [aeT BEJNIHHY
V (AP,) = 184. PeaynbprEpylomas MaTpPHIOA OTHOCHTEILHHX BECOB
maEa B tab6x. 10.4, a pememme maercs rpadom Ha pmc. 10.23.

&)
S'ﬂ s
1 %3
3 ¢ 9
7
2 Q v;h
Sz 8 10
Pumc. 10.23. IlepBoe pemenue 3a184m 0 HABBAYEHAAX.

52.1
$11

Si2 qu

51.2

Si,s

Puc. 10.24. Pemernne mocCie mepsoro CTATMBAHMA.

/4 ”
S.

22

Pnc. 10.25. Pemerme mocie BTOpOro CTATMBARMA,

CrarmBamme rpaga ma pmc. 10.23 paer rpad c 4 Bepmmpamm,
MaTpAna BeCOB KOTOPOro MoskeT GuTh BhiamciaeHa o (10.19), m oma
naEa B tabx. 10.5 (a). dTa MaTpEna BeCOB He YOBIETBOPAET YCJIO-
BHIO TPeYTOJBHHKA H II03TOMY NOABEPraeTcd KOMIpECCHH. PeayapTaTt
nar B rtabx. 10.5 (6).

Pemenme samawm o masmaueHmax ¢ Marpumeidr m3 Ta6a. 10.5 (6)
naer Beaudarny V (A P;) = 20, Peayasrrpyiomas MaTpREIA OTHOCHTE b-
HHIX BecoB fama B Ta6a 10.6, a pememme 3amaun o HA3HAYEHHAX
naerca rpadom ma pmc. 10.24.
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Crarmpanme rpaga ma pmc. 10.24 paer rpad ¢ 2 Bepmmnamm,
MaTpHIa BecoB KoToporo (puumciaennan mo (10.20)) nana B Taba. 10.7
(O1a TpmBEaapHAA (2 X 2)-MaTpEma He JONKHA HOJBEPraThCA
KOMIPEeCCHH, TAK KaK OHA YAOBJIETBOPAET YCJOBHIO TPEYToJIbHHKA.)

Pemenme 3ajaum 0 HA3HAYCHAAX ¢ MaTpmneit ms Taba. 10.7 mmeer
snagenme V (AP;) = 10, a camo pemeHHe faercA rpadom
na puc. 10.25, KoTopHii NIEepeXOAHT B €AHHCTBEHHYIO BEPIIEHY IOCIE
caepyomero caiataa. Taxam o6pasoM, HIJKHAA IPAaHANA 3HAYCHHSA
ANA 33laYH KOMMHBoskepa ¢ MaTpmueit ms Taba. 10.3 papma

L=V (AP,)1-V (AP))4-V (AP,) = 214.

CpaBHHB ee CO 3HAYEHAEM ONTHMAJBLHOrO PEIIeHAA 3aa%Yd KOMMHBOA-
#epa, pasHoro 216, moaywmm ommbry B 0,93 %, B To BpeMa Kak
FCHOJNB30BAHMEG B KAUeCTBe HEKHeHd rpaHEnn Bexmiwan V (4AP,)
azaer ommbky B 14,8 %. XorA HacToAmas HEXKHAA TpaHANa B He
ABNAETCA B ofmeM ciydJae Takoidl Gid3Koil, KAK B IPABEIeHHON HpH-
Mepe, HO pe3yasTaTH (8] moKaswBaloT, WTO 3Ta IpaHHEOA B CpeAHEeM
3HAYATeNBHO Aydme, deM V (A P,).

Bpemsa BuUHCAEeHHA IPaHANM B 3ajjade KOMMHBOS’Kepa B CpefiHeM
ToAsko Ha 9% Gonpme Bpemend, TpeGyeMoro AJA pemeHHEA 3afaTd
0 HazHa9YeHHAX C Toil ’Ke caMoil MaTpmueli BecoB. Bpema BuIHC/IeHRA
IpH pPemeHHH 3alaYH 0 HA3HAYEHHAX C MCHOJb30BAHHEM BEHTEPCKOTO
MeTofia oleHEBaeTcA Kak kn® (cu. ra. 12), rne k¥ — HexoTopas mocTosH-
Hafl, & n — nNopAfoK MaTpanu. CaMui NN0X0i cAyJali NpE BHIHACIO-
HHH IPaHAOH (IT0 KaCaeTCs BPeMEHH BHIHCJIEHHS) BO3HHKAET TOIAA,
KOTZa BCe IMEKJIH NPH KaKAOM CTATHBAHHH COAEP/KAT TOJIBKO IO ABE
BepmmMHN. B 3ToM ciydae ofmee BpeMA BLYHCJICHHA IPA pemEeHAR
38/1aYA O HA3HAYCOHHAX TAKOBO:

Ktk (5) +k (£) 4. ..~ 3 knd 21,143 knd. (10.23)

s (10.23) BapgHO, 9T0 B XyAmeM ciaydae TpebyeMoe BpeMA AJIA BHYHC-
JleHAA DOpeAJOKEHHOH TPaHENH B 3a/]aie KOMMHUBOSKEPA TOJBKO
Ha 14,3% Gonrme, wem BpeMs, TpeGyeMoe [NJIA pemeHHA 3afaiH O
Ha3HAYEHHAX TOTO Ke CaMOro paamepa. (3mech caenyeT 3aMeTHTb, 4TO
BpemA, Heo6XonAMOe [JIA BHIOJHEHHA TOH YaCTH Impomecca, KOTopas
CBA3aHA C (CTATHBAHHEM» M «KOMIpeccHeil», OLEHHBAETCA Kak nl.)

7.5. ipumep m3 pasnena 7.2 ¢ yaywmenHo¥ rpammmeit

PaccMoTpay eme pas npaMep H3 pasfena 7.2, HCIOAB3YA yAyIIMeH-
Hyl0 TPaHALY, ONECAHHYI0 BHIe (BMECTO HCHOJB30BAHHA B KATeCTBE
TaKoli rpaHAOHN NPOCTO 3HAYEHHA pPelmeHAd 3afaYH 0 HABHATYCHHAX).
I'pannna, cooTBeTcTBYIOmMAs HAYAJbLHOH 3afade ¢ Marpmueidl BecoB
C. (paa3n. 7.2), nonxua Torna 6ure V (AP,) + V(AP;)4-2324-13=245.
(HeoGxonmyo BTOpOe CTATMBAHAE, W pPeNEeHH® HOBOM 3aJa9M O HA3HA-~
vyenuax pasuo 13.) Mopsagawm B, C m D nonydeHH, KaKk H paHbIIe,
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HO HOBoil rpammned aad monsanadd C Gymer V (AP,) + V (AP)) =
= 248 + 6 = 254, BMecto npeawnymero 3maveHds 248. Hopoi
rpaEauesi maa monsamadm D Gymer V (AP,) + V (AP) = 250 +
+ 0 = 250 — 1o e, 9ro u panbme. (I'pammua mas B ocranercs,
KOHEYHO, HEM3MeHHOW, TaK KaK pemeHHe 3afad® B sasnserca ma ca-
MOM JieJle FaMMJIBTOHOBHM NUKJIoM. Temephr BeTBIEHHE HYKHO JeJaTh
B yaxe D (tak kak 250 <C 254), a me B (, KaK B IpelkIymeM CIydae.
9T0 BeTBIeHUEe HOPHBOAAT, KaK M Ompemae, K XoAsamauaM G, H m I,
H HamaygYmee pemeHMe (monmasanada /) mmeer 3mavemme 251. Ilaap-
Heitmee BerBiaende B C (rae pemeHdEe He ABIAETCA raMAJIBTOHOBHIM

Pmc. 10.26. Tlorck ¢ mepeBoM pemenmit U3 npEMepa 7.2 ¢ yJIyIMeHHOD rpaEanei
JJIA 387aYM O HAIHATYCHHAX.

MEKJIOM) y:Ke He Oyaer HeoOXOMMMEIM, TAK KaK €ro HEGKHAS TPaHHNA,
a mMeHHO 254, Gomeme wem 251. Ilpe;kmasa rpammma aasa C, paBHaA
248 (mempme 251), 6n1a HEMOCTATOYHOM JJIA TOro, 9TOGH OPEKPATHTH
BeTBJleHEe B 3TOM yajde. Takam oOpasoM, YJydmeHHAaA TIpaHANA
I03BOJIAET CAKOHOMHTH [BA y3Ja B [epeBe peMIeHEH mOMCKA, KaK aTo
mokaaano Ha puc. 10.26. 3to gaeT 3KOHOMEIO ToABKO Ha 2/9 gas aToi
MaJleHbKOH 3aJaud, HO AJAA aamad OGoJBmIOr0 paaMepa NoJydaercs
6oBIION mPOLEHT 3KOHOMHM Y3I0B AepeBa, T. €. YACIA 3a1a4 o (n Ha
r) HazHAYeHAAX, KOTOPHIE CJIelyeT DEIIATH

8. 3agaun

1. IlokasaTh, 4TO eC/IM HEOPHEHTHPOBAHHHI rpad G ynoBiaeTBops-
er ycmosuaM: (1) mus KasKmoro HOJOKMTENBLHOro IeJoro gacaa k <

1 o
<3 (n — 1), 9AcAO BepmMEH CO CTeNEHEBIO, HE OpeBOCXOAAmen k,
MeHbIIe 9eM K, (2) ecid YMCIO BEePIIMH CO CTENEHBIO, HE IPEBOCXOMA-

o 1 1
meil 5 (n — 1), MeEbme EJAA paBHO 5 (n — 1), To oHO HMeeT raMHIE-
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toHoB mEKA (cM. [25, 29). 3amermm Tak:ke, uto rpad, cocroammi
N3 eIMHCTBCHHOTO TaMHJIBTOHOBA NUKJA, He YAOBJIETBOPAET BHIIe-
DpHBEeHEHM YCJIOBHAM, T. €. YCJIOBHA JOCTATOUHH, HO HE ABIAITCA
HeOOXOREMEIMH).

2. JloxasaTs, 9TO €CJIH B HeOPHEHTHpoBamHOM rpade G mnsa miobGoik
DapH HeCMeRHHX BepMEH I; H I; CTENEHH YAOBJIETBOPAIOT YCJIOBHIO

d(z))+d(z)) = n,

o rpap G EMeeT raMmabToHOB mEKA (cM. [26]).

3. Paccyorpum pemetvatnit rpad G, o6pasoBaHHHNE p TOpPH3OH-
TAJIBHHMHE B ¢ BePTHKAJAbHKIMHU JHHAAMH, TAe Ka)kAasd TOUKA mepece-
9eHAA pacCMATPHBAETCA KAK BepIIEHA W KaAIHH OTPesOR MeKIY
COCETHEMHA TOYKAMH IepecedeHHA pemeTKH — Kak pe6po. IIpm xarmx
p H ¢ rpap G HMeeT TraMHJIBTOHOB IEKII.

4. Ilokasats, 9to rpad, BepmEHH H pebpa KOTOpOro COOTBET-

CTBYIOT BepmHHAM H peGpaM n-MepHOTo runepKy6a, EMeeT raMHIBTO-
HOB IHKI.

5. IlokasaTs, 910 B rpade H3 38/1aya 4 raMHIBTOHOBA IENb MEKLY
ABYMSA AHAMETPAJBHO HNPOTHBONOJOKHHMHA BEPHIAHAMH CYIMIECTBYET
TOTAa H TOJBKO TOrNa, KOTJa 7 HEYeTHO.

6. HOK&B&TB, 9TO B Ka'kJOM HOOJHOM SHTHCHMMETPHYECKOM OpHEH-
THPOBAHHOM rpac[)e CymecTByeT raMHJBTOHOBA Ienb.

7. Ucnonrsys wmeromm pasp. 2.1, 2.2 m 2.3, au6o maiiTH BCe
raMHJIBTOHOBH OHKIH B rpage ms pHc. 10.27 (ecim Takme DAKIH
cymecTBYOT), XIH60 mOKasaTh, YTO TAKHX LWKIOB HeT. CpaBHHATH
BHYBCIHATEIBHYI0 TPYROEMKOCTH 3THX METOHOB.

8. Ucnonnsya meTox pasi. 2.3, mpoBepHTH, 9To rpad, H306 pasken-
Buit ma pmc. 10.28, He comep:k@T raMMABTOHOBa mMEKAA. [{okasaTs
TOT Ke peayJBTaT APYTHM cmocoloar.

9. lna samaiE KoMMHMBOs;Kepa C IpPHBOAEMOl HE;Ke MaTpmumei
peGepHEX BecoB C BLYHCIATHL HWKHME I'DAHUIK ONTHMMAJLHHX pemie-
HEll, HCOOJBBYA 8aJla4d O HA3HAYEHHAX H O KpaTtdafimeM OCTOBe.

2041 2
3012730 3
c=4!27£40 9 4
S| 5214|3943} S
6]62{25/53165/31| 6
7 ,.47[17(38[52]|28 |15

10. Haiire kparsaitmyio TAMAIBTOHOBY NeNb MeKIy BepIIMHAMHE 4
®m 7 pna rpada Hs samaam 9.
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_—

Prc. 10.27.

5
Prc. 10.28.

11. Hazte abcoaoTHO KpaTYalmyl0 raMmIBTOHOBY Nenb B rpade
m3 3ajagm 9.

12. PemnTe 3afavy KOMMEBOA;Kepa ¢ MaTpmneit pefepEHX BecoB
H3 3ajavE 9, HCIOJB3YA AJATOPHTM HOHCKA C AEpPeBOM pemeHHH H3
pasgena 7.1 ®m mpaBmio BeTBiIeHEA b.

13. PemnmTts 3amavy 12, mCOOJIB3YA TOT >Ke CaMH# MeTOX, HO LpPH
BRIYACJIEHME HEGKHHEX IPAHHEI, JeHCTBYA B COOTBETCTBHH C PeayabTaTa-
ME pasg. 7.4.
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10. Ipnno:xenne

Huice manaraeTcA ajropdT™M BHYHCJIEHHA BepXHeit rpamauu B
MEHEMATRHOTO dHCIa OEePeHACTPOeK annapaTyph. Tpebyommxcsd
B 3ajlade IIAHAPOBAHMA M3 pasf. 4 JaHHOH IJIaBH. KOTOPHI MO:KHO
HCIO:TB30BATH B KadeCcTBe HAYaJBHOrO aJrOpPETMa 3ITOTO pasfefa.

llaz 0. Uapekec <— 0, B « 0.

Ilfaz 1. Baares setkm [l(r;)) =0, Vx; € X. Iloaoxmre p = 0.

llaz 2. G = (X, A), Bubpars awGoe z, € X, moloxmTE S =
={z.}-
lllgz 3. Ecam mapexc =0, oGpasoBars S =S8y T(S); B mpo-
tasHOM caygae S = S | I'*(S). 3mecs T (z;) ={z; | (z1, z;) € A}
gl (S)= U T (x;), a rakixe
s

*q

I (z;) ={z;|(z;, z;) €4} = T (S)=x_l.eJS I (zy)-

Ulaz 4. Ecar S = S, 10 IIGEPeﬁTH K mary 5; B IPOTHBHOM CJIy4ae
p<p+1,1(x)«pVz€S—S, S« S u BepuyThcsa K mary 3J.
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Wlaz 5. Haitre z €{z; | L (x;) = p}.

Wlaz 6. Ecam wapekc=O0, malite 2’ € {z; |l(z)) =p—1 =
(z'. ) € A}; B mpormBHOM cayuae HafiTh z’ € {z; |l (z;) =p —1
g (z, 2') € A}.

Wae 7. X « X —{z}, A4 —{(z, ;) | z; € X} —{(z;, 2) | z: € X}.
Ecne z ={z,}, 70 B < B + 1 u mepefits X mary 12; B DpoTHBHOM
caydae mepefiTH K mary 8.

Wlaz 8. z«—2z', p<«—p —1. Ecan 2’ = z,. mepeiire X mary 9;
B DIPOTHBHOM Caydae DepeiiTH K mary 5.

Ilaz 9. Ecan mrnexkc =0, magexc <« 1 # nepeiita Xk mary 1; B npo-
TABHOM CJydae mepeittm K mary 10.

Wlaz 10. Ecam X = {z,}, T0 B < B -+ 1 n nepefite K mary 12;
B DPOTHBHOM CJydae mepeliTE K mary 11.

gz 11. Unpexc <— 0, B < B + 1.
X<+ X—{z,}, A< A—({(z,, z:)| 2; € X} —{(2:, 20) | 2; € X}).
IlTaz 12. Cron. B aBasercsa TpeGyemoit Bepxmeii rpanuneii.

AuxaroprTtm TpeGyeT HeKoTopHx noscHenmit, Ecie mmamexkc =0, T0
OPOCIEKEBAIOTCA NPAMBE NeNH, DPOXOAAMMe N0 BepmmHaM rpada G,
HauYAHAA ¢ BePIEEH I,. JTE NENH NPOCJIE;REBAIOTCA ¢ DPHECBOCHHEM
MeTKH p TeM BepDIIEHAM n3 G, KOTOPHE MOTYT GHTH KOCTHTHYTH M3 I,
9epes p Ayr (mar? 1, 2, 3 1 4). Ecan ar ofHa B3 3THX Hemeli He MOKeT
GEITE mpOMOIKeHA, TO QJTOPHTM IEPEeXONHT K maraM 5, 6 ® 7, B Ko-
TOPHX CcaMasl [JIAHHAA H3 3THX menell mpocCieXMBAeTCA Hasal K Bep-
mEHe Z,, IPH 3ToM yOHpaloTca M3 rpada BepmEHH (H acCONPEpPOBAH-
HHe ¢ HEMH Ayrm), Je;Kamp|e HA 3ToH camoif mammpmo# memm. Illar 8
OpeKpamaeT nponecc yaalenesa Bepmun. Illar 9 BoaBpamaeT K Hagaay
aJropETMa Co 3HaYeHHmeM HHAeKca =1, uToON mavaTh ¢$oprmmpoBa-
HHe o0pamHwz menei, T. e. memeil, okamumBalomuxca B z,. CHoBa
HaXOJAHTCA E yfaixdercA caMaA JAJBNHAA H3 3THX Ienei.

Camas JuMHHAS M3 OPAMHX H 0GpaTHHX memeit (¢ HIE u3 I,)
MOKeT PacCMAaTPHBATHCA KaK OAHA [JJMHHAA HeNb, CONeP:Ramasa Z,.
Yncro B (meo6xomuMEX HocjefoBaTelbHOCTel meneil) yBeaHEUEBaeTCA
TOrAa Ha efHMHHNY Ha mare 11, ® mocie BuGopa Apyro#t BepmmEH 2,
H3 ocTaBmerocs rpaga mpouecc mpopod:kaercA (PopMEPYIOTCA HOBHE
AnmEHefimMe npsAMHe B o6paTHHe IeNE E T. A.), NOKa He GyaeT mcuep-
na" Bech rpag.

Honeunoe anademrme B, KoTopoe paBHO YHCIY NOCJIeXOBATEdb-
HocTell nemeit, HeoOXOMMMEIX JIIA «CTHpaHHsA» Bcero rpada (T. e, AaA
OOKPHTHA BCeX BePIHH), ABIAETCA TOTAa, 0YeBEAHO, BepxHel rpaHH-
neit ana TpebyeMoro MEHMMAJNBHOTO YHCJIA TAKHX HOKPHBAOMUX
nocJeoBaTeJbROCTeH (T. €. MEHEMAJIBHOTrO 9HCIA I€PEeHACTPOEK amma-

paTypH).
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MOTOKU B CETHAX

1. Begenne

Onnoii m3 mambosee HHTEpECHHX W BajKHRIX 3a7a9 TeopHE rpados
AIBNIAETCA 3ajaga oIpefeeHAA MaKCEMAJbHOrO IOTOKA, NpOoTeKawIe-
ro OT HEKOTOPOH BepmHHH S rpada (ECTOYHHKA) K HEKOTOPOHX KoHed-
goil Bepmmme f (cToky). Ilpm 3ToM Kakmoi ayre (z;, z;) rpada G
OPHANACAaHA HEKOTOpaA IPONYyCKHAA CIOCOGHOCTD ¢;;, H 3T HPONYCKHAA
COOCOGHOCTL ompepeaseT HamboJbmee 3HAYEHHe IOTOKA, KOTOPKIA
MO/KeT IpoTeKaTh IO NAHHOHA Ayre. JTa 3ajada B ee BAPHAHTH MOTYT
BO3HHKAaTh BO MHOTAX NIPAaKTHYeCKHX NIPHIOKeHAAX, HANpPAMEp IpnA
oIpefeleHAR MaKCHAMAJbHOH HHTEHCHBHOCTH TPAHCOOPTHOIO HOTOKA
MeKAy ABYMS IYHKTaMH Ha KapTe QOpPOT, IpeACTaBiIAeMoi rpadom.
B 3ToM mpmMepe pemeHHe 3ajai¥ O MaKCEMAJbHOM IOTOKE YKarKeT
TaK#e Ty 9acTh CeTH JOpOT, KoTopas «HAacHmeHa» X obpasyeT «y3aKoe
MecTo» B OTHOHIEHHH IOTOKA MEKAY JBYMA YKa3aHHKWMH KOHI[€BRIMH
OYHKTaMH.

Meton pemenna sadauw o maxcumasbhom nomoke (0T s K t) ORI
openioxen Qopaom m PankepconoM [12], m BX «TeXHEKa IOMETOK»
COCTABJAET OCHOBY JAPYTHX AJrOPATMOB pemeHAA MHOTOYHCJIEHHKIX
3ajad. ABJIAKWMAXCHA IPOCTHIMA 0000MEHMAMHE HJIH pACIEPEHWAMHE
vKasaEHOR 3amayd. Crejgyromp@e Bo3MOKHHE BapHaHTH 3aJadd
0 MaKCHMAJLHOM IOTOKe (0T S K f) BCTpedaloTCA B JHATepaType.

(I) MomyctaM, g9To Kaskmoit Ayre rpada mpeHOomcama He TOJBKO
IponycKHad cmocoBHOCTE ¢;;, AaOag BepPXHK TIpPaHANY IOTOKA
gepes JIyry (z;, Z;), HO TaK/Ke «IPONYCKHAA COOCOGHOCTEY I;;, faomas
HE/KHIOIO TpaHEOY HOTOKa depe3 Ayry. B TakoMm canydae pajneko He
09eBAJHO, YTO CYMECTBYeT HOINYCTAMOE MHOKECTBO IIOTOKOB, YXOBJET-
BOpAKMHEX TpeGoBaHMAM 0 MaKCHMAJbHOM M MEHMMAJLHOR IPOOYCK-
HEIX cmocobrocTAx ayr. Opmako ecam (B obmeM caydae) CymecTBYeT
MHOT'0 TAKHX IOTOKOB H eCJIH B JONOJHEHHEe K HPONYCKHRIM cmocob-
HOCTAM 3ajaHhl TaK:Ke CTOEMOCTH eJHHHIA HOTOKA. IPOTEKAIIIero
oo Ayre, TO BO3HHKAeT 3adaia Haxoxdenus Jonycmumozo Nomora
MURUMAAbHOL cmoumocmu (0T BepMEHK S K Bepmune f).

(IT) Paccmorpmm caygail. Korga HIMYTCH MAKCUMAAbHbME NOMOKU
Mexnedy kaxcdoli napoi eepwun. XoTA TaKad 3afada MoeT GHTH pemre-
Ha Kak n (n —1)/2 «otnensnnix» (0T s K t) 3a4a4, HO 3TO 09eHb TPYHAO-
eMKHii nponecc. IIpA Haxo/KOeHAE KpaTYafimEx memeil Me:xAy Karkaol
mapoit BepmmH rpada OwIO ycTaHOBJeHO, 9TO HeT HeobxommmocTH
pemaTh KaKAYI0 (0T S K [) 3agady o KpaTdaifmei 1end HHAEBEAY aJbHO
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(cM. . 8), B HacToAmel sajlade TOYHO TAK ke CYIMECTBYeT MeToq,
KOTOpH# — /17 HeOpHEETHPOBAHHKX rpajoB — He mpeanoiaaraer o6s-
3aTeNHHOTO pemeHHs 3aJa9 O MAKCAMANBHHX LOTOKAX AAA Kammoil
mapH BepmHH § H {.

(IIT) Ecam BMecTo OXHOTO HCTOYHHEKA M OMHOTO CTOKA PacCMOTpeTh
HeCKOJBKO 3aJAHHKX HCTOYHMKOB H CTOKOB, IPHMYeM MEXAY pasidd-
HHME HCTOYHEKAMH H CTOKAMH IPOTEKAKT LHOTOKH DPAasIEIYHWX IpO-
IYKTOB, TO 3aJla9a MAKCHMHSANMHA CYMME BCeX HOTOKOB MeKIy HCTO9-
HHEKaMH B CTOKAMHE HasHBaeTcA sagavded o mrozonpodyxmosom nomoxe.
B aTolf 3amave mpomyckHaA CHOCOGHOCTH ¢;; KYIH (Z;, z;) ABAAETCA
OTpaHEYeHHEM JAA CYMMH BCeX IHOTOKOB BCeX BHROB IPOXYKTOB depes
Ty HAyTy.

(IV) Bo Bcex pacCMOTpeHBNX BHIE CIy9aAX HEABHO JOIMYCKa-
JI0Ch, 9TO HOTOK Ha BXOoJie AYTH TaKol e, Kak H HA Buxofge. Ecam
OTKAa3aThCA OT 9TOr0 JOOYMEHHs H pPaccMoTpeTh rpad, B KOTOpOM
BHXOMHOX IOTOK AYTHE paBeE ee BXOJHOMY NOTOKY, YMHOXEHHOMY
Ha HEKOTOpoe HeOTPHIATEeAbHOE TACHO, TO 3aJaYy O MaKCHMAaJbLHOM
moroke (oT s K f) HasSHBAWT 3ajadedf 0 nomoxar ¢ enuspuwanu. B ra-
Koii 3a/jage IOTOKH MOTYT H ¢HOPOKNATHCAM, H ¢IOTIOMATECAY CAMEM
rpadoM, TaKk 49TO IOTOK, BXOAAWMHEA B §, H IOTOK, HNOKEQawmmil ,
MOTYyT H3MEHATHCA COBEPIIEHHO HESABHCHMO.

O6nacts TeopmmE rpadoB, B KOTOpPOH pacCMATpPHBAIOTCA BOIPOCH
0 DoToKax B rpadax, HHTeHCHBHO pasBHBaJach B 0oabmoM gmcae
pabGor. B Bactosame# rnaBe faerca o6sop of6mmx mpoGaeM, ycra-
HABJIABAETCA CBA3H Me)KAy HEMH H NPHBOJHTCA ONHCAHWE HEKOTOPHX
BAMHHX AJATOPATMOB, HCHOJB3YEeMHX IPH pemEHHEMR 3a4a4 O HOTOKAX.
Ilocnennee Beo6xomEMo, BO-IepBHX, H3-3a COGCTBeHHOH SHAYAMOCTHE
3THX AaJTOPHTMOB, BO-BTOPHX, HOTOMY, 9TO OHH LO3BOJNAIT BCKPHTH
TaKHe CBASH MexIy 3ajlajaMH, KOTOpHEe He OUYeBHIHH C JPYTHX TO4eK
8peHAs, H, B-TPEeTBHX, LOTOMY, 9TO AJTOPHTMH, KOTOpHe OymyT
OLHCAHH, MOTYT (HTH HCHOAB30BAHH (HENOCPeACTBEHHO HIH KaK 3Je-
MeHTapHHe YaCTH §oliee CIOHHRX AJTOPHETMOB) JJA AHAJH3A IIAPOKO-
ro Kpyra JApyrEx sajad.

B arolt riaBe MH 06GCyZEM OCHOBEYK 33aflayy O MAaKCHMAJBHOM
motoke (ot s K f) # ee 0606mermms (I), (IIT) m (IV). Tak kak aaropmr-
MH JAA MHOTOIPOXYKTOBOTO IOTOKA MMEIT COBCEM JPYI'YI HPHPOXY
H coBCeM He TaK 3pJeKTHBHH, KaK MeTO[ IOMETOK, O0CY:kIaeMEll
B 3TOM riase, To MH He GyneM saHEMATECH 3[iech 9TOi 3ajavdell M OTCH-
NaeM 3amATepecoBaHEOTO umTatensa K [18, 27, 26, 25, 24, 15].

2. OcnoBHas 3ajaya O MaKCHMAJLHOM NOTOKe (OT § K f)

Pacemorpam rpadp G = (X, A) ¢ nponycKammmm cmocoGHocTAME
RYT @iy, HCTOYHMKOM § B CTOKOM {; s, ¢ € X. MmoskectBo wmcen §;;,
ompefieJleEHHX Ha Ayrax (z;, z;) € A, HasHBalOT MOTOKAMH B Jyrax,
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€CJIH BHIOOJHAITCA CJHENYIIHe YCIOBAA: 1)

v, ecaIm I;=s,
2 Ej— X Bu={—v» ecau r;=t, (11.1)
x.el(x.) xp €M=1(x )
o k : 0, ecam z;5s,t,

§i;<<q:; 1aa Bcex (z;, ;)€ A. (11.2)

Ypasuenme (11.1) sABnfAeTcA ypaBHeHHEM COXpaHEeHHS LOOTOKA.
Ono yTBepikxaer, 970 DOTOK. BTEKAKWIMil B BepIIURY, paBeH HOTOKY,
BHITEKAKIIEMY W3 BEpPIIHHHE, 32 HCKIKYEHHEM BepINEH, ABIAKMEXCA
HCTOYHHKOM M CTOKOM (BepmEH S M f), IJA KOTOPHX CYIECTBYIOT
ceTeBhle BHITEKAHHS M NPHTOK éeAuduMb U cooTBeTcTBerHo. CooTHOMmE-
pEA (11.2) yKasHBAKT OpPOCTO HA TO, YTO HPONYCKHHE CnocoGHOCTA
orpaHMYeHH IJIA Ka;kQo# nyr® rpada G. 3agaua COCTOHT B HaXOske-
HAH TAKOTO MHO:KECTBA IOTOKOB D0 AyraM, YToOH BeJMYHHA

v= 0 k= X Eu (11.3)

x€0(s) T @€

6nta mMakcmManwHON. 3aeck Eg; m §,, 3amHcaBEH QA TOTOKOB H3
BEPIIEHE § B Z; M H3 I, B ¢! COOTBETCTBEHHO.

AJTopHETM pacCTaHOBKH IOMETOK. npelnoskennnir Qopaoy u Pau-
KepcosoM [12] nnA pememms 3Toit 3ajauM, OCHOBAaH Ha cC.leqylomed
TeopeMe (ompefleieRMe IOHATHA pa3peaa cM. B 1. 9).

Teopema 1. (Teopema o MaKCEMaAbHOM HOTOKE M MHHAMAJIbHOM
paspese (8, 10, 11].) Beauuuna marcumasvhozo nomoka u3 s 6 t pusna

8EAUNUNE MUMUMA.1bMo20 paspesa (X, — X,,), omdeasrwweeo s om .
Paspes X,—> X, omdeasem s om t, ecau s € X, u t € X,. Beaunu-

KOl 2) makozo paspe3a Ha3uéaemcs CYMMa NPONYCKHBLI CcNOcOGHocMel
scer dyz u3 G, HauaibHBle BEDULUKBL KomopWx aexcam 6 X,, a KoMeunne

6 X,, me.
U(Xo_’fo): E ij.

(xi,xj)e(xo-»:\w'o)

Munumasvuni paspes (X, — X,,) — smo paspes ¢ HauMeHbUiUM
Makum 3HaUeHUeM.

Horasamesvcmeo. 3neck NaHO KOBCTPYKTHBHOE 10Ka3aTeAbCTBO
TeopeMHl 0 MAKCEMAJIBHOM IOTOKE I MHHEMA/LHOM paspe3de, H HCHOIb-
3VeMHH MeTol HenoCpelCTBeHHO NPHMBOAMT K AJATOPHTMY PAacCTAHOBKH
DOMETOK, HM3JaraeMoMy HE:Ke.

1) Ecan MoryT BOSHUKHYTb HEACHOCTH, TO MW 6yieM yIoTpedisaTb 3amichk
§(:r,-, zj), q (x4, zj), r{z;, z;) 1 (z;, ;) BMECTO COKpameHEHX oGo3Hauenmiy
Eij» gis. ryj 1 ¢33 COOTBETCTBEHHO.

i difs Tij i 2
%) Han nponycxnoi cnoco6rocmuro.— Ipux. ped.
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CoBepmeHHO 09€BHAHO, 9TO MAKCHMAJLHHI NOTOK M3 S B [ He

Moer 6uTh Goabme, weM U (X,,— X,), Tak Kak BCAKAaA neOb,
Befiymas B3 s B {, IPOXOAHT X0TA 6H Yepes oNHY AYry JAHHOTO pas-
pesa. IloaToMy JOCTAaTOYHO YCTAHOBHTH CYIECTBOBAHHE IOTOKA C Ta-
KoM 3HaueEHEeM. J[ODyCTHM Temeph, 9TO HOTOK 3aNaeTCA M-MePHHM
BeKTOpoM E, H ompeneamM paspes (X, — X,) PeKYpCHBEWM IpHMe-
HeEHeM HE;ReyKasamHoro mara (6).

(a) Hagats, noaarag X,« {s}.

(6) Ecam z; € X, u. xpome Toro, &;; << ¢;; nam §; > 0, To BKIIO-
9ATH Z; B MHO#eCTBO X,, H IOBTOPATH 3TOT IIAT [0 TeX IOp, IIOKa
MHO:KecTBO X, Heabsa OyHeT pacmHpATh Jaibme.

Temeph MOTYT BO3HHKHYTH ABa CiIyJad B 3aBHCHMOCTH OT TOIO,
Gyner ma t ¢ X, nam ¢ ¢ X,.

Cayuaii (I), ¢t € X,. B coorsercreem ¢ maroM (6) orHomenne
t € X, 03HATAET CleNyIomee: CYMEeCTBYeT TAKAA «HeOPHOHTHDOBAHHAAN
Oenb, BeAymasA H3 BepHMEHK S B BePONMHY I, 9To AIA KesKHo# Ayrm
(x;» z;), BcIONB3YeMO# MeNbI0 B IPAMOM HaIpaBleHHE (npAMok AyTH),
&5 < quy, 8 naa Kaxmok xyrm (z,, z;), Hcmoabayemoll nensio B o6par-
HOM HAIpaBjeHBH, T. €. B HaIpaBJIeHEHE OT Z; K z, (o6paTHoil Ayrm),
Ex; > 0. (Taxas nens (ms nyr), segymas B8 s B ¢, 6yner HasuBaTHCA
ayemernmaaviol ') yenvio nomoxa.)

Hycts
6;= min (g,;—&;;] naa npamoit ayrm (z,, z;), (11.5)
xi. x,
8, = min) (139 nan obpatHoli Ryr® (xp, z;), (11.6)
(xpe x;
-
8= min (8, §,). (11.7)

Ecnm temeps Beawamay O mpEGABATH K INOTOKY BO BCeX NPSAMEIX
Oyrax H BHYECTh BO BCeX oOpaTHHX Ayrax OeIH, TO B PesyabTaTe
DOJYYHTCA HOBHI JOOYyCTHMHYM NMOTOK, HA O egmmmn Goapmmii, aeM
OpeNuAymAi. 3T0 0YeBHEAHO B CHIY TOro, 9To IpHOaBjeHAe BeJIWIH-
HH § K DOTOKY B IpAMHX AYyrax He Mo;KeT IPHBECTH K IPeBHIICHHI)
HEE oxHolf M3 mpomyckmHX cmocoGEocTelt atnx Ayr (Tak Kak & <C ;).
a BHYATAHEe § B3 mOTOKA B OGPATHRIX AYyrax He MO;KeT CHENaTh IOTOK
B 3THX Ayrax oTpAnaTeAbHENM (Tak kak & < §,).

Hcnonrsya HOBHE HcnpaBieHHH# DOTOK, MOKHO 3aTéM IOBTODHTDH

marm (a) m (6) B, ompefemws HoBHi paspes (X, X.), moBTopmTH
npeINAymEe pPacCyKIeHHA.

Cayuais (II), t¢ X, (1. 0. £ € 5'(3). B coorserctsEm ¢ marod (6)
Eiy = qus maa Beex (4, z5) € (Xo — Xo) B §uy = 0 poat Beex (2a, 7;) €

1) Or augmen (sam.) — yBesmdeHHe, HpHpamEHHe, HPHPOCT.— [Tpux.
nepes.
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€ (fo — X,). CaenmoBareiabHO,

2 Etj= 2 dijy

(0 % X g X ) (0 % PEX X o)

Z §k1=07

(0 XPEX y= X )

T. €. BeJIMIAHA OOTOKAa, & HMEHHO

pY B — 2 Entr

(0 X EX =X ) o TPEE - X

paBHa Bexdmumue paspesa (X, — X,).

Tar xak B cixydae (I) noTox Bce Bpems yBeamImBaeTCA N0 KpaiHei
Mepe Ha eIAHMIY, TO IPH NENOIHACIEHHOCTH BCEX ¢;; MAKCHMAJbHEIHA
NOTOK IOJYINM 33 KOHEYHOE WHACJIO MAroB — KaK TOJABKO BO3HEKHET
cayqair (II). Oror notok Gymer paBem TOria BeIUYHHE TeKYMEro pas-

pesa (X, — X,), KOTOpHIi, CIe0BaTeJbHO, MNOJEH TOINa GHTH
PaBHLIM MEHAMAJIBHOMY paspesy. Teopema noKasama.

HoBCTpYKTHBENA MeTOJl, HMCHOJB30BRHHHA NpH [OKA3aTeIbCTBE
TeOpeMH O MAKCHMAJIBHOM I[OTOKE M MMHUMAJIBHOM paspeae, I03BO-
IAeT Cpasy ke NOJYIATH AJITOPHTM BHYHCICHHS MAaKCHMAJIBHOIO
DOTOKa M3 NAHHOHW BepPmMMHH § B [aHHYK BepmuEy { B rpade ¢ u3-
BeCTHHIMA IPONYCKHHEIMH cnocoOHocTAME, Takoi aaropat™ Oyner
ceiiuac ommcas.

AxropaT™ HadmHaeT paldoTy C NPOM3BOIBHOIO JAONYCTAMOLO IOTO-
Ka (MO;KHO B3ATh M HYJEBOH IOTOK), 3aTeM CTPEMATCH YBEIWIATH
BEJIUIMHY INIOTOKa C NOMOMBI0 CHUCTEMaTHYECKOro IOHMCKAa BCEX BO3-
MOKHHX ayTMeHTAJBHHIX nemeil moroka ot s K f. [lomck ayrmenTans-
HO# MeNd 0CYMEeCTBIAETCHA ¢ IOMOMbI0 PACCTAHOBKHA NOMETOK B BepuId-
gax rpada. llomMerkm yKasHBawT, BOOJIb KAKHX AYT MOkeT OHTBH
YyBeJH@deH IIOTOK M HA2 CKOJABKO. HaK ToabKo HalifleHa OlHA W3 TAKHX
neneil, IOTOK BIOJL Hee YBEJXYHBAIOT 10 MAaKCHMAJLHOIO 3HAYCHHA,
BCe NOMETKH B BEpPMMWHAX CTHPAKTCSA W BHOBb INOJYYCHHRIA IMOTOK
HCIOJIb3YETCA B KAaYeCTBE MCXOJHOIO DA HOBOM paccTaHOBKE MOMETOK.
AxropaT™ 3akapamBaeT pafoTy M [gaeT MAKCEMAJLHHIA HOTOK, €CId
HeJb3A HAATH HA OHY ayTMEHTAJbHYIO menb. AJTOPHTM OPAMEHAETCH
caepyromum o6pasoM.

2.1. AJTopuTM paccTaHOBKM NOMETOK
A 3aja4il 0 MAKCHMAJLHOM (OT S$ K f) NOTOKe

A. PaccranoBka nomerok. BepmuHa MO:HeT HaxXOOHTHCA B OJHOM
M3 Tpex COCTOAHHI: BepmMHe NPHANACAHA NOMETKA W BepHIMHA MPO-
CMOTpeHA (T. €. OHa MMeeT NOMETKY M BCE CMEKHHE C Hell BePIHHH
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«06paGoTaHE®), MOMeTKAa NPUIHCAHA, HO BEepIITHHA HEe NIPOCMOTPEHA
(T. e. oHA EMeeT MOMETKY, HO He BCe CMeKHHe ¢ Hell BepmMBH o0Gpa-
GoTaHH), BepPIHHA He WMeeT nmoMeTKH. IloMeTka mpoMsBOABHON Bepma-
HH Z; COCTOHT H3 [BYX dacTeil B HMeeT OQUH H3 NBYX BHNOB: (--x;, 0)
wie (—z;, §). Yacts +z; DmoOMeTKE nepBOro THmA 03HAYaeT, 9TO
DOTOK NONYCKaeT yBeJH4YeHHe BAOAL AYrE (z; z;). Yacte —zx; mo-
METKE RPYroro THmA 03HAYAET, YTO0 HIOTOK MOs;ikeT ONTh yYMeHBINeH
BROAB AYTH (Z;, z;). B oGomx caysaax § samaeT MAKCHMAJBHYIO BeJH-
YAHY [ODOJHUTEJIBHOTO DOTOKA, KOTOPHE MO:KeT MPOTEKaTh OT S K Iy
BHOAb IOCTPOERHOR ayrMeHTaubHO# memm motoka. IIpmcBoemme mo-
METKH BepIIMHe I; COOTBeTCTBYeT HAXOKHGHMI AYTMEHTAIBHOR menm
OTOKa OT § K z;. CHavaja Bce BePMHAHH He EMEIOT IOMETOK.

Illaz 1. IIpacBoETH BepmmHe S IOMETKY (-5, 6§ (s) = oo). Bepmm-
He S IPECBOGHA NOMETKA H OHA OPOCMOTPEHA. BCe OCTAJBHHEG BePIHHH
6ea mOMETOK.

Ilaz 2. B3aTh HeKOTOPY HEOPOCMOTPEHHYI0 BePIEHY C HOMeT-
Koit; mycTh ee moMeTka Gymer (+zy, 8 (z:)).

(I) Kaxno#t memoMewemmoit Bepmmme z; € I' (z;), Aas kotopoid
8y < qi5, npHEcBoRTH moMeTRYy (—;, O (zj)), rme

6 (z;) =min [6 (z4), qi5—&jl.

(II) Hasknoit memomewemmoit Bepmmme z; € I'"! (z), maa KoTopoi
§;; > 0, npEcBoRTH moMeTKY (—zZ;, 8 (x;)), rme

8 (zj) = min [8 (z), & -

(Temepp BepmEHEA Z; E moMedeHa, H IPOCMOTPeHA, & BepHIHHH Tj,
noMeTKE KoTophM mpHcBoeHH B (I) m (II), AaBasworca mempocmorpen-
guME.) OGosmaumTh KarmM-1HGO cmocoGoM, 9TO BepmHHA Z; IpO-
CMOTpeHa.

Illlaz 3. IloBTOopATh mar 2 Ko Tex mop, moka aEGo BepmuHa ! GymeT
moMeYeHa, W TOTHA mepelitm K mary 4., amGo { Gymer He IOMedeHa
E HEKAKAX ADPYrAX IDOMETOK Helb3sdg GyNeT pacCTABHTH; B 9TOM clydae
aJITOPATM 3aKaHIABAeT paGoTy ¢ MAKCHMAJBHHM BeKTOPOM IIOTOKa §.
3nech caenyer oTMeTETH, UTO ecam X, — MHOKECTBO IIOMEYeHHEIX
BODIIEH, a X, — MHOKeCTBO He IOMeUeHHHX, T0 (X, — X,) ABaserca
MEHHMAJIBHKM paspesoM.

B. YBeamueHre nDOTOKa

Illaz 4. IlonowmrTs £ = { B mepeliTm K mary OS.

Ilaz 5. (I) Ecir momeTka B BepmmHe r EMeeT BEA (-2, 6 (z)),
TO H3MeHETH HOTOK BIOJb RYIH (2, z) ¢ & (2, z) ma § (3, 7) + O (2).

(II) Ecam noMerka B Bepmmue z EMeeT BEA (—2z, 6 (z)), To EaMe-
HATb NOTOK BROAb AYTE (z, z) ¢ & (r, 2z) HA § (2, 2) — O (8).
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Illgz 6. Ecnm z = s, To CTepeTh BCe IOMETKM U BePHYTbCA K Ima-
ry 1, 9To6K BHOBH HayaTh PacCTABJIATH IOMETKH, HO HCIOJNB3YA YiKe
VIyYmeHHH# NOTOK, HalJeHHHWH Ha mare 5. Ecim z % s, TO B3ATH
I = z W BepHYTBCA K mary 5.

2.2, Tlpnmep

Paccmorpmm rpag, msobpaskemmmit Ba pmc. 11.1, m Bo3bMeM B
KavecTBe MCTOYHHKA BePIIEHY I, 2 B KaJeCTBE CTOKA — BEPMMUEHY Tg.
Ilponyckere cmocoGEOCTH AYr yKasaHH HA pHCYHEKe. TpeGyercs
HAafTH MAKCHMaJbHEIE IOTOK OT I; K Ty

B xavecTBe Ha9aJBHOTO BO3bMEM IOTOK C HYJeBHIMH 3HAYEHHAMA
HA BCex Ayrax. AIXropamTM pafoTaeT cleAyomEM oGpazom.

Illaz 1. llpunmmeM BepmEEEe z; HOMETKY (-+x;, 00).
lllaz 2. (1) Muosxectso Bepmur {z; | z; € I (xy), &; << qij, 2; He

noMedeHa} eCTh {T,, Z,},
BepMHE X, NPHEOWCHIBAETCA IoMeTKa (-+;, min [oo, 14 — 0],

T. e. (+zy, 14),

BepmuHe <z, NOpunmcuBaeTcd (+z,, min [oo, 23 —0]), T. e.
(4, 23).

(II) MmoxecrBo Bepmme {z; | z; € ! (z,), &;; > 0, z; me mo-
MedeHa} ABJAeTCA NyCTHIM. MTak, z, moMeweHa W IpoCMOTpeHA, I,
U z, NOMeYeHH ¥ He NIPOCMOTPEHH, a BCe OCTaJbHEE BepIIMHL He
nomedernH. IloBTopsAeM mar 2 m NepBodl IpPoCMAaTpUBaeM BepmEEY Zs.

(I) Muowectso {z; | z; €T (z,), ;<< q,; ® z; He momedena)
ecTb {z,}.

AnA r3; noMetkod Oyner (4, min [14, 10 — 0] = (+4-x,, 10).

X, 0 Xy 18 Xy
14 8 20
e 9 n 12 Xq Xq
23 25 7 s
4 26 s 4 Xy

Puc. 11.1. T'pad n3 mpamepa 2.2,
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(IT) MrokectBo {z; |z; €T (z,), ;e <0 B z; He moMeuena}
siBnAeTcA nycTM. Temeps BepmMHARH z, B T, IOMEICHK H IPOCMOTPEHH,
a Z3 @ Z, IOMEYCHH, HO He IPOCMOTPEHH.

BepA mns mpocMoTpa z, B MOBTOPAA mAr 2, IpHAeM K CIeAYOOEM
TOMeTKaM:

ma z, moMerkoit 6ymer (+zs, min [10, 12 — 0]) = (4-z,, 10),
oaA x, moMerkoit 6ymer (x5, min [10, 18 — 0]) = (+=z,, 10).

Bepsa naa mpocMorpa z,, HaiifieM, 9T0 HAKAKHEX IOMeTOK paccTa-
sATh HeabsA. I[IpomonkaAa mpocMoTp ¢ zy, HOJAYYEM CJIEAYOIIAS
TIOMeTKH:

noMeTKa A z4 6yder (+z, min [10, 25 — O]) = (4=, 1V),
ooMeTKa INA 2, Gymer (--z,, min [10, 4 — 0]) = (42, 4),
noMeTKa miA Z, 6ymer (-+-z,, min [4, 15 — 0]) = (+-z,, 4).
Ilepexonsa x maraM 4 ®H 5, DOJYyIAM:
z =2y Ero=0+44=4;

=g Esa=4;
=215 Bs=4
T =X, Lrs=4;
L =Ty; Ei.2=4.

Brn moToka B KoHNe mara 5 H IOMeTKHE BepmHH 0 HX CTEDaHHEA
Ha mare 6 moxasaEn Ha pmc. 11.2a. Bce moToKE moKasaEH mogYepKH-
BaHHEeM.

CrEpad NOMeTKE Yy BepIIHH H BO3Bpamadch K mary 1 A BToporo
mpoxofia, HONYIHEM CliefyIOI{He HOBHE NOMETKH BepUIAH (IIOMeYeHHHE,
HO He IIPOCMOTPeHHHE BepHIHHH IPOCMATPHBAITCA B HOPAMNKe BO3pa-
CTAHHA HX HOMEpOB).

gz 3.

[Tomerkoit mna z;, 6ynmer (+z;, o0),

noMeTKo# mna z, 6ymer (+z;, min (oo, 14 — 4]) = (52, 10),
noMeTKoit g z, G6ymer (-, min [oo, 23 — 0]) = (+x,, 23);
Telleph BepIIRHA ¥, IIOMEYeHA H IPOCMOTpEHA.

[Tomerroit mna z, 6ymer (+z,, min [10, 10 — 4]) = (+z,, 6),
Temephb BeDIIEHA ¥, IOMeYeHa H IPOCMOTPEHA.

Ilomerkoit mna z, Gymer (+=zs min [6, 12 — 4]) = (4 x5, 6),
noMeTkoit paa x, Gymer (x5, min [6, 18 — O]) = (+-z5, 6);
Teepb BepmMHHBA Iy HOMeYeHA H IPOCMOTpEHa,

BeDIIEHA Z, TAKKe IIOMeYeHAa H IPOCMOTpeHA.
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(+2,,14) (+2,,10) (+x5,10)

|

(+x,00) 4 Xop(+25,10)  Pp+x7.4)
!

L3

£y

X4 £s 4 1
(+x,,23) (+X4,10) (+X5,4)

Pnc. 11.2a. Ilorokm W nomeTKEm uocje 1-if ATepan®d.
~— HACHIEHHHE IYTH.

(+x,,10)
X, 10
10
("’X]P")
5
|

X, Xg
(+x,23) (*25,8)

Pnc. 11.26. IToTokz @ uOMETKE mociae 2-i HTepammH.
-~— HACHIIEeHHKE [YTH.
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(x,4) [0 (“45,10) (+5,10)
x \
3

10 XHex19) )
)
7 7 (
4
A > X,
(+X,,23) (+4,,23) (+Xg 1)

Puc. 11.28, IloTokEr ® moMeTKE mocile 3-% wrepammm.
~— HACHIEHHHO XYTH,

X4,10
pfAH 0 x50
X
3
10 A 10
(4.;',&} Xy 2+, 18)  N(+x,,10)
1 Xy
i 1 a4
P n X i
4(”“22) (+%,,22) Ay

Puc. 11.2r. ITororm m momeTkm mocme 4-# ETepammm.
— HACHIIGHHHE AyTH.
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(*4.4) 10 8 10
X, -
10
(+4,,00)
Xl
19 15
19
X4
(*+ 4,12) g Xy
(+%4,12)

Prc. 11.2n. IloTokm E moMeTKH mocie S5-I HTepandm.
— HAaCHIMEHHKE NYrH.

(+x,4) |
12 l\ Xy s
(+X1rw)
x Xy
X4 A | 47
(+x,4) (+X4:4) Munvwmanuubi# paspes

Pmc. 11.2e, IHoTokr n noMeTkm mocae 6-i1 nrepaum,
— HAaCHIIEHHHe AYIH.
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Ilomerra nasm z4 Gynmer (+2z; min [6,25 — 0] = (4-z,,6),
Temeph BePIIMHA Z, HOMeYeHA M IPOCMOTPEHA.

IloMetro®k pmun =z, Gymer (-+z¢ min [6,7 — 0]) = (+z,,6),
Temeph BEPIIHHA Z, HOMEYEHA H IPOCMOTpEHA.

IloMetxolk nam z, Gymer (-+=z; min [6,45 — 4]) = (+2,,6).

Maeu 4 u 5.
HonHe DOTOXH yBeAHYENHCH CIAeAYHOIIHM 00GpasoM:

Br0=4+6=10; £ ,=0+6=6; Ec=0+6=6;
Bas—=4+6=10; &3=41+6=10; §,=4+6=10;

BCe OCTAJBHHC SHAYCHHA HNOTOKA HO HBMEOHHIHCH.

Hoprit BER mOTOKA M NOMOTRH BePIIMH A0 CTHDAHEA HOKASAHH
Ha pmc. 11.26.

IIpomomxan maapme, moxydYaeM HOCKe KA:KAOr0 HPOXOAAa AATO-
PETMA IOTOKH H IOMETKH, M806pa’KeHHHE IOCIEAOBATENRHO HA DH-
cyskrax 14.28—11.25. AnropaTM saKagumBaeT pa6oTy, Korna BepmMua
He MokeT GHTb IOMEY6HA; ¢3AKNNYATOJBHEE) HOMETKE HOKASAHH
Ha pmc. 11.2e.

ITotox ma pmc. 11.2e ABIAETCA mMOITOMY MAKCHMAIBHEM IOTOKOM

co sHavYeRMeM 20, & COOTBETCTBYIIIME MEUHEMAILHHI PAspes NOKASAH
oyeKTEpoM Ha pmc. 11.2e.

2.3. NaxpeMeBTagRERe rpadni

Ilponecc maxoxnenms B rpade G = (X, A) ayrMemTansHOE nmenm
DOTOKA, KOTZla HNOTOK IO AYraM B8afaeTCA BEKTOPOM §, MOKHO pac-
CMATPHBATH RAX IPONECC HAXOKACHHA NONH (0T § K £) B UNKDEMENMANL-

nox rpade G* () = (X», A"), ompenensiemoM ciemyrommm obpasom:

Xt=X, A=Aty4,

rae

A‘i’. -{(1'5". z}&) I§U< Qu}.
OpEYeM ngponycxnan cmocobmocts nyrm (z¥', a¥) € A} paBma gf} =
=qy—cip B

A% ={(=}, =) | &> 0},
npngen npomycKeas cmocobmocts nyrm (zf, z3') € AY pasma ¢} =
= si4-

Hponenypa PAcCTAHOBKH IIOMGTOK B AJrOpHTMe, OIHCAHHOM
B pasan. 2.1, ABJAETCA TeIePh He Y6M WHHIM, KAK MeTOIOM HOCTPOGHEA
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Prc. 11.3. (a) I'pad G, motoxn &;; KoToporo mogvepkEyTH. (6) MEKpeMenTanpHu
rpap G* (§).

RocTHREMOr0 MHOkecTBa R (s) B mEKpeMenTaabHOM rpade G (E).
Ecam t € R (s), T. e. ecI:m BepmAHEa ! NOJYYMIa DOMETKY, To B rpade
G* (§) maiimena nemb P oT s K f. AyrmenTtaabsas menb B rpade G
ABJsIeTCS Teneph Henblo P, rie AyrH M3 P B A} ABIAIOTCA OPAMHMHE
dyramm, a iyre 3 P B A} sABaAwTcA o0paTHHMHA NYraMH.

Ha pmc. 11.3(a) nam npamep BekTopa & B rpade, Ilie mOMIEPRAEYTHO
9ACIa 3aJ2I0T NOTOKH, & ApYrMe 9HCIa Yy AYTr 3afaloT NPONYCKHHE
cnocob6uocTr. Ha pme. 11.3(6) msobpasken coOTBeTCTBYIOMHA HHKpe-
MeHTadpHEHM rpad G* (E).
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2.4, JeroMmosEnEA mOTOKA

HNuoraa GLBaeT ejaTelbHO NPEACTABHTh CIOKHHI HOTOK KaxK
CyMMy OpPOCTHX IOTOKOB. JT0 GHBaeT NOJE3HO He CTOJNBKO H3-38&
TOTO, 9TO TAKAA AGKOMIOSHIMAS HYKHA HA IPAKTHKe, & NOTOMY YTO
OHA faeT JydYmee NOHWMAHHE NPHEPOAH HOTOKOB B CETAX H CIYKHTY
yAOGHEM CpefiCTBOM AJA 060CHOBAHHA MHOTHX IOTOKOBHX &JTOPHTMOB.

O6oamagam qepes h o (S) TaxoXk morok B rpade G, B KOTOPOM HOJIO~
weHo &y = h par myr (x4, 2;) €S ® Eyy = 0 paa nyr (z;, z;) ¢ S.
OueBuano, 10 ko (S) me Bcerna GymeT IOTOKOM, €CJIH MHOKECTBO
Ayr S DpoH3BOJLHO, TAK KaK IOTOK JOJ:KeH YAOBJIETBOPATH ypaBHe-
HE0 HenpepuBHOCTH (11.1) npE HexoTopoM sHauemmE v. CoBepmeHHO
O0YeBHIHO, 4TO AAA TOro, 9To6H k o () mpeAcTaBAANO NOTOK, MHO-
#ecTBO AYT S KoMKHO GHTH HIE mensw oT s K £ B G, AnE qawioM BG.

Jaa AByX safaHEHX NOTOKOB § & 1 depes § + 1 0608HAYEM IIOTOK,
SHAUGHHe KOTOporo Ha Ayre (z;, z;) paBEO &;; + ¥y

Teopema 2. Ecau § — npoussoavkuiii nomox (om s x t) ¢ spage G
¢ (yesouucsennun) snauenuex v, mo § Moxno npedcmasumv 6 eude

t=10(P)+10(P)+ ... +1o(P)+10(P)+
+10(D)+ ... +10(Dy),

20e P,, ..., P, — npocmuie yenu (om s 5 t) ¢ zpagpe G, a @,, ...
y Op — npocmue yursan ¢ G
(P, 'n @, me 06A3aTeNBHO JOMKHH GHTHL pasIHIHLIME),

Hoxasameavcmso. \as rpada G = (X, A) c moroxoM ¥ moctpomm
ynumapruid rpad G° = (X¢, A®) caepyrommm obpasoM. MmuoKecTBO
sepmmE X° rpada G° coBmamaer ¢ MEOxkecTBOM BepmmH X rpada G.
Ecam §;; — norok no nyre (z;, z;) rpada G, T0 Me;KIy BepIMEHAME Z§
n 2§ rpada G° nposeniem §;; napamneasanx xyr. I'pad G° Gynmer torna
s-rpadoM, H TARK KaR Ra)KAaA Ayra B G° COOTBETCTBYOT ofHHHL NOTOKA
mo Ayre B G, 10 rpad G* mpeAcTaBAAeT mOTOK § B G.

B rpade G° crenen? BepmHEH AO0MKHH YAOBIETBOPATD (B CAIY yCIO~-
paA genpepuBHOCTH (11.1)) ycaoBmaM

do (%) == dy (%), Vit s' mam #°,
do (5°) == dy (£%) me v,

Ecam reneps fo6aButs k rpady G° v Ayr BosBpaTa 0T BepmHAN I
K BepmuEHe 5°, T0 B rpade G° GymeT CymecTBOBAaTH 3iinepoB muKi (CM.
ra. 9). Ynanesme aTex v gyr B8 slfizepoBa mEKAa AacT v memel or 8
K £, ROTOpHe B COBOKYIHOCTE HPOXOXAT mo Kaxkpok ayre rpada G
Toano onuH pas. Ilycts ste nenm 6ynyr P, P,, ..., P,. llemn P;
He 06:8aTeIbHO IOKHK GHTh NPOCTHMH, XOTA (B cn.ny onpefelleHHS
siitepoBa IEKJIa) B HAX He JOJKHH COfleP’KaThLCA OJHHAKOBHO AYIB.
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Ho rak xak mio6ylo HempoCTy® NeNb MOXHO DacCMaTPHEBATh KaK
CymMMy IpocToll menu (0T s, K £,) ¥ HEKOTOPOTo YMCJa NPOCTHX MOIAPHO
HelepeceKanmnxCcA N0 IyraM IHKIOB, TO

S=10(P)+1e(P)+ e+ 1o(Py)+1o(D)+ ... +10(Dy),

rae P; — npocrad pensk (oT s, K t,), a @; — upocroit nura. Teopema
RoOKazaHa.

B ofmeM ciyuae we Bce NUKIH ¥ Men¥ GYAYT pasamYEHME. Ecam
TONBKO mepBhe U’ memeit 11 k' 1WKI0B pasadmuEsl, npudeM mens P,
BCTpedaeTcA B cmoucke P, ..., P, h; pas, a nura P; B coucke

3
o ¢
(a)
X (ABaXKAbl) X,
S5 o— 2 ot -0 F
+
X,
s x, ud Y
X Xy
+
XZ XS X5 X7
+ +
X Ay Xy (ABAXKAbI) X4 A (ABAXALI) X
(6)

Prc. 11.4. [leKoMImoauIus NOTOKA HA 3JeMeHTapHLE (OT s K f) IOTOKH WO HEOAM
2 nekiaaMm. (a) Ilorok E. (6) Iens m muKas moToxa E.
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Dy, ..oy Oy, !; pas, T0 § MOMHO SamECaTL B BHJE

v’ R’
§=‘§1 hyo (Py) +‘§ Iy (Uy),

rfie CyMMHEpDOBaHMe OOHMMAETCA KAK CJHOKeHHEe IOTOKOB B YKasamHOM
BHINE CMEICIe.

B mponecce nokasaTeqbCTBA TEOPOMH 2 HOXYYeR APYIOH Bay<HELN
pesyJbTaT, & HMEHHO 9TO e[HHAYHNE IOTOKH, HA KOTOPHE pAas/0Ken
HOTOK §, ABIANTCA KOH@HODMAGABHWMU, T. €. 6CIE §,, — SHAYEHHe
moToKa Ha Ayre (r;, ;) rpada G, To cymecTByer Bcero £y, eEHEIHRX
noror:c)m, KOTOpHe BCe HCHOJAB3YIT 8Ty AYTy B HANpABIGHEH OT Z,
K 2.

mc. 11.4 naer mpEMep moToka § W ero AeKOMNOSHUHAKD HA IPOCTHE
mem® (OT $ K {) H IEKIH.

3. IlpocTeie BApHAHTH 32aYB 0 MAKCHMAJbLHOM HOTOKE
(or s k ¥)

Mu namuM Temeph pAm 8ajad, CBASAHHHX C HOTOKAMM, KOTODH®
OpOCTO CBOJATCA K BARAYe O MAKCHMAJILHOM IOToKe (OT $ K f), pac-
CMOTpeHHO BHMIe.

3.4. I'padH CcO MROrHMA HCTOUHHKAME H CTOKAME

PaccMorpEM rpad ¢ 1, HCTOURNKAME H 1, CTOKAME H NP0 OMKHM,
9TO HOTOK MOKeT HATH OT JI60r0 HCTOUYHHAKA K JoGoMy CTOKY. 3ama-
9y HAXOACHHA MAKCHMAJILHOIO OOHIero mOTOKA OT BCeX HCTOUHHKOB
KO BCeM CTOKAM MOKHO mpeo6pasoBaTh B IPOCTYI 8aKa3y O MAKCH-
MaJILHOM IOTOKe (OT $ K 1) IyTeM NoGaBJeHAA ROBOI'O HCKYCCTBEHHOI'O
ACTOYHEKA $ H HOBOI'O HCKYCCTBEHHOTO CTOKa I ¢ RoGaBiemmeM Ayr,
BellyIIHX OT $ K KA/KJOMYy HCTHHHOMY HCTOYHHKY H OT KaKJOro HCTHH-
HOI'O CTOKa K f.

Ha pmc. 11.5 mokasamo, Kak MHO<eCTBO HCTOYHHKOB M CTOKOB
MOeT GHTH CBONIEHO K eIHHCTBEHHOMY HCTOYHEKY H eIHHCTBEHHOMY
croxy. IIpomyckEne cmocoGHOCTE Ayr, BeAyMHX OT § K HCTOIHHKAM,
MOTryT GHTL BHOPAaBH pPaBHHMHE GEeCKOHEYHOCTH HWJIH B CJyd9ae, KOIZa
NPOHSBOAMTENILHOCTh HCTOYHHMKA S, OrpaHWYeHA, IPONYCKHAA CIIO-
cobaocts coorBercTByOmel NyrH (S, S;) MOKeT GHTH BGpana paBHOK
aToii rpaHEne. Touno Tak ke HPONMyCKHEE CIOCOGHOCTH AYr, BeymEX

1) Nlotok Be GyneT KOEQOPMANbHKM, 6CAH, HANPHMOD, CYMECTBYET Ey+p
©[IMHHIHHX OOTOKOB, HCIO/NbL3YIOMEX AYTY B HAIPABIGHHH OT z; K j, M p'e[lHHAY-
HHX OOTOKOB, HCHOALSYIOIINX JYry B NPOTHBONOJOKEOM HANPABIOHEH, H BCO
9TU NOTOKM, TaKkM 06pa3o, AaloT o6mmil HOTOK OT z; K 2, paBEkilk;;. B o6mem
Clydae npa noToka § m P GyAyT KoBopMasbEEME, ecass Ans awboik ayrH (z;, z)
Gyner £ ;%5 = s
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OT CTOKOB K ¢, MOTYT OHITH OTrpaHHYeHH HEKOTOPOX BeJIMIMHOH (3aBH-
CAMEA 07 CTOKOB) WMJIM MHOJOKEHH pABHHME OeCKOHEYHOCTH, eCIH
TaKO@ TpaHAIL HeT.

Ecim B 3agade HEKOTOphie CTOKH MOJIKHH CHAGKATBCA TOJNBKO
onpefeJOHHBIMY HCTOYHMKaMH Uk HaobopoT, To OoHa yxe He OyaeT

5

S2
§ fpap G t t
s 2
HcKycCTBEHHbIN 5 : HekyccTBEHHBIA
HCTOYHUK 3 CTOK
Sa
HMcTOoYHMKH CToKM

Pme. 11.5.

npocTofi pa3sEOBHAHOCTHIO 3aflad¥ O MAKCAMAJBHOM NOTOKe (0T § K £)
H CTaHOBATCH B3ajadedl 0 MHOTONPOAYKTOBOM HOTOKe. JTa 3ajada
yoommBanach Bo BeemeHmm (cMm. samagxy (III)).

3.2. Tpadm ¢ NPONYCKHMIMHA COOCOGHOCTAMH YT M BEPUIHH

Ilyets B rpage G myrm HMeOT HpOmYCKHHE CHnocobGHOCTH g;j,
¥ 1yCTh, B JONOJHEHAE K dTOMY, BEpIIMHH rpada MMeIT HPONYCKHE
cnocobroctn w; (=1, 2, ..., n), ckaeM, Takde, 9TO NOJHEIA
fIOTOK, BXOAAMME B BEPIUHY Z;, MOJKEH MMeTh 3HadeHUe, MeHbIIee,
qeM wj, T. €.

§;i<<w; nna Bcex Zj.
xiel‘—l(xj)
IIycth TpeGyeTca HaiiTH MaKcHMaJbHHE HOTOK MEXKAY BepPMMHAMH §
¢ ! TaKkoro rpada.

Onpenemam rpad G, Tak, 9T06M Kakaas BepmmEa z; rpada G
COOTBETCTBOBAJIA JBYM BepIIHHAM X} M zj B rpade G,, npadeM KaKxoi
nyre (zi, z;) m3 G, WEOUAEHTHOA BepmMMHE Z;, COOTBETCTBYeT AYTra
(7, z}) a3 G,, MEOAAeHTHAsA BepmEEHe I}, W Kaxkmoi ayre (z;, z;)
w3 G, mcxopameit U3 x;, cooTBeTcTBYET nyra (27, z3) u3 G,, AcxoaAmasn
m3 z;. Kpome Toro, BBemieM Ayry Meskiy x! m z; ¢ HpPONYCKHOM cmo-
Co0HOCTBI wj, T. €. PaBHOH HIpPONYCKHOH CHOCOGHOCTH BEPIIMHH Zj.

Ha pmc. 11.6 (a) nam npmmep rpada ¢ nponycKeEHMA cnoco6HOCTA-
MH AYT ¥ BepmuH, a Ha puc. 11.6 (6) mokasam rpad G,, nocTpoeHHNH
B COOTBETCTBHE C NPHBEJ@HHHM oNMcagdmeM. TaK KaK HOJHKN HOTOK,
BXOAAIMI B BepmuUEY z;, HeoGXomuMo JoJkeH OpOTeKaTh mO AYyre
(zi, z7) ¢ DpomycKHOH CHOCOGHOCTBIO wj;, TO MAKCHMAJIBHKIE HOTOK
B rpage G ¢ mpPOOYCKHHMHE CHOCOGHOCTAMH AYT ¥ BEDIIAH pAaBEH
MaKCcAMaJlbHOMY HOTOKY B rpade G,, HMEIOIEM TOJHKO HPONYCKHELIO
coocob6rocTm Ayr. ClexyeT 3aMeTHTh, 9TO eCJIM MHHEMAaJbHHA paspes
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(wy) )
4 924 A
%2 952 934 945
") ")
x 925 [ 95,4 ,r:
%3 Is6
X L] X,
) ¥ )
(a)

35 N\,
B%E s BN
(6)
Poc. 11.6. (a)( I'pad, BepmmmaM = ﬁrax KOTODOr0 NPHEINHECARH NOPONYCKHE®

cnocobmoorm, (6) OKBaBaneRTHLIE Ip B KOTOPOM NpPONYCKEL® CHOCOGHOCTH
HMOIT TONBKO JYTH.

B (G, He COMlePKAT AYTH BHAA (z], zj), TO ONPOOYCKHHE CHOCOGHOCTH
BCPIEE B (G DAaCCHBHN M MSJIMmEHA. Ecam ke MEEEMajsRHHE paspes
B_G, CONep’RAT TAKHe AYTH, TO COOTBETCTBYIOINEE BePMHUHK B G HacCH-
IIeHH NOOYYeHHHM MAKCHMAJILHHM IOTOKOM.

33 I'padl, y KOTOPHX DPOmYCKHEE CIHOCOGHOCTE Ay
OrpaHHYEHB! CBEPXy H CHH3Y

PaccmorpEM rpadp G = (X, A), nyrE (z;, z;) KoToporo HEMemT
UPOUYCKHEe Cnoco6HOCTH (BepXHHe rDaHENH HOTOKA), CKaykeM, ¢;j,
4 TAKX)Ke HMMOWT HIKHNe TPAHHNH IIOTOKA, CKaxeM, ryj. JlomycrmM,
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49T0 MH XOTHM Y3HATh, CYI[@CTBYET JH AONYCTAMEIA IOTOK MeXKAy § 1 £,
T. 6. DOTOK £;;, YMOBJIETBOPAIOMHAA IJIA BCeX AYT (z;, z;) W3 G ycuo-
BEpo (11.1) m, KpoMe Toro, HepaBeHCTBAaM ry; << &y < Giy-

HaumeMm c BBepenns B rpade G HOBOro MCKYCCTBHHOrO HCTOYHH-
Ka S, M HCKYCCTBEHHOI0 CTOKAa f, B IOCTPOEM HOBHE rpad G,. [Haa
Kaxpoi xyra (z;, z;), y Koropoit r;; =0, BBemeM AyIm (s,, z;) B
(z:, ;) c mponyCKHNME cmocoGHOCTAMEA ry; W ¢ HEHOH rpanmmed 0.
YMensmmM ¢y [0 q;; — Ty, a ryy Ko 0. Kpome Toro, BBemem nyry (£, s)
€ g, =00 & ry, =0.

Ilpmmenas, manpmmep, atm npeoGpasosamms K rpady, maobpa-
’eHHOMY Ha pHc, 11.7 (a) m EMewmeMy TOJBKO JBe IYTA C HOHYJEBH-~
ME HEPKHEMA IPaHANAaMH, N0JAy4YeM rpad, moKazanru# ga purc. 11.7 (6).

X, (Qgy,) X (Re9se)  Xe

(733953

Puc. 11.7, (a) 'pad ¢ BepXHEAMH H HE)KHAMH I'DAaHANAMHA [IOTOKOB, OPOXOAAMHEX

mo pgyram. (6) IIpeobpa3soBammmit rpad, B KOTODOM JJiA MOTOKOB HMEIOTCA JIHIIL

BepXHAe TpAaHUNON (JlaHL 3HAYEHAA BEPXHAX TIpAHAL, BCO HIYKHH® TDABHHMIL
PaBHH HYJIW).
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JTalineM Teneps MAaKCHMAJBEHI DOTOK MEKAY HCKYCCTBOHHLIME BEpIIH-
HAMHE §, B {, mpeobpasoBarnoro rpada G,. Ecam sHaven®e MaKCEMAJIb-
HOTO NOTOKa (OT 8 K £5) eCTh ) ryy (T. e. eCim Bce AYI®, BHXO[AMIME
', ]#U
H8 §,, M BCe NYIH, BXOAAmMEe B f,, HACWIEHH) H, CKaxKeM, IOTOK
no pyre (f, s) paBen f;,, TO B mepBOHAYANHHOM rpade cymecTByeT
NomycTEMEIT MOTOK co sHadenmeM §,,. B aToM Mo:xmO y6emmTHCA TAK.
Ecaim Mu BHYHTaeM ry; H3 IOTOKa B Oyrax (z;, f;) B (sS4, Zj) H Ho-
GaBaseM ry; K OOTOKY B myre (z;, Z;), To 8HAYeHHe NOJHOro NOTOKA
OT 83 K f; YMeHBIIAOTCA HA BeJWIMHY Iy, IOTOKH IO AyraM (r;, f,)
n (85, ;) yMeHPMAKWTCA N0 HYJAA, & DOTOK N0 Ayre (z;, r;) NpEAEMaeT
aunavenme E;y, ryy << &y << ¢y (Komewnoe sHawermme E,; paBmO Ty,
eCAH NepBOHAYANBHOe B3HAYEHHe §;;, COOTBETCTBYNINee MaKCHAMAIL-
HOMY HOTOKY, PaBHO HYJI0 H KOHEYHO® SHAUeHHe £,y PABHO ¢;y, ©CJIH
NepBOHAYANbHO® 3HAYEHHe §,; ABIAETCA MaKCHMAJBHO BOBMOKHEIM,
T. . qyy — Tyy). lllar, cocroAmul B BHYATAHHE NOTOKA B8 MaKCHMAJb-
HOro IIOTOKAa, NPOTHEBOLONOEH INATY YBeJAWYeHHA B AJTOPHTM®
MAKCHMAJBHOTO NOTOKa. Tak KAK MH AONYCTHIH, YTO MAKCHMAJIBELE

HOTOK OT 8, K I, paBeH ) Iy, TO TMpOmecC BLIMETAHEA INOTOKA HpH-
ftﬂo

BefileT B KOHEYHOM HTOre K HYJOBOMY IIOTOKY OT S, K f, (cmexaB TeM
CAMHM 3TH ABe HCKYCCTBOHHHE BePIIHHH H HHIHJGHTHHe HM JYTH
HBJIBITHEMA) H IOTOK BO BCeX AYrax ¢ ryy = 0 6ynmer Je:xatp B npefie-
aax ryy << &y << ¢45- Honeunnilt pesyinrraT ABadercd, CI6[0BATeIbHO,
CQHDRYJNAOHeM» HOOTOKa B rpade, IpEYeM BHAYGHH® STOro IOTOKA
paBEo §;,. C Apyrof cTOpoHH, CmpaBefIHBA

Teopema 3. Ecau anavenue maxcumasbioz0 nomoxa (om s, K i)
6 zpage G, ne pasko Y, T, mo 6 spage G Ke cywecmsyem KuKarozo
f‘ﬁo

donycmumozo nomoxa.

JlorasaTeabCTBO 9TON TeOpeMH NpejuaraeM B KadeCTEe ynpackae-
HHEA vEATaTeNo (CM. sajawy o).

4. MarceMaabRNE NOTOK MRy Kempoli mapoii Bepmun

B EHeKoTopHXx cayuasAx, HaOpAMep Korna rpad npeAcTaBiaAer
Tel1e§OHHYIO COTh, BOPIIRHKN KOTOPOH COOTBETCTBYIT CTAMIEAM, a AY-
ra — renedOHHNM JUBHMAM, MOKeT moTpeGoBaThea HaliTE MakcEMann-
HYI0 CKOpDOCTDb IepefaTd coobmennl Me)xny MABYMA 400WMU CTAHOEA-
va s u {. [Ipm aToM npepmomaraercs, uro B A0Gol EKCHpOBaHHEE
MOMEHT BPeMEHE Kayk[iafl CTAHIHEA MOKeT GHTH CBASAHA ¢ IPOHSBOJL~
HOif fgpyroif, HO JEHmb ¢ ofHO# cramnmmed, B mammoM npumepe mpo-
nyckHaA cnocobnocTs Kabenda paBHEA YHCIY He3ABHCHMHWX PasTOBOPOB,
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KOTOpHE MOryT BecTHCh mHo HeMy. Ilogo6Has cHTyammsa mMeeT MecTo
4 B caydae, Korjga rpag mpefcTaBiasieT CeTh AOPOr € OJHOCTOPOHHEM
ABH:xeHEMeM U TpebyeTcsA oIpefenHMTh, KaK ONHOCTOPOHHEE [BU/KeHHO
BIHAET HA MAKCAMYM TPaHCIOPTHOTO HOTOKA MeXKAY ABYMA pailoHAMH,
ecid 3TH pafdoHW paccMaTpmBaloTcA 06ocoGiaeHHO Apyr OT Apyra.

Kak 65110 oTMEUeHO BO BBe/leHMH, 3Ta 3ajada MOKeT GHITH pemena
OpPOCTO C IOMOMBIO 3aJa¥ O MAKCHMAJBHOM LOTOKe (0T S K f) qas
Bcex map BepmuH (S, ). OfEaKo TaKo# MeTO[ H3IMIMIHE TPYIOEMOK,
OO3TOMY Ml H3J0;KHM 3fech axropmrm I'omopm m Xy [14], xoTopmii
B caydae HeopuenmupoeanHwxr rpadoB HaMHOro Goxee 3ddexTHBeH.
Tak Kak 3TOT aJArOpUTM HCHOAL3YeT JBa BAKHHEIX IOHATHAA, TO MH
cHagajJa obcyaaM mX, 94ToOH cHenaTh Gojee SCHHEM OmMCAaHAE CAMOIrO
aJropmT™a,

4.1. MoTokoRas DKBABAICHTHOCTH

Teopema 4. IIycmdv f;; — sHauenue MarcumaibHO20 nomoka om
6epWURBL T; K sepuune xy 2paga G. (Tak kak G — HeopueHmMUpoBaARHBL
epag, mo f;; = f;;). Omu nomoru ydosiemeopsIIL COCMHOWEHUID

fij=zmin[f;y, fa;] 0as ecec i, j, k. (11.8)

Hoxasamesvcmeo. Ecam (X,, X,) — MuEmMaJIbHEEA  paapes,
Raromad fi;, T. e.

fiy=v (X, Xo), r€X,, szXOa

TO IpHA Zp, € X, BHIOJIHEAETCA HEPABEHCTBO f;; == fn;, Tak Kak (X,, X,)
ABIsETCA TaK:ke paspe3oM, OTAENAOLIMM I, OT Z;, a OpA zj € X,

CIpaBefJIABO HEPaBeHCTBO f;; == fip, Tak kak (X,, X,) sABaserca
TaK)ke paA3Pe3oM, OTAENAIOIEM Z; of zp. OTCofa HeMe[JeHHO BHITe-
KarT TeopeMa.

lToBTopuo npumenssn HepaBemcTBo (11.8) Kk moTokam B cKoOKax
a3 (11.8), noayumm

fiy=>min (fy , Tugrys Trgngs o v en fhp:i] (11.9)
AaA m060f HOCTeR0BATONBHOCTA BEPUIMH (Z;y Th,y Thy, Thgy « » o Zn,»
Zj.

Ecam temeps paccMoTpeTh ramoTeTddeckmi moammi rpad G’ ¢ n
BepWIAHAMHA U B3ATH B KadeCTBe «IJIHHED pebpa (z,, Ij) MakcOMalb-
HBl IOTOK fij M@KAY COOTBETCTBYHOIMME BepIIMHAMA I; 4 z; 43 G,
TO 3TH ¢IJHHK MOKHO HCIO0JbB30BAaTh JJA INOCTPOCHHSA «IJIAHHEHAmEro
octoBa» I'* rpada G’, NpEMeHSAs OQMH U3 METOHOB MOCTPOEHHA Kpat-
qaiimero (41¥ NJMHEEAmEro) ocTOBa, NPEBEJeHHHX B Ia. 7. B coort-
sercTBud ¢ (11.9) MoixEO cKasaTh, 9TO HOTOK f;; Goablme WIM paBeH,
4YeM ¢UIMHA» KpaTdadmero pebpa, JeKaiero Ha eJAHCTBEHHOH IelH
B I'™ u3 z; B z;. Ecxm, ongako, f;; Goabme, 9eM ¢«IJdAHA» KpaTdaimmero
peGpa, To ynanemme 3toro peGpa @ foGasaeHme (xi, z;) AacT HoBO®
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mepeso H3 G', Gomee muuEHOe, 9eM I'*, 9TO MPOTHBOPETHT HpEAUOI0-
WenH0 o MakcuMaabmocTH T'*. TakmM obpasoM, fy; HOMKHO GHTH
Pasko ¢NIAEHEY KpaTdafimero pe6pa Ha eNMHCTBeHHOR HENM H3 Z; B I;
B nepese T*. CiemoBateanHO, ApeBOBEAHHE rpad 7*, mpomyCKHHe
CIOCOGHOCTH JYr KOTOpPOro paBHH ¢AaAmEaM» pebep ms G’, Gymer
nomoxoso sxeusasenmen nepBopadaibaoMy rpady G. Ilom motoroBok
9KBHBAJIEHTHOCTHID IIOHAMAGTCA CJIGAYINIee CBORCTBO: ecaH rpadu G
B T paccMaTpHBAITCA KAK ¢IePHHE AMMUKM» ¢ BOPIIHMHAME ¢BHBOJCH-
HHIME Hapy#y», To 8TH Ba rpada GyIMyT BepasamuMMH NpPH XapaKTe-
PHSANME HX C MOMOImFI) MAKCHMAJLHHX IOTOKOB MEAY NapaMy
Bepmun. BumenpmBefiennas KomcTpykmusa rpada T* saBasercAa mpe-
neapEO o6meit B mokaswBaeT, 9T0 AAA aGoro rpaga G Beerma cy-
LeCTBYeT MOTOKOBO SKBHBAJICHTHHIA [peBOBHEHHI rpad T'*.

4.2, Kongencanua sepomn

HpennonoxmM, wro aaa rpaga G = (X, I') pemema samaua o
MAKCHMAJBHOM NOTOKe (OT § K ), pEYeM s H t — nBe cayvalHEM
o6pasou BHGpanmHe BepmmpH. Ilycts (X,, X,) — MmEBMadpHHE
Paspes, COOTBETCTBYOMEH MAKCHMAJIBHOMY HOTOKY, ¥ PACCMOTPHM
ABe BOPIMEK 2; B z,, Je;kamue obe B X, (mam obe se:xxamme B X,).
Ecam mu Temeps XOTHM HAaHTH f;;, MAKCEMAJBEKI NOTOK M8 I; B I,
TO BCO BopmAEH H3 X, (anm X,, ecIE Z; B Z; € X,) Moryr 6MTB 4CKOB-
AREeHCHPOBAHL B ORXHY BEPHIAHY Z, KOJb CKOPO pPeYb HKNET TOJBKO
0 BHYHCIIOHEM LIOTOKA. JTa KOHIeRCamus TaxoBa, 9ro pe6Gpa (zay zp),
z, B 7, € X, samemnanTca pebpasu (z,, Z,) B J06He NapaLTeNLHNE
pe6pa me;Iy omHOR B ToR e mapoil BepmEH (KOTOPHE MOTYT IOJY-
9ETBCA) 3aMEHANTCA eXHHCTBeHHHM peGpoM, HpomyCKHas cmocol-
HOCTh KOTOPOr0 PaBHA CyMMe IPONYCKHWX CH0COoGHOCTefl mapasmens-
HHx pebep. Ha pmc. 11.8 (a), (6), (8) maxocrprpyerca mpomece KoH-
nercarmuu, Tor daxt, wro Takas KoHJeHCANMHEA MHOMKECTBA X, BOB-
MoxHa, 61 ycraBoBieH I'umopr B Xy [14, 16], pasemBmEME Brnre-
ONMCAHHHNA HaME MeTol. B nokasaTenncTse moxasuBaercd, 9TO BCe
BepmaHH X, MO/KHH JeKaTh ¢ OXHOE M TOH Ke CTOPOHH OT MHHH-
ManbHOTO paspesa (Y, Y,), otnensmomero z, or zy (v, 0, i X, =Y,
mmm X,<Y,), Tak 9ro BHyTpémHEe cBofictBa momrpada (X,, T
rpada G Be BIMAKNT Ha BHIMCIGHHe MHHEMAJIBHOIO Paspesa Mekmy
zt ) ¢ zjo

4.3. AropuTM mOCTPOCHAA MAKCHMANLHOIO NMOTOKA
MMy BCEeMH NapaMW BepIIME

AnropnTM, ONMCPHHHI B HacTOAINeM Dasfele, MOPOMAAET lepe-
Bo 7'*, KOTOpoe IOTOKOBO 3KBHBAJEHTHO HEODACHTHPOBAHEOMY rpa-
¢y G. MakcHMANBEEE HOTOK f;; MeXAy ABYMA BODIIHHAME Z; M T,
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< Xo> < Xg>
/—\ (o/\
e /
J
4 8
B
o5 Xyo ~o to | (a)
\
130\1 4 ~o
OXI \

NiponyckHble cnocod -
{Xy>  Hoctu pebep

TN

X
IS 5

XZ ! 70 (6)

~

16=5+8+3

Xy (8}

Puc, 11.8. (a) MuuumanpEuit (or s K t) paspes. (6) Kompencanms sepmun mpm
BHIMCIGH U1 DOTOKA OT z; K z;. (B) CroBjeHcEpoBaHHHIl rpad,
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rpada G MoxeT 6HTH crenfyomEM o6pasoM Ha¥/leH MO 9TOMY fepeBY:

flj= min [q;hlv q;tlh” q';!ha’ ey ql'ipi]’ (11'10)
rae (i, Zk,» Th,, ..., Tj) — GABCTBOHHAA IeNb, NPOXORAMmAA IO
peGpam nepeBa 7'* m Begymas ot z; K r;. Kaxpas sepmmna z, w3 T'*
COOTBOTCTBYeT BepIIHHe I, H3 G, & gi; ABIAETCA mpomyckHok cmocol-
gocteio pebpa (rx, xi) ms T*.

Hnes anropETMa mpocTa: TAK Kak CyImeCTBYeT fepeBo I'*, moro-
KOBO 9KBHBaJeHTHOe rpady G, B Taxk KaKk T'* CONep’KHT ToJabKO n — 1
peGep, To Bce, 9T0 He0GXOOEMO,— 9TO0 BHYHCINTH IPOUYCKEHE CIOO-
cobsocta n — 1 pebGep mepeBa 7'*. OnucamENE B RaEHOM pasfele
aJIrOpATM BHMMCJAAET OPONYCKHHe cmoco6moctE pebGep nepeBa I'*
sa n — 1 stamoB. Kaskmurk aTam COCTOMT B BHYHCJIOHHE IOTOKA B rpa-
de, momydaeMoM NOCTE0BATEALHO H3 paHee NOCTPoeHHoro rpada
¢ IOMOMBbI KOHAEHCAIEH, KaR 06 9TOM roBOPHEIOCH Bume B pasA. 4.2.

4.3.1. Onncanne axropaTrMa. Tar KaK aJNTOPHETM HOpPOXKAAET Aepe-
Bo T* mocremeHHO W TaK Kak Ha gio6oM ms (r — 1) saTamoB pelfcTBEA
aJropHETMa ¢BepIIMHED H3 I'* MoryT GNTHL Ha CaMOM feJle MHOKeCTBa-
ME BepmHH B3 G, To ME Gynem, Bo msGe:xaHHe HelopASYMOHHIK, HABH-
BATh BePMHHH H3 G G-BepmMHAME, a BepIIMHH B3 I'* — 7'*-Bepma-
samu. Hue fmaeTcA MocTaTOoTHO HOMMeHTapHWeB, WTOGH CReNaTh aj-
TODHTM NIOHATHHIM,

ITaz 1. Tlonomars S; = X, N =1.

Ha xmw6omM atame I'* asaserca rpadom, ompepmenenauM N T*-pep-
musaME S;, Sy, ..., Sy, B KaKAAsA B3 HEX COOTBETCTBYET HOKOTO-
poMy MHOKeCTBY G-BepmuH. Brauane rpad 7* coCToHT B3 efHHCTBEH-
HOH BepmHEH S;.

ITaz 2. Haiitm mAomxecrBo S* €{S;, Sy, ..., Sy}, conepxamee
Gonee 7eM onHY G-BepmEHY. ECIHE TAKOro He CymeCTBYeT, TO HepeiTH
K mary 6, B npoTEBHOM ciyuae — K mary 3.

IlTaz 3. Ecam 61 S* 6wao ynaneno us 7'*, To AepeBo pacmaioch 6w
Ha HEKOTOPOe IWCJI0 HOANepeBheB (CBA3AHHEHX KoMnoHeHT). CKoHMeH-
capoBaTh I'*-BepmHHH B Ka:KIOM NoanepeBe B OQHY BepmHHYy B of6pa-
80BaTh CKOHJGHCHDOBAHHNWH rpad. BsArs nw6ie nBe BepmEHK I
® z; € S* 7 Haittm MmEEManbEEGE paspes (X,, X,) B G, oTneaAmmuix
Z; OT z;, ¢ IOMOMBI BRYHCIGHES MaKCHMAJBLHOTO MOTOKa (0T Z; K Z;).

lllaz 4. Ynanmrs B3 T* T*-pepmury S* BMecTe ¢ pebGpamm, el
HHIOUIEHTHHMH, H 3aMEHHTH €e Ha JABe I *-BepIIMHH, COCTABJEHHHE
B3 G-BepmEE MHO:KecTB S* | X, B S* X,, ®# Ha pebpo Mexny
HEMHA ¢ nponyckHo#t cmocobrocthio ¥ (X,, fo). Wrar, nas scex T*-

BepmHEH S;, KOTOpPHe J0 3aMeHH O6HIE HANAMeHTHH S* (cKakeM,
¢ mpomyckHo# cmoco6HocTE pebpa ¢f), no6aBmts kK T* pebpo

(S:, S*NX,), ecim S, < X,, mma e K T* nobGasmrs pe6po
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(S;, S*NX,), ecam S, — X,. Iponyckawe cmocoSrocTm pebep

E B TOM H B J[DyroM CIydJae B3ATh PaBHEIMH C?.

3amewanue. Kak yme Grio ormeseHo B pasfi. 4.2, lomopm m Xy

(14] noxasamm, aro S; aexET nenukom unm B X,, mam B X,, Tak 4o
BO3MOKHK TOABKO [IBa YKA3aHHWIX BHIIeE CJIY9af,

Maz 5. Tlonmosxmts N = N - 1. Bepmuam ms T* sasasiorca
Teoepr MHOKecTBaMH G-sepmmmE Sy, S,, ..., S* N X,, S* N
NXo ... Sy, rhe S* zaMerena nByMa T*-pepmmmamm S* | X,
m S*N }~(o, Kak o6bAcEANOCch Bume. IlepeittE x mary 2.

Mlaz 6. OcramoB. T* Gyner Temeph TpeGyeMHIM IOTOKOBO 3KBH-
BaNeHTHHM rpady G nepeBoM, ® ero [*-BepmMHH ABIAKTCA Temephb
enuHCTBeHHHME G-BepmuBamu. IIponyckane cnocofroctr pebep ma T*
COOTBETCTBYIOT 3Ha4YeHHAM (n — 1) He3aBHCHMHIX paspe3oB B rpa-
de G. Pasencro (11.10) moxHO Tenmepsr HCHONB3OBATH JIIA BHYHCIE-
HEA fi; (naa mobux r;, z; € X) senocpencTeenno ma T*,

To o6crosTenscTBO, YTO BHIIENPHBEJICHHWA AJTOPATM JaeT ONTH-
MAJNBHHA PesyJbTaT, CIENyeT HENOCPEACTBEHHO A3 CBOMCTB MAHAMAIb-
HHIX Pa3pe3oB W CBOHCTB IOTOKOBO 3KBHEBaJeHTHOro rpady G nepesa,
OpHBEleHHRIX BEIe B pa3f. 4.1 m 4.2, MopmansaOE NlOKa3aTeabLCTBO
MoxHO Haittm B kmmre Xy [16].

4.4. TIpumep

PaccmorpEM BeopmerTtHpoBamEHE rpad G, m3obpaskeHHHHE Ha
pac. 11.9. Ilponyckune cnocoGHOCTE moKasamk NEGPAMH, CTOAIAMA

X 8 X,

X5 2 X3

Pre. 11.9. I'pad m3 opmEMepa 4.4.
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y pebep. Hyskmo mafiTe MaKCHMAJBHEI DOTOK MeKRY Kaskgod mapod
pepmEE rpada G. IlpaMermaM BNmeomHcaEANIl aXropETM.

Mlaz 1. S; ={z;, xg, T4, X, Ty, )3 N = 1.
IMaz 2. S* = S;.

Mgz 3. T'pad me MoxeT GHTH CKOHpeHCHpoBaH. BepeM (mpoma-
BONBHO) I; = I; H I; = Z,. BHumcaAA MaKCHManbHEE NOTOK (OT T,

K z,), Balifem,} wro MummEMansEmuM paspesom Gymer (X,, X,), rme

Xo;{zp zy z) WX, ={zs, zs 2}, 2 smavemme paspesa pas-
HO 24.

a2 4. [lepeo T* m nponycKeke cuoco6rocTa ero peGep msobpa-
weEH Ha pmc. 11.10a.

Ilfaz 5. N =2 (1. e. T* HMeoTr Temeph, Kak IOKasaHO
Ba pmc. 11.10a, nBe Bepmummn: S, m S,).

ITaz 2. Bepem S* = S,.

lllaz 3. Butmpaem (IpoMsBOALHO) T, = Z; B 2; = z,. [loayuenEnf
8aTeM CKOHReHCHpOBaHEHIY rpa¢ msobpamen =Ha pmc. 11.106.
Bruramcassa 1ua Bero MaKCHAMANBHKE HOTOK, IOPO/KAAeM MAHEMAIBHHE

paspes (X,, X)), rne X, ={z,} ® X, ={z;, 5, %¢, Zy, 7,}. 3mAUE~

8,
HHe 3TOro paspesa paBHO 23.

Hlaz 4. T*-pepmmBa S, ={z,, Z,, Z,} 8aMenAeTCA TOmeph ABYMA
HOBHME I'*-epmmaHaME {z,} B {z,, z,} B pe6poM Mexxxy HAMHE co
sHavenmeM 23. Tak xak S; — X, To pe6po .SSI’ S,) yRansercs m same-
arerca pebGpom (S;, S,), rme S, ={z,, z,}.

IMaz 5. N = 3 (1. e. T* mmeer Teneps 3 BePIMEN, KaK IOKABAHO
Ha pmc. 11.108).

IMaz 2. BosrMem S* = S,.

Illaz 3. Bepem z; = z;, ® z; = z;. CromRemcHpoBamEH# rpad
msobpanen Ha pHc. 11.10r. MEARMagsHEE paspes co smHauemmeM 30

paser (X,, X,), tne X, ={z} u X, ={z,, 24, 21, 25, 7).

IMaz 4. T*-pepmmEa S, ={Z,, Z,) Temeps BaMEeHAETCA ABYMSA
HOBHME T*-Bepmmmamm {s,} ® {z,}, a HOBoe NepeBo moKasaEo Ha
puc. 11.10n.

Ilpopmonsxan monoGanM o6pasom ® Gepa S* = S, mocaemoBaTeNs-
HO IOXYYaeM HOTOKOBO OKBHBAJNOHTHHE NePeBhA, H306pajkeHHH® HA
pacynkax 11.10e, x, 8, B. Ecam mcmoassosats pmc. 11.10(m), To
MaTpENY MaKCEMAaJNLHHX NOTOKOB [f;,] mepBoravanbroro rpadga MokHO



336 TJ1. 11. TIOTOKY B CETHAX

24

{%),%s,Xs} {12,13,14}

Puc. 11.10a. T* mocne 1-ro arama.

10

S 12

3

Prc. 11.106 = r. Cronpercrposamauit rpad mocme 2-ro (6) m 3-ro (r) sramos.

Puc. 11.10B. T* mocme 2-ro aTama.

24 {x2} 30 {xa}
: O
{xl,xs,xs} 23
{xs}

Puc. 11.10x. T* mocme 3-ro arana.
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%

Prc. 11.10e u 3. CroHfencHpoBAHEHIl rpad mocie 4-ro (e) m 5 10 (3) 8TAMOB.

{"l»"S}
{xg} 30 {Xl}
s, 24 /ss\ @
23 I 23
1%} {x3}

Puc. 11.10x. T* nocme 4-ro arana.

@19 24 fxz\so Ox‘

-(x)
23 23
()

Prc. 11.10m. OxoHuaTeanLHO® HOTOKOBO 3KBHBAJNeHTHoe Jepeo T°*.
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BRHIYACIATE HemocpencTBeHHO ¢ moMompbio (11.10). Oma mmeer Bupg

X, X, Xy X, X5 X4
x, | — 24 23 24 19 23
x, [ 24 — 23 30 19 23

MaTpuna
vaxcmwanpRmx 2 | 2 0¥ — B 1B
TOTOKOB X, 24 30 23 — 19 23
xs |19 19 19 19 — 19
Xg | 23 23 23 23 19 —

Bcee D (B o6mem caygae n — 1) paapeso rpada G, COOTBETCTBYIO-
muae pebpam nepeBa 7'*, mokasamsl nymEKTApoM Ha pmc. 11.11,

Cnenyer 3ameTdTh, 9T0, BoobIme roBOpA, MOTOKOBO HKBEBAJIEHTHOE
nepeBo T'* He ABJIAeTCA eNAHCTBEHHEIM H 4YTO CYMECTBYIOT ApYyrAe

X5
)

——

19 23 24 30 23

Puc. 11.12. [{pyroe moTokoBo 3KBHBAJEHTHOE JepeBO.

NepeBBbf, TaK;ke IOTOKOBO SKBHBaJTeHTHHE rpady G. [Has Hamero
OpEMepa ONHO M3 TAKAX JepeBbeB, KOTOpoe Ha caMoM feide Oyner
TaMAUTBTOHOBOM Ienblo, moKasamo Ha pmc. 11.12.
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5. lloTok MEHHAMAIBLHOK CTOMMOCTH OT S K f

B paspene 2 M paccMOTpenH safa¥y MaKCHMH3AMWH NOTOKA OT §
K { 6eBOTHOCHTEJIbHO K KaKoi-1A60 cromMocTa. Temeps M paccMOTpHEM
8aa9y HAXOKAEHAA TAKOTO INOTOKA BAJAHHON BEJHYMHH V OT § K I,
CTOMMOCTH KOTOpOro MEEMManbHA. B sToit 3amave kasaaa myra (z;, zj)
HEMeeT [BA CBABAHHHX C HeHl IMCJIAa — IPONYCKHYK CHOCOGHOCTH g,
H CTOHMOCTb C;; eIHHANN INOTOKA IO STOH AyTe.

OueBHzHO, 9TO ecaE v Goabme, YeM SHAYEHHWE MAKCHMAIBHOTO
[OTOKa OT S K {, TO He CymeCTBYeT HAKAKOrO pelieHAA. ECIH ke v
He NPEBHINAET 3TOT0 3HAUYCHHA, TO, Boo6Ie roBOpA, MOKET CYIIEeCTBO-
BaTh HECKOJBHKO pASJIMIHHX INOTOKOB B TpeGyeTcs HAHTH IOTOK BelH-
9aEH v, ofecneYMBaOmMull MEHEMAJBHYI0 CTOEMOCTh. HamGosee H3-
BeCTHOH DIpomeAypo#l pemeHEA B8aflaT¥ O NOTOKe C MHEHEMAJHHON
CTOEMOCTLIO ABJIAETCA TAK HABHBaeMHil a;ropHTM «Gecnopsankay Qop-
na 2 QaaKepcoHa, B MHTepeCYOIMIACA TATATEAb MOKET HAHTH OMHCA-
HEe 3TOro addexTmBHOro anropmtma B [12], [4] m [7]. AnropmrTvmr,
KOTOpHe MH 8Hech ommmeM, mpmHaade:xaT Hieitmy [20] m Bacaxepy
7 laysny [6]. 9T anropETMH KOHIENTYaIbHO HpOmME, TeM METON
GecmopsAfka, H HCOOAB3YHT YKe BBeleHHYH TexmwKy. C BHUmCIE-
TeAbHOH TOYKH SpPEHHA 3TH METOOH CpaBHEMH [2].

S.1. AnropaTM, OcHOBaHHNI HA BHABICHHH OTPHIATEIbHBIX
IHKIOB

Ilpennono:xuM, uTo B rpade CymecTBYeT AOOYCTEMHN NOTOK §
cO 3HAYeHHeM U B 9TO 3TOT INOTOK H3BecTeH. Takol mOTOK MokeT GLITH
OONY9eH C IOMOMBIO AJTOPHTMA MAKCHMAJBHOrO moToKa (0T s K f)
H8 pasA. 2 B no6GaBnemms moToka obmed BexrmumEH O (f) Ha Bcex
ayTMeHTAJBHKX HenAx (marm ¢ 4 mo 6 aaropETMa) K0 Tex mop, HOKa
OOTOK f,; He MOCTHTHET SHAYEHHA V¥, KOTOpPOe IO YCIOBHI0 MEHBIIe
SHAYEHAA MAKCHMAJIBHOIO IOTOKA.

JnsA 3TOro AOIYCTEMOTO MOTOKA ONpeJieJAM HOBHM HHKPEMEHTANb-
gnia rpad G* (§) = (X*, A*) B TOYHOCTH TaK, Kak 3T0 6LIO 06bAC-
HeHO B pasf. 2.3, o CIeNyIOImPMHE CTOEMOCTAMHA IYT.

Haa xaxpost ayrm (¥, z%) € AY nomoxam cfj=cy;.
Haa kaxpolt pyrm (z), z¥') € AY monoxmm cfi= —cyy.

Hosuidt rpad G* (§) naer Temepp MHKpeMeHTAJbHHE NPONYCKHLI®
COO0COGHOCTE H CTOHMOCTH (OTHOCHTENBbHO HAYANBLHOrO IOTOKA §)
a1060r0 MOMOJEHMTENbHOT0 MOTOKA, BBEIGHHOTO B G. AJITOPHTM OCHO-
BaH HA CleRyome# TeopeMe.

Teopema 5. [Tomox § 6ydem nomoxom MmunumasbRoli crmouMocmu
€O 3HaueHueM ¥ mozda u moavko mozda, xozda ¢ G* (§) ne cywecmsyem
ruxaxozo yuxsa O, cymma cmoumocmu Gyz xomopozo ompuyamMesLbRa.
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Hoxasameavcmeo. Ilycts ¢ [§] — crommocts moToka & B rpade G,
acld|G* (8)] — cymva crommoctm nyr B makiae @ mo oTHOmEHH
k rpagy G* (§).

Heobzxodumocms. Ilycts ¢ (D | G* (§)] << 0 nas mexoToporo nmkiIa
® um3 G+ (§). IlupkyaAnHs [OIOJHATEILHOH eMAHHEMNK IOTOKAa IO
nakay @ naer HoBi motok § 4 1 o (D), ocraBasa smauenme v mMOTO-
Ka oT s K ¢t memaMeHHHM. CromMocts motoka & + 1 o (D) pasma
c [E] + ¢ [D] G+ (B)] < c [E], a aTo mpoTHBOpEUAT MONYINEHA, UTO
€ — DOTOK MHHEMAJBHOW CTOMMOCTH CO 3HAYCHAEM V.

Hocmamounocmy. NomycraM, aro B rpade G* (§): (D |G (B)] > 0
naa Kamgoro nmkaa @ m uwro E* (54E) — moTOK M@mHEMAIBHOR
crommocT! co 3HadendmeM v. OGo3maumM Temepb depes ¥ — & moTok,
3HaueHHe KoToporo Ha xayre (z;, ;) paBHO &f; — &;j.

Tax kak §* m § MOKHO Da3IO:KHTH B CYMMY IOTOKOB (OT s K t)
oo memAM B G, To mocTpoeHme yHHATapHOro rpada G° (cm. pasz. 2.4)
nafA mOTOKa §* — § maeT claelywm@e HOJYCTeNeHA BEPIIHH:

dge (Ii)=d?e (), Vz; c X.

Tak Kak B coorsercTBHA ¢ pasf. 2.4 G* coctout W3 HabopoB KOHPOD-
MAJIBHHX eJWHAYHHX HOTOKOB mo makiaam @,, @,, ..., @, (maopn-
Mep), TO MHEI MOKEeM HAIHACATH

B —E=10(D)+1o(Dy)+ ... +-10(Dy).

Taxk xak motokm 1o (@;), i =1, . .., &, monapro KoEopMaIbHE
H HaM HM3BeCTHO, 4YTO HOTOK §* = E+ 1o (D) + ... + 1o (Dr),
momyctaM, To awbas cymMa § 4+ 1o (D) 4 ... + 1. (D)) 6ynmer
momyctEMoit aas mobux I, 1 << I << k. Taxkmm obpasom, paccMaTpmBas
motok & + 10 (D,), moaygaem

c(§+1 (D)) =c [E]+c[D,|G* (})]=c 8]

PaccmorpmM Temeph HMHKpeMeHTanbHEE rpad G (& + 1 o (D).
EnnacTBemHEIME fyraMm 3TOro rpada, CTOEMOCTA KOTOPHX YMEHBIIA-
JACh OO CPAaBHEHHI C COOTBETCTBYKINMMHA CTOMMOCTAMHE B rpade
G* (§), asmawTcsa Te, KOoTOpHe OynyT «obpamemasama» nyr B O,.
Ho, Tar xak morokm 1o (®;), 10 (D,), ... KompopMaasEm, TaKde
AyrA He MOTYT GHTEL HCIOJb30BAHH HA OJHAM A3 OCTABIIAXCH IAKIOB
®,, ..., O, =, crenoBaTeIbHO, HE BAHAKT HA NOCTEAYIImHAe pac-
CY/KICHAA,
Teneps MEH mEMeeM

¢ [@[GH* (E+10 (D)) =c|D, |G (B)]

oaA awboro [ = 2, .. ., k.
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CrommocTs notoka § -+ 1o (®,) + 10 (O,) paBHa Tornma
clE+10(D)+10(D))=c[E+10(DP)]+c[D:|G* F+ 10(D)))>
=c 8410 (D)) +¢ [@|G* E))Zc[E+10 (D)) =>c[E).

IIpononxas paccy;KRNeENA aHAJNOTHIHHM 06pasoM, MH HOIYIAM OKOH-
9aTeabHo ¢ [E*] > ¢ [E], a 9T0 IPOTHBOpEYAT MPEANON0;KEHAIO 0 TOM,
9T0 §* — MOTOK MEEHMMaJBLHOH CTOHMOCTE co 3HademmeM v. Teopema
AOKasaHAa.

TaxmM 06pasoM, B COOTBETCTBHE C TeopeMoit 5, Bce, 9To Tpebyercs
ISl HAXOKAeHAA MOTOKA MAHEMAJNBHOM CTORMOCTH CO 3HAYCHHEM U, —
9TO HAYaTh C JONYCTHMOTO NIOTOKa § CO SHAYCHHEM VU, HOCTDOHTH
rpad G* (}) B mpoBepHTH, HeT JH B HeM NHKJIOB C OTPHIATEILHOR
CTOHMMOCTBIO, HCIIONL3YA JI060# M3 aJropETMOB HAXOKIEHHEA KpaT-
qaifimeit memm, maEEHX B pasy. 3 ®m 4 ra. 9. Ecam me cymectnyer
HAKAKOT0 IHKJIA C OTPHNATEJBHON CTOHMOCTBIO, TO HOTOK O6yner
DOTOKOM MWHMMaibHO# cromMocTH. Ecam mEka @ c¢ oTpmmaTennmoi
CTOEMOCTBIO CYmeCTBYeT, TO HaJl0 «OYCTHTHY IO HeMY HOTOK C MAKCH-
MAaJbHO BO3MOKHHM sHadeHEeM §. CyMMapHHIA HOTOK OT s K  He H3-
MEHHT CBOEro 38HATEHHA V, & er0 CTOMMOCTL yMeHbmETCA HA §-¢ (D),
rae ¢ (O) — BeJmYEHA CTOEMOCTH OTPHENATENBHOro muKia. OgeBmaHO,
8 momxHO GHTH BHGpaHO TaK, YTOGH NPOOYCKENE CHOCOGHOCTE AT
B G* (}) He mpeBHIIAJHACH, T. €.

6= min (gt (11.11)
(::r'.:;")no

Ecanm a1oT moToK § HaJOKHTH Ha MOTOK § yske B rpade G, T0, B CHIY
HNepPBOHAYANBHOTO BHOOpa mpomyckEEHX cmocoGHocred nyr B G* (%),
pesyabTEpyOmE# noTOK Bee eme 6ynmer momyctEMum. IIponece MosxHO
NOBTOPATH, HAYMHAS €ro C MOJYYCHHOTO HOBOTO IOTOKA §, CTpOA
HOBHI rpad G* (§) OTHOCHTeJBLHO HOBOTO IOTOKA B BHABJIAA B 3TOM
rpade MEKIH C OTPHIATeNbHOH cToEMocThIO. OmmcaHEe aJropETMa
RaHO HEKe.

5.1.1, Onacagme aaropnTMa

Illaz 1. UcnonbaoBaTh aNTOPATM MAKCEMAJIBHOIO HOTOKA (OT § K £)
M8 pasi. 2 A HAXOKNEHHA B rpade G MOIYCTEMOro moToka § co
3HAYEHHEM V.

IMaz 2. IloctpomTh pasA aToro moToKa rpad G* (), moamsysacs
RAaHEHMH paHee IPABHIAMH,

Illaz 3. OTnpaBassAck OT MATPEIH cTOEMocTell rpada G* (}) m Hc-
NOAB3BYA aJArOPHTM Kpardaitmedt nemm (cM. pasn. 3.1 m 4 ra. 8), onpe-
ReJIATh, CYmecTByeT JH B rpade G* (}) mERI ¢ oTpmmaTeldnHOHR
cTomMocThI0. Ecam Takolt muki cymecTsyer, To HaiTHE ero (maxka @)
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X, (17,25} X5

Puc. 11.13. I'pad ms npumepa 5.1.2. IlepBas momeTa ABIABTCA OPOMYCKHOK
COOCOOBOCTBI0 JYTH, BTOPaT — CTOMMOCTHI IyTH.

¥ mepeidTm K mary 5. Ecam Takoro mmeaa HeT, TO OCTaHOBHTHCA.
Ilotox & 6ymeT mOTOKOM MAHEMAJBHOH CTOMMOCTH.

lilaz 4. 1o (11.11) BrrudcxmTe 6.

(I) HAasa scex (z¥, #)B®Dc cf; << 0 maMenmTs morok §j; B coOT-
BeTcTByIome# nyre (rj, z;) m3 G ¢ &;; na §;; — 6.

(IT) Ana Bcex (zh, z#) B Dec ¢k > 0 maMenmTh mOTOK §;; B COOT-
BeTCTBYIOme#d nyre (z;, z;) M3 G ¢ §;; Ha §;; + 6.

lllaz 5. TloBTOpHTE mar 2, HaYAHAS C HOBOTO MOTOKA &.

5.1.2. llpamep. Paccmorpum rpad G, wusobpaenHBil Ha
puc. 11.13, roe mepBoe 9YHCIO MOMETKH y KaskEO# AYr® paBHO ee
OponycKHO# cooco6HOCTH, a BTOpPOE — CTOMMOCTA. MH XOTHM HAMTH
OOTOK OT § K { MAHUMAJXBHOM CTOMMOCTH co 3HadenmeM 20.

Jli1A BHABJIEHHS MAKJIOB C OTPHENATEJIHHON CTOMMOCTRIO Ha mare 3
BHIIIEONACAHHOIO MeTORAa HMCHOJB3yeM aJirOPATM KpaTdaidmei menwm
Qxoiina (pasg. 3.1 ra. 8).

Illlaz 1. AnropaT™ MaKCEMaJBHOTO IOTOKA [aeT IepBHH AONyCTH-
MBI TOTOK, m306parxeHHu# Ha pac. 11.14a. CTomMoCTh 3TOr0 MOTOKA

Puc. 11.14a. Havaapauii notox E.
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paBHA

16 (T + 25 + 5) + 4 (28 + 7) = 732.

IlTaz 2. Ucxonsa ms aToro moToka, mocTpomM rpad G* (%), Kak
noxasano Ha puc. 11.146, rae qEKI oTpEnaTenBHON CTOEMOCTE B306pa-
6H IYHKTHDOM.

IlTaz 3. Haumpas ¢ MaTpEnu CTOEMOCTed

Xl Xy Xy X, Xg Xg Xq
x, 0 13 28
x, -1 0| 25| 410
Xy =251 0 5
X, 6 0 5
Xg 0 12
x, | —28 3|07
x, -5 -71 0

(rme HA HmYCTHX MecCTax MOJMHH CTOATH JJI6MEHTH 00) H DPHMEHAMA
anropatM Quoiifa, momydaeM ciexyomEe MATPHGH HAWMEHBHIAX
CTOMMOCTeHl BMecCTe C COOTBOTCTBYWIIEMH HM MATPHNAME nemel:

Mampuyw 8 nomie nepled umepaqus (h=1)

x, X, X3 X, Xy Xg X X, X; X3 X, Xy Xg X,
x, 0 13 28 x |11y 1111
x, -7 0] 25 4|10] 21 x, |2]2]12]2]2|1]2
x, =25 o ] x, 313137313133 ‘
X, 6] 0 5 x, |4]4alalalalala
Xy 0 12 xs | S|S5|S5|5|5|5(5
x, | —28 -15]1 3| o] 7 xs [6]6|6|1]6[6]6
Xy -5 =710 X |71 7777|717
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- k
B nocxengeil mrepananm aieMedT ¢ 4 NONYIAETCHA OTPHUIATENHHEIM,
co 3HageHENeM —15, KoTopoe MOKa3kBaeT CYmMECTBOBAHAE AKIA OTpH-
[aTeJbHOH CTOEMOCTH, COflepKamero BepIuAgy z,. ITOT MAKJ, Haliled-

HHJ 0 MaTpmue neneit, mMeer BHR (Z,, T3, T, Ty).

llae 4. N3 (11.11) saxoaum 3gadenne §:

Mampuun 8 xowye 8mopod umepayus (k=2

x, X, Xy X, Xy Xg X, X, X, Xy X, Xy Xg X,
X 0 13 28 X, 11|11 ]1{1f1
X, -7 of 25 4 10 21 x [2(2)2f2]271}2
x, | —32|-25 0(-21]|—-15|—-4] 5 xy | 23131 212(1]3
Xe 6 0 5 x, | 4[4 |4 4|4 4] 4
X 0 12 X S|S5|S5| 55|55
xg | —28 —15 3 07 xg | 6] 616|1]|6|6]6
x, -5 -7|0 x; V7T THT T T
Mampuya nauMemuux cmoumocmed Mampuua yered
Mampuyy 8 xowye mpemsed umepayuy (k=3)
x, T Xy X X, X, X3 Xy X, X5 Xg Xy
x, 0 13 28 x, 1{1j1j1]11]1}1
X, =17 0] 25 4 10| 21|30 x, 22222 ]|1]|3
xy | =32 |-25 01-21|-15|-4] 5§ x, |2 [3]3[2(2]|1]3
x, | —26 |—-19 6|-15| -9 2011 x, |[2(3j412(211}3
X 0 12 x, | S|S|S|[S5|5 (5|5
x, | —28 —15 3 0} 7 Xg | 6 (667616166
x, | =37 |-30|-5]|-26 |-20| -9| O x, |2 |31712(2]1]7

Mampuia HaQUMEHsWUX cmoUMocmed

Mampuua yened

HoBuii n0TOK, NONYY4eHHWA IOCIe BBEJeHHA B [HUKJI OUPKYJIAUMAOH-
goro motoka 6, maoGpasker ma puc. 11.148. CToEMOCTH HOBOTO IOTOKA
pasEa 552. BoaBpamascs K mary 2, maxogum HOBHIi rpadp G* (E),
noka3zaggui #Ha pme. 11.14r. IlocTymas Kak ® pasgbpine, IoJydaem
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(16-25)

__—-4——§\

(1,25)

) 4 Xs
12
16 12 - 16
x5 & X Xy
4 4
Xs

Prc. 11.148. Vayumenmwii morox E.

(4,-25)

Pme. 11.14r. G* () ana nmotoka ma puc. (B).
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Pnc. 14.140. Yaydmerunit notor E.

(4,-25)
——

X, X

Puc. 11.14mw. Vaydawesswit motox §.



5. IOTOK MMHHMAJIbHOA CTOMMOCTH OT s K ¢ 347

X. Xy
5 12 2 12
5 3
4 % e ’
S
5
*

Prc. 11.14n. Vaywmensnit motox §.

Pac. 11.14x. G* (}) nna noToka Ha pmc. (m).
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Ilaz 3. OGHapy:xeH OTPHNATENbHWE WHKI (Zg, Zy, Z;, Zg) CO
cromMocThio —10.

llaz 4. § = min [4, 11, 19] = 4.
Hopuit moTok co crommoctsio 512 maobpasken ma pme. 11.1457.

lllaz 2. Tpad G* (&), cooTBeTCTBYIOmMMA HOBOMY IOTOKY, m306pa-
#em Ha pmc. 11.14e.

lllaz 3. O6napyskeH OTPMIATENbHBEA ILHKT (Z;, I3, Ty Tg Zq)
€O cTomMOCTBIO —8.

lllgz 4. § = min [16, 4, 16, 16] = 4.
Hoswit motok co cromvocteio 480 maobpasken ma pme. 11.14:k.

gz 2. Tlonyymsmumiics rpad G" (§) morasam ma pumec. 11.143.

lllaz 3. OGrapy#ien OTPHLATENbHBIA HAKI (T, Ty, Ty, L7, Ty, Lg, T1)
CO CTOMMOCTBIO —4.

llaz 4. § = min (7, 15, 1, 4, 4, 16) = 1.

Hosnii motok co cromMocts0 476 m3obpasken Ha puc. 11.14 m.

lllaz 2. Tpad G* (E) maobpasken ma pumc. 11.14k.

gz 3. OGmapy:;keH OTDPHUATENBHHA IHAKI (I, Zy, I, ;) CO
CTOUMOCTBI0 —2.

Mgz 4. § = min [1, 6, 5] = 1.

1, Xy

Poc. 11.14n. [loTox MuBEMMagBHONI CTOUMOCTH.

Hosmit motox co crommocTbi0 474 msobpamen ma pme. 11.14a.

B mocimenmeM mukpemenTanbHOM rpade HeT HHKAKAX IEKJIOB
¢ OTPHOATEIBHOA CTOMMOCTBIO, M HOITOMY NOTOK, M306paiKeHHHN
ua pnc. 11.14 1, sABasieTcs mOTOKOM HAEMEHBIIEH CTOEMOCTH €O 3HA-
useamem 20 @ ero crommocTh paBHA 474.
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5.4.3. lllar 3 m3 aaroparma 5.1.1. B BHmenpmeereHHOM mpuMepe
6u1 mcnonssoBan Merof (Dioiima MJIA HAXOKAEHHAA HEKIOB OTPHIA-
TeJIbHOH CTOEMOCTE B HHKpeMeHTaJdbHOM rpade G* (}) ma mare 3
anrOpHETMA OHpENeJeHHA NOTOKA MEHAMATBHON CTOEMOCTH, XAHHOTO
B pasn. 5.1.1. Ho, Kak y:ke oTMeganoch B pasy. 4 ria. 8, aTo He Tyqmmix
MeTO/l BHABJCHHA OUKJIOB OTPHNATeAbHON CTOEMOCTE MIA rpada G,
B KOTOPOM CYIMeCTByeT BepIIMHA I,, AOCTHAHEMAA H3 BCeX APYTHX
BepumHH G. Jlydmmi# cmoco6 COCTOERT B HCHOIB3OBAHHH AJTOPHTMA,
KOTOPHi#l HaxoQHT KpaTdiafimy® memb 0T I, KO BCeM JAPYTAM BepmIH-
HaM, a He B IpEMeHeHHH aaropaTMa Qioiina, HaxoAAMeEro KpaTdaimue
OenE Me;XAy Kapoit mapoit BepmmH (2]. B aToM ormOmemmm Goixee
yCIemHo, KaK 3T0 00bAcCHAeTCA B pasfh. 4 HACTOAmMEH IIaBH. MOKET
6HITH HCIOJAB30BAH AJTOPHTM KpaTdalfmeit memm m3 pasx. 2.2.1 ria-
BH 8.

Jaa maxpeMentaabsHOro rpada G* () ogeHs npocTo NOKa3aTh, 9To
B HeM CyMecTBYeT IO Kpaiimedl Mepe omma BepmmEHA, H3 KOTOpOiX
MO/KHO JoCTHYDb TR0y ApPyry®w BepmmHY rpada G* (), m 9ro Ha
caMOM Jlee KoHedHAs BepmmHa [ ob6najaeT aTEM CBOHCTBOM. ITO
MO;KHO IIOKa3aTh CJeAynomaM o6pasoM.

Tak Kak gua aw06oit nyre (z;, z;) B3 G, RJIA KOTOPOH CymecTByeT
HEKOTODHE HeHyJeBOf NOTOK, B HHKpPeMeHTaabHOM rpade G* (%)
cymecTByeT Ayra (zg*, z!), 1o Bce BepmEHH z m3 G* (}), coormer-
CTBYOI[He BepmmMHAM I; H3 G, Je;KamAM Ha IEenAX MOTOKA OT s K f,
MOryT GHTbL MOCTHTHYTH H3 { C HCIOJH30BAHHEM «0GDATHHX» Iemeii,
00pasoBaHHNX AyraMm (zg*. z¥). TaxmM xe cmoco6oM MoseT GHTL

HOCTHIHYT HCTOYHHK s. VITak, Ka)kgas BepmHEHA I; H3 G MOKeT GHTH
DOCTHTHYTA H3 § (B IPOTHBHOM CiIydae I; MOKeT OHTH yaadeHa m3 G,
# 370 He moBaMAer HA NoToK). CemoBaTeIbHO, TAK KAK AyTH (I;, Z;),
He Hecymme HHKAKOr0 IOTOKA B G, moABAALTCA B G* (§) B KagZecTBe
ayr (¥, zg*). BepmmEN z¥ @3 G* (), cooTBeTCTBYIIMe BepmAHAM I,
3 G, He Je:KamMM HA IENAX NOTOKA, MOryT GHTh NOCTHTHYTH H3 !
49epes s. HawMuE ciroBaMm, cHadaja OPOCTO AOCTHTAeM s, KaK OGHLUIO
CKa3aHO BHINe, & 3aTeM CJedyeM IO IyTH H3 s B I,

IloaToMy B mEKpeMenTambHOM rpade G* (%) Bce BepmmMHH MOTyT
GHITH TOCTHTHYTH H3 I, H eCJIH 3Ta BepIMHA HCIOJB3YeTCA B Ka4eCcTBe
HCTOYHEKA NPH HaXOKACHHH KpaTdaiimieil men® oT { KO BCceM JPYrEM
BepmmHaM H3 G* (}) (HampHEMep, ¢ HCHONB30BAHHEM AJIrOpHTMA H3
2.2.1 ra. 8), To Bce MEKJK OTPANATEIbHOK CTOEMOCTHE B G* () MoryT
6HTH 06HADY:KeRH.

Hcnonnsya Takoit momxom NpE OpraEM3an@d mara 3 OCHOBHOIO
QJIrOpATMa MOTOKAa MUHEMAJIBHOE CTOEMOCTH H3 pasm. 5.1, Ben-
HEArTOH [2] omy6amKoBajg BHUHCIHTENBHHe pe3yIBTATH, MOKAa3H-
BaIIEe, IT0 3TOT AJTOPHTM He Xy:;Ke ajJropETMa «Gecmopsnmxa» [12,
4, 7). IlpEMenenwe MeTola HaHMEHBIINX KBAADATOB K OMeHKe Tpe-
6yeMoro BpeMeHH { BHIHCJICGHHA [0 TECTAM, HCIOIBSYIOIIAM CIYdaiiHO
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IOpO;KIeHHNE rpadul ¢ 72 BeDIIEHAMHA B m JYTaMH, a0 TAKOH pe3yiib-
TaT:

t = —23 + 0,0i13n + 0,00166m (Bpems B cexyHmax
Ha mMammee UBM 360/75).

Tpag ¢ 200 Bepmmramu m 5000 gyramm TpeGyeTr npubamamTensHo 8 ¢
MAMEHAQIO BPEMEHH.

5.1.4. Tlorokn MmHMManbHOIl cTomMocTn B rpadax ¢ BHIDYKIBIMH
dysxkunamME CcTOMMOCTH

Jlo cEx mop mpennonaralock, YTO CTOEMOCTH €IHHMIK HIOTOKA §;j
oo gayre (r;, ;) ecTb ¢;; — MOCTOAHHAA Beiamymaa. ONHAKO 39TO HE
ABIAAETCH HEOOXONMMEIM Hpelnojo;KeHEeM H, KaKk norasamxm Xy [17]

~

LARIN)

AN
BN

s ———
U"L_‘_"_—'_—

Ejj
Pnc. 11.15. Banykaas QyHKONA CTOHMOCTH AYT.

u Kuaeitr [20], anxropmrM, onmcammmit B 5.1.1, MomO JMerko mpmme-
HETP A JUIA HAXO0K[EHUA I0TOKOB MAHAMAIbHOM CTOEMOCTHE B rpadax,
CTOEMOCTH JAYT KOTODHX ABJIAKTCA BHIOYKIKMH KYCOYHO-THHEHHBIMEA
OYHRIEAME OOTOKA.

Ecam ponycteTs, 9To cromMocts motoka &;; mo myre (z;, z;) 3a-
faeTcA BHOYKIOH ¢yEKnmedr w;j (§;;), msobpaskeHHOH Ha pHCYH-
ke 11.15, To paa nw6oro moToka & MH MOKEM OIpeJeATH HHKpe-
MeHTAaAbHHE rpad G* (§) = (X*, AP |) AY) TouHO TaR e, KaK 3TO
fexalocs B pasf. 2.3, 3a HCKIKOYEHEEM TOr0, 4TO Temepbh HEKOT/A
He HYXHO BHYHCJIATH NIPONYCKHHE cmocoGHOCTE Ayr g¢i; m g,
a CTOEMOCTE IYT TAKOBH:

mas pyre (zf, 24) € A% nomoxmm

e =w;; (&4 1) —wy; (E:ij),
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nas pyra (zf, z¥) € A} momommM
et = — [wy; (Biy) —wij By — 1)

cuntad, 410 w;; (0) = 0.

Temeps MH MO:xeéM HeNOCPEACTBEHHO MCHIOJIb3OBATH AJTODHTM H3
pasn. 5.1.1, sa mcKiloueHMeM Toro, 4ro 0 — HOTOK, NOCHUIaeMHi
oo Jaw6oMy nukny @ orpuumaTelbHOH CTOMMOCTH, KOTODHIA MOMKHO
HaiiTH B G* (&), — Bceraa Gepercs paBHEIM 1. 3aMeTHM, 4TO BCe HHKpe-
MeHTaJbHKE CTOHMOCTH GEIJIN OmpeResieHH TaK, YTOOH OHH IPHBORUIT
K YBeJHMYeHHUIO WJIH YMEHBIICHUIO 3HAYeHHA IOTOKA HA ONHY eAMHHIY.
3aMeTHM TaKske, 4YTO OPH HCHOOJb30BAHUH TOJBKO ¢eAMHHYHEIX» IIpe-
o0pasoBanuil 1OTOKOB (T. €. IPH YMEHbOIEHNH HJIH yBeJIHYEHHH 3HaYe-
HHA DOTOKa TOJNBKO Ha eAUHHIY) HeT HeOOXOMMMOCTH BRIYUCIATh HHKPe-
MeHTaJbHHIE NpPOUYCKHHeE cnocobmoctm nyr B G* (), Tak Kak aTH
BeJIMYMHK HY’KHH JUmMb QA BEYHCAeHHA 6.

Ecnm npu 3aganmm QyHKOUu cromMocTH He Tpebyercs Gonbmoit
TOYHOCTH, TO W;; (E;;) MOSKHO aNIPOKCHMHPOBATh KYyCOYHO-IMHEHHOI
dynknueii. Torna orpanudyenne, 4To § BHIOMpaeTcA PAaBHEIM e{MHHIE
OOTOKa, MOKHO OCTalMTh M MOCTHIHYTh Oojee OHICTpPOl CXoXUMOCTH
K IOTOKY MHUHHMAJbHOH CTOMMOCTH. VHKpeMeHTalbHEE CTOMMOCTH
Ka kIOl AYra MoryT OHITh Temephb ompeReJeHH KaK YIJOBHe Koaddu-
HUEHTH COOTBETCTBYIOIIMX JMHEHHHX Y4acTKOB QYHKIOHH CTOMMOCTH,
a IMeHHO JJIA AaHHOH AYyru BHOHpaeTcs yYacTOK, OTBeURIOmMH TEKY-
MeMy 3HAYeHHIO IOTOKAa Ha 3ToH ayre. 3aTeM MO/KHO BEIYHCJIHTH
nponyckHule cuocoGHocTH, uToGH yGeauTbcs, UYTo HHKaKoe yBejHde-
HAe WM yMeHbHICHHe NOTOKAa 6 He JXacT HOBH IOTOK, BRIXOAAMMI
3a mpefelds NPEAMEHEMOCTH TeKYINero JMHEHAHOro y4acTKa, anopoKCH-
MEpYIOmero QyHKIHUI0 CTOMMOCTH.

5.2, AaropwrtM, OCHOBAaHHHIf HA Ienu HAauMEHbIIEH CTOMMOCTH

Anaroput™ u3 pasf. 5.1 Haumnaer paboTy ¢ IPOM3BOJIBHOIO IOTO-
Ka § co 3HaUeHHEM U, IIOCJie 4er0 IPOUCXONUT NOCTeNeHHOE YIyUmeHne
OOTOKAa [0 TeX mOp, moKa ue GymeT mojdydeH NOTOK §* MHHMMaabHOMH
cTouMocTH. B TepMEHOJOIMH MaTeMaTHYeCKOI0 NOpPOTPaMMHpPOBaHHA
TaKoll aJropmT™M cileqoBajio GH Ha3BaTh OCHOGHWM AJTOPHTMOM, TakK
KaK ero mepBas Helb COCTOHT B NOJyYeHHH AONYCTHMOIO NOTOKA,
a 3aTeM IOTOK YyJydYmiaeTcd ¢ COXpaHeHHeM ROLNYCTHMOCTH. AJbTep-
HaTHBHEIM TOAXOAOM ABJIAETCA 0golicmseHHuli METOA, B KOTOPOM s
penieHNA 3TOil 33Ja4d HAUMHAIOT C IOCTPOEHNA MOTOKa &* ¢ MUHAMAIb-
HOHl CTOMMOCTBIO, MMEIOIIEro HEKOTOpOe 3HaYeHHWe Uy < U, a 3aTeM
106aBaA0T B rpad HEKOTOPHIA MOMOJHHUTENbHHIH MOTOK, YTOOH MOTY-
9UTh HOBHIH NOTOK ¢ MHHHUMaJbHOU CTOMMOCTHIO, NMeEOINUil 3HaUeHHE
Uy > Uy, E T. A. DOKa He 0ydeT HoCTpOeH HOTOK ¢ MHHHMAaJbHOM
CTOMMOCTBHIO CO 3HAUeHHeM V. B oTHomeHHH aTOro Meroga ciaemyer
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3aMeTATh, 9YTO0 HAYAJBHHU NOTOK MHHMMAJBHOHA CTOMMOCTH BCErjaa
HEMeeTCA, TAK KaK HYJIEBOM NOTOK ABJIAETCA HOTOKOM MHHHAMAJBHOMK
cromMocTd co 3madendeM O.

AITOpATM, KOTOpPHII MH co0HmpaeMcA OOHCATb, OCHOBAH HA BHI-
YHACIEGHNN KpaTdailmed Nend H clIeqyioniell Teopeme,

Teopema 6. Ecau § — nomok munumarvroli cmoumocmu é epage G
co gHaweHuem v u P* — rpamuatiwas yenov (HauMeHbweld cmoumocmu)
om s K t 8 unkpemenmanviom zpage G* (§), mo § + 1 o (P*) sgasemcs
NOMOKOM MUHUMAALHOL CMOUMOCIMU €O 3HaveHuem v + 1.

JloxasaTebCTBO TEOPEMH OYeHb IPOCTO — HANO [0KAa3aTh, 49TO
ecau G* (E) He comeps;KUT HEKAKOTO NHEKJA OTPHLATEIbHOA CTOMMOCTH,
o G* (§ + 1 o (P*)) Tak:ke He CONEP/KHAT TAKAX UAKIOB. Ilocae aToro
BCe CJeAyeT HENOCPEACTBEHHO H3 TEODEMH J.

5.2.1. Onucanue anropmrTMa

IlTaz 1. Ha4aTh ¢ HYJEeBHX ODOTOKOB HA AYrax M ¢ IOTOKAa, AMEIOIe-
ro HyJeBoe 3HA4YeHHe.

Illaz 2. TloctpouTs MHKpPeMeHTAIBHHI rpad GH(§)=(X¥, 4% ) AY),
KaK 3TO OUMCAHO B pasl. 2.3, H B3ATH CJAEIYION(AE CTOMMOCTH IYT:

mas moboit xyrm (zi Z5) € AY: momommts cfj=cyy,
nas mobod xyrm (¥, z7) € A momommth cli = —c;;.
ITaz 3. Haiita B rpade G* () KpaTiaiimyio nenb P* oT Be PIIVHH §
K Bepmume f.

IlTaz 4. Haiita panboiabmy BeJdAYAHAY O TOro IOTOKA, KOTOPHIA
MOKHO HOCJIATh BHOAb P* He m3mensas cTpyktypy rpada G* (E).
Beanuuna 6 paBHa

8= min [g¥].
(xLl ’cu) P* ’
jex;) B

IMTaz 5. (I) Ecam 3magende motoka § + 0o (P*) Membme, YeM
Tpe6yeMas BeldIdHA U, OpOM3BecTH 3ameHY §< § | 6o (P*) =m
BEPHYTHCA K mary 2.

(IT) Ecnu 3aagenne notoka § - 6 o (P*) paBHO VU, OCTAHOBHTLCH.
€ + 8 o (P*) aBnseTca TpeOYyEeMEIM IIOTOKOM MAHAEMAJIBHOHA CTOEMOCTH.

(IT1) Ecnz smademme motoka § + 6o (P*) = h > v, ocraHO-
pATECA. TpeOyeMHM HOTOKOM MHHEHMAJbHOA cTomMocTE Gymer § +
+ (6 — h + v)o (P*).

31ech BajKHO OTMETHTH, 4To rpad G* (§) Ha mare 2 comepsKUT Kak
AYTH OOJOKHUTEIBHOM CTOMMOCTH, TAK W OTPHIATEJIBHOH, H IO3TOMY
alrOpATM KpaTyaiimed nend, ACHOJB3YEeMHE HA mare 3, HE MOKeT
GrTH amropmtMom JleHKCTpH, a AoieH OHTH (MeHee 3 eKTEBHEIM)
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anropETMOM, omdcaHHHM B pasf. 2.2.1 ra. 8. Onmaxo Xaysep, I1-
MoHAC B Kapn npemnoxmaad HefaBHO MeTOf, IO3BOJAIMAA 06oiiTm
BHOIEYKa3aHHYI TPYRHOCTh H HCIOJAB30BaTh Goidee addexTHBHHE
aJITOPATMH KpaTdaitmedl menm.

5.2.2, Ipumep. CHOBAa BHYMCAAM HIOTOK MEHAMAJIBHOA CTOMMOCTH
co 3EavenmeM 20 paa rpada, maobpaskennoro ma pmc. 11.13. Bragane
Gepem § = 0. HuxpemenTanbauil rpad msolpaken Ha pmec. 11.13.
HKparuaitmeit nensio B rpade 6yner P} = (z,, z4, Z,;, Zs, ;) CO 3HA-
qeHEeM 22, a 6 oKaswBaeTCA paBHEM 12.

Iorox § mepexonmat B 12 o (P}). KpaTwaiimeii menbio B cOOTBOT-
CTBYIOmMeM HHKpDeMeHTaJbHOM rpade Oymer PJ= (zi, Ty, T4, Tg, T7)
€O CTOHMOCTBIO 23 m O paBHHM 4.

Iotox cramoBuTca paBEEM 120 (P}) + 4o (P;). HKpataaitmeit
nenelo B G* (§) Oymer Py = (z;, z,, Zg» Z;) CO cTOAMOCTHIO 25 m

Iotox cramoBmTca paBEEM 12 o (P}) 4+ 4o (P3). Kparaaitmeit
menbsto B G* (B) Gymer P; = (z, z;, T4 Z;) cO cTomMoCTBIO 31,
H BROJH STOH HENH MOKHO IOCJATh 3 OCTABmIAECHA eNHHAIK HIOTOKA
KJaA NOJMydYeHAA HOTOKA MAHAMAJIBHOM CTOEMOCTH, HW306pasKeHHOTO
Ha puc. 11.14 x.

6. Ilorokn B rpadax ¢ BRErpbIMAMH

o cEx mop B 3Toil IryIaBe JeJasoch IpefNoJIOeHHe, 9TO IOTOK,
BHXORAMMAA B3 KYTH, ABJIAETCA TAKAM ?Ke, KaK H IOTOK, BXOXAMMIA
B Ayry. OfHaKo B pAXe NpaKTHYeCKAX CHTYanBi 3TO KOUYIIEHH® HO
Bunoanserca. HanpaMep, B TpyGonpoBome, N0 KOoTOpoMy IepeKadgn-
BaeTcA ;KEXKOCTh, MJHA B BJIEKTPATIECKOHR ceTH MOryT GHITh moTepH,
yMeHbmIAIOM#AEe NOTOK 1o Ayre. B cmcreMax TpaHCHOPTHPOBKH MOKeT
OPOHECXONATH NOPUYa rpysa, KOTOpasA TaKKe NPABONAT K yMeHbUICHUAIO
OOTOKa HO Ayre, NpeACTaBIAAIOmEd MapmpyT. B TexHodormueckmx
mponeccax, KOTopuie MOryT OnTh maofpakeHH rpadamm ¢ Kyramd,
COOTBeTCTBYIOIEMHA omepamdfAM, NEeHHOCTh MaTepHaja, HOKAKAIOMEro
Ryry, Gonbme, 94eM IEHHOCTh MaTepHaJa, BXOAAMEro B AYIy, Tak Kak
B Jyre HMeeTCS BLIATDHIM, NOJyYaeMHi 3a cuer «mpmbGaBouHOl
cromMocTH» omepandm. B samavax ofmema (HampAMep, mpH mpojaxke
M DOKYIKe BAJNIOTH) BHETPHIMA KYr IpefcTaBAAIT o0OMEHHHIH Kypc
BXOJXHOT0 HOTOKA (H3MepseMHE B ONHOHX BAJIOTe) HO OTHOMEHHIO
K BHIXOHOMY NOTOKY (A3MepAeMoMy B APYroil BaJioTe).

B aToM pasfiesie M paccMOTpEM 3ajavy HAXOKKEHAA MAKCHMAJIE-
HOTO IOTOKA (0T s K {) B rpade ¢ IpOA3BOIBHKMA HEOTPANATENBHLIME
BHETPHIIAMA g;; A IPONYCKHKMA CIOCOGHOCTAMHE ¢;;, IPANACAHAKIMA
myraMm (z;, z;) rpada G. ITa 3axada aHAJIOTAYHA 3afade 0 MAKCHMANL-
HOM moToke (OT s K £), o6cykRaBmeiics B pasn. 2, XoTA Teneph BXONHOK
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H BHIXO[HOH IOTOKM CBA3AHH MexAy c000H TOJIBKO 4epes «IOCPEfCTBO»
rpada G, cOocoGHOro Kak <«IOPOAATEY, TAK W «IOIJIOTATEY HOTOK.

Ecam 4epes Ej; 06o3mad®Th LOTOK, BXOAAMmME B AYry (z;, Z;),
o o o
a uepe3 §;; — IOTOK, BHXOAAMMA M3 3TOH AYrH, TO

&= gustis. (11.12)

IIpenmonosxum manee, 9T0 HPONYCKHKE COOCOGHOCTHE AYTr COIiIacoBa-
HH TOJBKO C BXOIHHMH IOTOKAMH, T. €. AJIA n060i myra

Bi<qu (11.13)

HEe3aBHCEMO OT BeamdymHH j;. OGosHauEmM WHCTHII BXOXHOH mOTOK !
(] J (]

B S 4epes Vs, a UMCTHE BHXOAHOH! mOoTOK %) B £ wepes v;. IloTork E =

= (¥, &) ABIAeTCA HOOYCTEMHM, €CAH OH YAOBJETBOPAET YCIOBHIO

HeOPepPHBHOCTE IOTOKA BO BCeX BepIIAHAX, T. €.
Vg MIA x;=S8,
%] & — IZ. Bi=q—v maa z;=t, (11.14)
A 0 mam z;%s, t,

a takxe ycnosuam (11.12) m (11.43) nna rasxpoit nyrum (z;, z;) us G.
Bsenem Temeps gBa ompenmesnenmA.

Onpedesenue. JlonycTmMui mnorok &E = (&°, &) mHasmsaercs
MAKCUMAAbHBLM, €CIIH OH EMeeT Hamboabmee spadenne v; (CKaskeM, V)
CpefHE BCeX MOIYCTHMEX HOTOKOB.

Onpedesenue. [lonycramuii motok & = (E°, E°) maswBaetca onmu-
MALDHBLM, €CIH JIA JI060ro ApPYroro AOOYCTEMOrO HOTOKA Z

HIE vy < Vg, KOTHA Vs = Vs,
HIH Vs = Vs, KOTHA Uy = Uy,

rjle Vs B Uy ABIAITCA COOTBETCTBEHHO YACTHIMH IIOTOKaMHA B HCTOYHHK®O

B CTOKe IOTOKa E.

ITH noclefHEE YCIOBHA COTIACYIOTCA C AETYATABHKM IOHEMAHAEM
OUTHMAJHHOCTH, & IMEHHO 33IaHHHE V;, V; ABAAIOTCA HIM HaHGOAbIOIA-
MH, HJIM HAEMEHBIIAMH BO3MOXKHRMH.

~

Onpedeaenue. JlonycTAMHE HOTOK & HA3KBAETCA ONMUMAALHO-
MAKCUMAALHBM, €CIA OH ABAACTCA KaK ONTHMAJBHHM, TAK M MAKCH-
MaJbHHM IOOTOKOM.

IIpomnmiocTpupyeM BBeJleHHHE NOHATEA Ha OpmMepe. PaccMoTpEM
rpad ma pmc. 11.16 a, rme mepBoe wWcCIO y AYrE 3amaeT ee HpO-
OYCKHYI cH0CO0HOCTB, a BTOpoe — BHHAIPHm. Torma

1) To ecTh HDOTOK, ¢mOpOKAAEMHI» B camMOdl BepmuEe s.— [ pun. ped.
%) To ecThb IOTOK, «mOTJNOMAEMNi» B caMoil Bepmume ¢.— [Jpum. ped.
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X3

s=X, > Xs=t
(15, 1) X2 (2,15 Xa (6,3)
(@)
18
s g g o t
6)
s 2.t
s 5 8,

(@)

Pmc. 11.16. (a) Tpad G: mepsas momeTKa — NPONYCKHAaA crocoGHOCTL AyTH,
BTOpasg — BHUrpem Ayru. (6) Makcmmanpamii moTok. (8) OnTAMANLHEHIT IOTOK.
(r) OuTEMaJbHO-MAKCAMATBLHNII IOTOK.

(I) morox, maobpaxkennwii nHa puc. 11.16 6, ABaAerca Makcm-
MaJIbHHM IOTOKOM CO 3HAUYeHHAMH 5, =187 v, = 6;

(II) moror, wm3obpaennwit mna puc. 11.16 B, ABusgerca onrtm-
MaJbHHM IOTOKOM CO 3HAYCHHUAMH vw=3uv, =0 (samerum™, uTo
OOTOK NOPOKAEH NHUPKYJIAN@eld OO LOHKIY, Y KOTOPOTO NOIHEHI
BHUTpHm Goixbme weM 1; Kpome Toro, vy << U H, Cl1ef0BATEIbHO,
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IIOTOK He fABJIfAETCA MAKCAMAIBHEIM, HO Uy IPEACTAaBIsAeT co6ol MaKcH-
MYM, KOTOPHEA MOeT GuThr moaywer mph v, = 0);

(II1) moTox, maobpakeEHWHE Ha _puc. 11.16 (r), ABaserca onrm-
MaTLHO-MAKCAMANBHNM, AMOIONAM U; = Uy, HO 5. =5<v, =6 m,
Kak 6yner mokasaHO HUKe, HaHMEHbIIee BO3MOKHO® 3HAUGHHE U,
Jawmee BHIXOMHOM NOTOK co 3HauenmeM 18, pammo 5.

6.1. AyrmenTansubie Mapmpyrn

PaccmorpaM rpad ¢ BHEIpHmAaMH, B KOTOPOM CYIMIECTBYET JOIY-
cramuil motok E = (§°, §°). OGosmaumm sTor rpad uepes G (E).
MapmpyT (He 06A3aTenbHO nEOb OT BEPMHAHE Z; K BEpHMEHO Iy

HA3KBACTCA QYZMEKMALLHUM MAPWPYMOM OT I, K Iy, €CIH B Tpade
G (E) mo aToMy MapmpyTy MOKHO «IIOCIATH?» IOTOK OT z; K zy. (910

AHAOTAYHO ONpefeNeHA) AYTMEHTAJbHOH NENH MmOTOKa (0T 5 K )
B 3ajiave 0 MaKcEMalXbHOM moToke (0T s K £).) Ecam MapmpyT sagam
OC/eNOBATENHOCTHI0 BePMMAH Z; , Ziy , . . ., Tij, TO Oycts F —
MHOKECTBO BCEX «IPAMHX» IYT B HeM (T e. Iyr (z, . z,pﬂ) cx €
€T (= )) B B — MHOKecTBO BceX «00paTHHIX» nyr (t. e. myr, mas
xoropux i, €T (:c. )) MapmpyT fiBi1fieTcA ayrMeHTAJAbHHM, OCIH
B, <ay JIJIH xamnou npﬂuon nyre (z;, z;) € Fa & > 0 nua kampoi
obparHO# Ayrm (ry, ;) € B.

A. Bowrpeim mapmpyra. Buuzptiwu mapmpyra S = (z;,, . . 'I‘z)
onpefieNaeTcA TaK:
g®)= Il &y [l ten. (11.15)
(xl.xj)eF (xs ,xi)EB

B. Ilponycknas coocoGHOCTh mapumipyra.

Hrrpemenmasvras nponyckras cnocoGHocme ayrMEHTAIBHOTO Map-
mpyTa S paBHA 3HAYEHHI TAaKOI'0 MAKCHAMAJBHOIO BXONHOTO IOTOKA
B BOPIIHH® Z; , KOTOPHH MOKeT GHITh MOCIaH O JAHHOMY MapmpyTy

K BepmmHe r;, @ AAG0 HACHMaeT MOTOK B HEKOTOPOH HpsAMOH myre

m8 S, nEGo obpamaer B HYJb HOTOK B HEKOTOpod ofpaTHo#l Hnyre
MapmpyTa S.
Ecnz S — nens m B i BXOIHT HOTOK BeJHYHHH §, To BXxomHOHA

moTok (B BepmuHE Iip) Ha Ayre (zip, z; ) m3 S paBem

)

D41

ipipy = 0¢ . g, =6.2(S 11.16
pipst (xi"[;[)eppg” (xj-’EI)EBp 8; g(Sy) ( )

rme Fp, m B, — MHOKeCTBa COOTBETCTBEHHO IPAMHX @ O0GpaTHHX AYr
H8 nojnend S, = (Iix’ Tigy « o o pr) 7 g (Sp) — BHErpHm nen# Sp.
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N (82) \[/X053) \|/x;(9,02) \{/X, (12,05) x5

3 /N & /N 2z /N s

(a)

X Xa P Xa Xs
3 6 2 5
—— —— —2—>- T(-,—P- ——D—s
()

(10,2) x, (15,3

(6)

O6wni BXOAHON NOTOK :
2+28-36=2-¢

X,
se

5
3}\st

Prc. 11.17. (a) lens S ¢ mavanpErMu BXOHEIMA MOTOKAMM, MOKA3AHHRIMH MOR-

9ePKAYTHMA THCIAMHA: NepBas IOMETKA B CkobKax — MpomycKEas cmocoGHOCTH

Ayrd, BTopag — BHErpum xyra. (6) Llens S ¢ BBefeHHNM ROMOABMTONHHEHM

HOTOKoM. (B) MapmpyT S ¢ HaTalbHHM BXOTHEIM MOTOKOM, MOKA3aBHENM IIOR-

HePKEYTHMU THCHAMA: [I6PBAs NOMETKA B CKOGKAX — MPONYCKHAR CIOCOGHOCTH

AyrH, BTOpasm — BWHIPEMI AyrH. (r) MapmpyT § ¢ BPefieEENM NOIOABHTONE-
HEIM IOTOKOM.
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Ecan (xip, ) — mpAMas ayra w3 S, Hecymas HOTOK §; .

x~
ipa1 pips1’

To 3Ta Ayra Oyner macumena, ecam & , 46§, , =gq,, .
P p+1 P p+l P p+1

Ecim e morox § , mHecer oGpaTHad Ayra, TO ee HOTOK CTaHET
p+1'p

PABHWIM HYJI, Koria 6, = ., 1. e. Korma O, . =
'pips1 ‘pa1'p ‘pipa
=g ,; & .. UBxpemeRTairHEaA NpONyCKHaA CHOCOGHOCTB
D+l D P+l p
nen® S faeTCA BRIPAIKEHHEM

T
I . plrat ple+t 4
¢(S)=min [(xi n;lm e {Ag ) }
P P+
B, i 55,
min {M}] (11.17)

" S
(ximl' “'p)EB ¢ 8 (5p)

Ecau MapupyT S He ABIAAETCA TEUBIO W, CIe[0BATEIbHO, HEKOTO-
phle 1yrd BcTpedaroTcA GoJiee 9eM OJUH pa3, TO M B DTOM CJaydae Jerko
OOJYYHTh BhIpaykemHe, ampamormumoe (11.17).

Hdas nemu S ma puc. 11.17 (a) ¥ 3amaEHOro HAYAILHOrO HOTOKA
noGaBierne NOTOKa 0 B BepIIMHE r; HPABOAAT K IOTOKY, H306parken-
HoMy Ha pmc. 11.17 (6). MakcuMmannmoe 3maueHHe §, ocTaBIAIOMee
DOTOK AOOYCTHMEIM, paBHO TorAa ¢ (S) = 0,6. {na aroro smavenua
OoToK mo Ayre (z,, i) CBOMATCA K HYJW, T. €. S mepecraer GHTH
AYyTMeHTaJbHOH mneOpl0 B HOBOM rpade G (2). Ecam 6m mavaabEHM
OOTOK, BXOAAmMuUi B Ayry (z,, i), Oha paBeH, cKaskem, 8 BmecTo 2,
TO MAKCHAMAJbHOE AOonycTAMoe 3HadeHme O Onao 6m Torma 2,1 —
3HaYeHMe, OPH KoTopoM ayra (z,, zs) w3 S 6naa On HachmeHa.

[as mapwpyra S, m3oGpaskernoro ma puc. 11.17 () @ 3agamHOTO
HavYaJbHOr0 mOTOKa fobaBieHde NOTOKa § B BepmdHE z, AACT HOTOK,
moxaszaEHHA Ha pmc. 11.17 (r). NakpemenTanbRAA OpOmyCKHAA CIO-
cobHOCTb TOT0 MapmpyTa paBHa 0,5 — 3nadenue, IpA KOTOPOM Ayra
(r3, z,) CTAaHOBHUTCA HACHIMEHHOM.

6.2, AKTHBHBIE IDHKIbI

Tak Kak u@Ka !) MOKHO PAacCMATPHBATH KaK MapmpyT C COBIA-
JalmUMHE HaYaJbHOX M KOHEYHOHA BePIIMHAMH, TO BHIATPHIN ITMKJIA
@ ero OPOOYyCKHAaf CIHOCOOHOCTH MOTYT OHTH OmpefeNeHH TaK Ke,
Kak o fas mapmpyra. {uxa @ pasuBaercs axmusnuix B rpade G (8)
00 OTHOIEHWIO K BepIHUHE ¢, 6CAH

(I) ero Buwrpmm 6oJbme eMEHMAII,
(IT) ero mEKpeMeHTaNIBEAA NPONYCKHAA COOCOGHOCTH OTIAMYHA OT
HYJA,
(IIT) ma @ mMeeTcs HeKOoTopas BepmMEHA Z;, AJA KOTOPOH CY-
MecTByeT ayrMeHTAJBHHIA MapmpyT oT I; K f.

1) Tounee — 3aMKHYTHH MapmpyT.— ITpuMe ped.
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AKTHBHHA 10 OTHONIEHHIO K HAYaJbHOM BepHmMHE § IMKJI MOKET
OHTH ompefieleH aHAJOrWdHo. 113 BHmenpHBEeSEHHOTO ONpefeJeHHA
ACHO, UTO C HOMOINBI0 I[UPKYAAIMH HOTOKA N0 aKTHBHOMY IHKIY
MOYKHO CO3HATh HONOMHUTENbHHH HOTOK (Hmo cBoiictey (I)) m mepemath
ero B BepmuHy { (no ceoitictey (III)). B BumenpuBegeHHOM HmpHMepe
Ha pHc. 11.16(B) mOTOK moposkgajicA NUPKYIANHUeHd IO AKTHBHOMY
IHAKIY (Idv Iy, I3, Id)'

AKTHBHHE N0 OTHOMEHNIO K { IHKJ HA3HBAETCA 0€3aKMUEUPOEAH~
HuM, ecId gobaBieHHe HONOIHATEABHOrO HOTOKAa B G OCYIIECTBJISHO
TaK, 9TO MJIM HHKPEMEHTaJbHafA NpPONYCKHasd CHOCOGHOCTh IMKIA
YMEHBUIMJIACH A0 HYJIA, HIA OPONYCKHHE CHOCOGHOCTH BCeX ayrMeH-
TQIBHHX Nene#l OoT KaKof-n1M00 BepMIMHH HAa NHKJEe K0 BepMHHH I
YMEHBIIMIACEH 40 HYJAA (T. €. B HOBoM rpage G (Z) ue MokeT OHTH
cienano Golipme HUKAaKoro Jo0aBJIeHHA HEHYIeBOro HOHNOJHHTENBHO-
ro moroka). B [13] u [22] mokasaun caenyiomue yTeepKIeHAA.

o~
Teopema 7. ITomok E se18emci ONMUMAALHBM Me20a U MOALKO

mozda, kozda zpag G (Z) re codepicum HUKAKUZ AKMUGHBWT YUK108
no omHOweHUW K s uaw t.

Teopema 8. ycmv ZE ssasnemca onmumasvivim nomokom. Tozda
ecAlU NOMOK yeeaudums no kKakol-aubo (om s k t) ayzmenmarvhoil yenu
€ HAUBHCULLM BBLLLZDBLUEM, MO 6HO8b NOAYUEHHbL nomok makace 6ydem
ONMUMAALHBM.

114

Teopema 9. Ilomox E 6ydem onRMUMAALHO-MAKCUMAALHBIM, €CAU
nexomoputi paspes (Xo— X — X), omdeaswowuil s om t, sersemca
HACBWEHHUM U ecal HE cyuwjecmsyem HUKAK0Z0 AKMUEH020 YUKAQ NO
omHoweHulo K t, éce eepuiuMsl komopozo aexcam ¢ X — X,.

6.3. AropuTM ONTHMAIBAOr0 HOTOKA piA rpados
¢ BHIATPHIHIAMU

W3 Tpex BEHmENPHUBEEHHHX TEOPEM Cpaay :Ke BEITEKAeT aJrOPHTM
ONTHMAJNBHOCTH, ONHMCAHHHH HU:Ke.

Ilaz 1. HauaTh ¢ DpoM3BOJABHOIO HOOYCTHMOTO HOTOKa 2 B G
(momycTiM, HanpHEMep, HYJeBo# N0 Kammod Ayre NOTOK).

Ilaz 2. Hadta B G (B) aktnBENE nEra O no oTHomenHio K I.

llaz 3. Ilycte z; — TakaAa Bepmmua B D, 9T0 ayrmeHTaJpHER
MapiupyT HaUYMHAETCA B r; M KoHUaeTcA B f. (3aMeTHM, UTO Z; MOKeT
coBuagath ¢ t.) Haumnaa ¢ BepmuuH z;, yCTPOUTH NMPKY AANHAI0 HOTO-
Ka § Do aKTMBHOMY IMKJIY M NepefaTh M30HTOK NOTOKAa M3 X, B { N0
ayrMeHTaJbHOMY MapmpyTy. Bmbpare 6 Tak, aro6m (BMecTe ¢ cy-
MIECTBYOIHEM NOTOKOM &) MHKPEMEeHTAaIbHaA NPONYCKHAA CHIOCOGHOCTD
MKJIa HIX ayrMeHTAJBHOTO MAapmpyTa YMeHbIIMJIAch A0 HYJIA.
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[

Illaz 4. O6HOBUTL MOTOK E ® BO3BpAINATLCA K mary 2 [0 Tex
Oop, DOKAa BCe AKTHBHHE MUKJIH He GyAyT Ae3aKTHBUPOBAHH ¥ Goabme
He OyheT CYymeCTBOBATh HUKAKHX AKTHBHEX ITMKJIOB, HOCJHE dero
nepeiite kK mary 5. (Ha sTom aTtame motox E 6yjer onTHMalbEEM

motokomM = ¢ v, = 0.)
ITaz 5. HailTw ayrMeHTalbHMA MapmpyT OT § K { ¢ Hanboapmum

BHHrpumeM. IloCHIaTh MOTOK mO 3TOMY MApmPYTy RO Tex HOp, IOKA
MHKPEMEeHTANbEAA NIPONYCKHAA CIOCOGHOCTS He YMEHBIIUTCA A0 HYJA.

Illlaz 6. O6HOBATH DOTOK = ¥ HOBTOPATH MAT 5 [0 TeX mOp, HOKA
MJIHM 9HCTHH BHXOAHOH IOTOK v: He mpHMeT TpeGyeMoe 3madeHHe
(onTEManbHEOTO MOTOKA), WM Goabme He 6yfeT CyIMecTBOBATh HAKAKAX
AyrMEHTAJBHEIX MapIIPYTOB; TOrJla HOJY9YeHHH# moToK GymeTr onTH-

~

MalbHO-MAKCHMAJbHEM HOTOKOM X.

Ilare BHmenpuBefleEHOTO ANTOPAUTMA O9€Hb HPOCTH, 4 CAM METOJ
a¢dextunen. [llarm 2 ¥ 5 MOIKHO BHIONHATS M ¢ HOMOIBIO AJTOPHTMA
Kpariaiimedl memu. A HMeHHO OIpeJeNMM HHKpPEMEeHTAalbHHH rpad

G" (2), cootBercTByomuit rpady G (E), ¢ MEOxecTBOM BepmuH X" =
= X ® MmomectBoM ayr A", Takmm, uro

zf, zh € 4%, ecmm  O<CH; < gy,
OpHieM MHKDEMEHTAJbHAA «CTOBMOCTh Y
i = —log (gi))
H IOpOOycKHaA cmoco6GHOCTH

g% =qi;— &,

(x.!ilv Ifl) €4%, ecrm 0< §1€5<9ijv
HEKPEMEHTANBEAA €CTOMMOCTEY
ch = —log (1/g;;)
M IPONOYCKHAA CHOCOGHOCTD
n e
g5i="Cije Lijo

Huxn @ B rpade G (E), uMeomuit BuArpum, Gonpmuit 9eM eu-
HON@, COOTBETCTBYET TOrJa IUKIY C OTPHUNATENbHOH «CTOMMOCTBHIOP

B rpage G (2). B atom moxkmHO y6emuThCA, IpONOrapupMEPOBAR 06e
gacte cootHomen®a (11.15), B KoropoM B KadecTBe MapmpyTa S
Bajgo B3ATH muka @. Torga monyzmm

log[g(®)]= >} log(gi)+ log (1/g,)

(xi' IJ)EF (xl' xi)EB

= —[Deli+ kil
F B
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rie F m B, Kak ® npeskie,— MHOKeCTB& OPAMHX H o0paTHHX Ayr
nmkaa O.
Ecim g (@) >1, 1o loglg ()] >0, orkyma caemyer, uTo
crommocts nmkia @ B G* (8), 1. e. X ¢l + g‘ c%;, monmna 6HTH oTpE-
F

nareabHo. O6parmo, ecam g (P)<<1, T0 cromMocTh nuKiIa O
B C () HeoTpmEmaTeabHA.

TakmM o6pasoM, aKTHBHEE NEKJIH B G (2) — Ha mare 2 BHmeonn-
CaHHOTO  AJrOPATMA — MOTYT OHTH oONpefleIeEH IOCPEACTBOM
HAXOKAEHAA BceX KpaTdafimmx (HamMeHBINEH «CTOMMOCTHY) Iemed,

maymux B3 BepmmH rpada G (E) K KoHeuHofi BepmmEe ¢ (1is gero
MOKHO BOCHOJIB30BATHCA MeTOofmoM H3 pasf. 2.2.1 ra. 8, kak aro GuiIO
obbAcHeHO B paaA. 4 HacToAmed IJIaBH), H OpPOBepPKH NHKJIOB Ha
OTPHIATEIBHYI0 CTOEMOCTE. ECiIH, OfHaKO, OTOK 6, MEDPKYIRpYIomBi
oo aKTEBHOMY nmkKay O Ea mare 3 B mepefiaBaeMuil o ayrMeHTaXb-
HOMY MapmpyTy K {, He YMeHbIAaeT A0 HYJA OPONYCKHYIO cO0COGHOCTD
camoro nmkiaa O, a BMECTO 3TOT0 YMEHBIIAET A0 HYJIA NPOOYCKHYIO
cnocoGHOCTh aYTMEHTAJIBHOTO MapmpyTa, TO OPH CAeAYIOMEM BRIOJ-
HEHPH mara 2 Hy/KHO TOJBKO HaiiTH ApYyTo# ayTMeHTaAbHKA MaPIpPYT,
BeAymE# ¥3 BepmEHK nHEKJIa QO B BepmmBy {. Tako#t MmapmpyT cHOBa
clieJiaeT OUKJ aKTHBHKM M MOKHO Oyfer mepeiiTm k mary 3 ® T. f.
BOJOTH 70 TOTO MoMeHT&, Koria mnmka O pesaktmBEpyercA. Torpma
Ha mare 2 HNETCA HEKOTOPHE Apyro#i aKTHBEHH IHEKJ.

Hlar 5 BHmMeODHCAHHOTO aJrOPATMA TaKKe MOKHO BHIOJHHETH
¢ moMompio Metofa pasm. 2.2.1 ria. 8, TAK KaK OH COCTOHT NIpPOCTO
B BHYHCJCHEM Kpardaiimeii nemm ot s kK £ B rpade G" (E). Iror rpad
«ocBoGosKlaeTcA» OT ONUKJIOB OTPHNATENBHON CTOMMOCTH, KaK TOABKO
BHIIOJHEHH YeTHpE NPeANAYMHEe mAara aJIrOPHTMA.

6.4. Npamep

Mu xoTEM HaiiTH ONTHMaJlbHO-M&KCEMAJLHHHE NOTOK OT Bepmm-
HH Z, K BepmmHe Zz B rpade Ha puc. 11.18, rae mepBoe 1mCI0 Yy AYTH

s=x, (15,1) Xq (8,2) Xg (3,1) Xy=t

—_—

156 36/| 26 26
o;/
5 TN SR 2
g tn./se S <

Xy (8,05 xa (05075) Xs  (8,2) X%

Pxuc. 11.18, Tpad B3 npumepa 6.4. llepras noMeTKa — nponmyCKEAS cOOCOGHOCTD
AYTH, BTOPAA — BHEIPHII AYTH.
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S=X1 Xz 2125 iS_Xs - Xa=
2254 & 2@ 3 3 14,5&
15
? 36
2,25 2925,
X3 Xa 9§ Xe __XJ:S(T
1,56
Puc. 11.19a. Ilotok mocae 1-ro sTama.
— HACHIMEHHAA Ayra.
§=X X 4 8 x5 3 3 xg=1
syl ¢ d
4 4 7,875
3,3756‘T
417
1,5¢ 1,125¢8 2,2568)4 5,25
X3 X4 3,5 2,625 xg 2,625 9,25 X7
Puc. 11.196. Ilotor mocae 2-ro aTana.
— HACHIMEHHHE yTrH.
§=x X3 4 8 x; 2 2 xg=t
& =5
1,25
1,125¢?T
03756 o758){75
x5 Xy 5 375 xg 375 15x

Puc. 11.198. IloTox mocae 3-ro arama.

— HACHIMEHHLIE IYTH.
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§=x X, 3% TVaxy 1Y3 13 xg=t
o
12
8
©
X x4 53 4 x4 8 x;

Puc. 11.19. r. OnTuManpHL DOTOK.
=— HACHINEHHHE AYTH.

ABJAETCA ee NPONYCKHOH CIOCOGHOCTHIO, a BTOpOe — e¢ BRIHUTPHIIEM.

Haunmaa ¢ 2 = (0, 0) maxoauMm meppuit akTUBHHH mEKaI @ =
= (5, %4, Ty, Ts) C AYTMEHTANBHHM MapmIpyToM (Zj, ). Llmpkynsa-
nmA moroka & (rme 8 — Bxopmo#l moTok Ayrm (z;, Z,)) OO 3TOMY
MapumpyTy, Kak @okasaHo Ha pumc. 11.18, maer MakcuManpHHR
NONYCTUMEI OOTOK co 3HaTeHMeM §=1,5, B AuA 5TOr0 3HAYEHNA HOIY-
Jal0IAiicA NOTOK MOKa3aH (oAYe PKHYTHMHA YuciaamMe) Ha puc. 11.19a,
npmgeM xyra (rs;, zs) HacumeHa. IIpomyckmasa cmocoGHOCTH caMOro
IUKIa He YMeHbHIAeTCA [0 Hy/A, U IOITOMY IPH clefynomeilt mrepa-
nuM, Korja alropuTM KpaTdaiimedt nenm (meiicTBymomuit or Bcex
apyrnx Bepmma rpada G" (8) k Bepmmme f) mOMedaeT BepmIHHY Z,
m3 @, nuka @ cHoBa CTAaHOBHTCA AKTHUBHHIM C HOBOH ayrMeHTAaJbHOI
neneio (ry, Zg 7, rs). Ilocuaan morok 6 mo HHKIY m HepefaBas ero
mo ayrMeHTalbHO# mend K f, Kak DoKasaHo Ha puc. 11.19a, momyua-
eM IOTOK, m3obpaskeHHHE Ha puc. 11.196 moAYepKHEYTHMH 9HCIAMHE.

\
S=x, Yo Y2 x;, 4%z 9 x5 3 \x 3 xg=t
R® \
VG i\ (3 \ g
\
\
Y
\
\
Y3\ 4 8\
- \ Paspes
X3 xq 53 4 xs 4 8 x,

Pme. 11.19x. OntAMansHO-MBKCHMAJIbHHN MOTOK.
— HAaCHINGHHHE XYTH.
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HoBui# akTEBHHA UHKI (Zg, Ty, T4, Tg, g, Lg) ONPENENAETCA HA
mare 2, ¥ QEPKYJIAQHEA HOTOKAa 6 m0 3TOMY HHEKIY, KaK IOKa3aHO
Ha puc. 11.19(6), naer morok, Eao6paKeHHHE IOAYE PKAYTHME THCIA-
mEe Ha pHEC. 11.19(8). Haxomen, ompefeisieTcsi aKTEBHHE NHKI
(zgy Tsy Zgy T4 Zgy Ty, Tg) B €T0 JNE3AKTHBAUHUA ¢ HOMONIBI0 MAPKYJIA-
NEE IOTOKa HOPHBOAET K IOTOKY, HaobpaemmomMy Ha pmc. 11.19r.
Ilocnenanit GymeT onTEMAaIBHEM DOTOKOM, TAK KaK 60apme He yAaeTCa
00HADYHKETh HAKAKAX AKTHBHHX NHEKJOB.

AyrMeHTaJbHEA MapmpyT (OT § K {) ¢ MAKCEMAJBHKEM BHATPHIIOM
eCTh (), Z4, Z;, T; Zg) C MPOMYCKHOM cmocobHOCTEIO Y/5. Hak ToabKO
aTOT MapmpyT Gyner macumeH (Ayra (r,, ;) y»e HACHINEHA), AyIMEH-
TaJBHHEM MapmpyToM CO CAEAYIOMEM HaEGOJBMEM BHErpHImeM 6yneT
(z1, x4, x5 xg), B OH mOCHE HACKHIIEHHEA AACT OOTOK H4 pmc. 11.19x.
OToT mOTOK GyneT TpeGyeMEIM ONTEMAJIBHO-MaKCEMAJIbLHHIM LIOTOKOM,
TaK Kak 6oibme Heap3sA HANTH HEKAaKHX ayrMeHTAJBHHX Lemei (oT §
K ).

6.5. 'padm ¢ PHNErpHmIaME B BepIIEHAX

3amaza 0 MaKCEMaJBHOM HOTOKe (OT § K {) JUIA Caydas, KOTAa
OpPOOYCKHWMHA cHOCOOHOCTAME of6iafaloT BepmEHH, OwJa pemeHa
B pasa. 3.2 ¢ IOMONIBIO IPOCTOX 3aMEHH KaKNOH BePHIEHH x; mapod
BepmEH! z; B zj. AHadormunmM o6pasoM, ecam BepmmEHaM rpafda G
IpUUECAHH BHETDHINE H, CIefoBaTeabno, ycaosdsa (11.14) mempe-
PHBHOCTE IOTOKA He BHIOJIHAIOTCH, TO MH MOKeM o6pasoBaTk Apyrol
rpad G,, 3aMeHAA KamAyl0 BePmMEHY I; Iapo¥ BePIIAH I3, B Ij ¢ Ayroi
(z7, z7) Me:xny HEMA. BHErpsm 3T0# AYrE CIATAETCA PABHHIM BHATDH-
my BepmEHH Z;. [ nyrm (z;, z;) #3 G MK ToTAa EMeeM Ryry (i, Tj)
B Gy, a naa nyrE (r;, ) 838 G — nyry (zj, zt) B G, 3anada mocie
9TOTO CBOAMTCA K HAXOKAEHHI0 ONTEMAJELHEIX HOTOKOB B rpade G,,
8 KOTOPOM BHEIDHINA LIPANACAHH TOJBKO AYraM.

7. 3agaun

1. Haiite MaxcEMmaldpHL® IOTOK §* oT 2, K z; B rpade, maobpa-
meHnoM Ha pmc. 11.20, rne mponycKHEIE CIOCOGHOCTE AYr yKazaHH
CTOAIEMHA OKOJO HEX TACIAMH.

2. Haueprers mmxpemenTansmmi rpad G* () nna mpmmepa ma
sanaun 1.

3. Paanomxure morok, maiineHHM# B 3amage 1, HA BIEMEHTAPHHEO
LHOTOKH (0T § K {) 0 NENAM H NAKIaM.

4. Ilycte B rpade, maobpaskemmom ma pmc. 11.20, moTokE mo
nyraM (rg, Zs), (xs, Z,) B (T4, T;) OrPAHEYEHH CHEH3Y 3HAYCHEAMHE
Tes = 4, rga = 7 ® ryy = 3 cooTBeTcTBeHHO. HalTH MaKCEMaJBHHIR
OOTOK OT Z; K I, HJE II0Ka3aTh, 4TO TAKOE IOTOK HE CYIECTBYeT.
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5. JloxkaszaTe TeopeMy 3 ®a paspg. 3.3.

6. HalitTn MakcHMaJbHHe DOTOKHM MeKAY BCeMH IapaM#d BepPIIMH
nna rpada G, aoGpaennoro Ha puc. 11.21, u HavepTHTH MOTOKOBO-
SKBHBAJIGHTHO® gepeso. OmpefeJHTEL paapean B (7, COOTBeTCTBYIOI{He
3TOMY IOTOKOBO-3KBHBajJeuTHOMY HepeBy. Haiitu gBa mpyrmx moto-
KOBO-9KBHBAJEHTHHX [epeBa.

. Hafitn Mmaxcm\.aIbHHE DOTOK ¢ MEHHMAIBHOHM CTOHMOCTBIO
OT I; K Zy B rpade ma puc. 11.22, ecau mepBoe 9HCI0 ¥ AYT'H PABHO 06
NpOOYCKHO# cmocofHOCTH, a BTOpPOe — CTOHMMOCTH.

Xa 6 X3
9 4 7 3
X, 5 R 5 X,
8 8 4 14
Xs 2 Xs
Pnc. 11.20,

8. Kakue yopomenna Moryt GHTb CHelaHH B AJropETMe LIOTOKA
MEHAMAJbHOR CTOMMOCTH B ClIy4ae, Korga TpefyeMoe aHaueHHe MOTOKa
AIBIIAGTCA MAKCHMAJIBHO BO3MOMKHEIM?

9. B amropmrMe MaKCHMaJbHOro moToKa (OT § K f) H3 pasf. 2.1
cpedH MHOTHX BO3MOKHOCTell, BosHHKalomux mpH BrGope ayrmes-
TaJbHHX Hemneil, ABe TAKOBH:

(I) Bubupaerca ayrMeHTaJbHAS Hedb ¢ HAMMEHBIINM JHCIOM AYT,

(II) Bu6HpaercA Ta memb, KOTOpaA IMO3BOJAET IOCIATh OT § K i
ayrMeHTaJbHHE OOTOK ¢ MAKCHMAaJbHO BO3MOKHHIM 3HaTeHHeM O.

Haxaa Ha 5THX ABYX B03MO/KHOCTeil mpeAmoYTHTe/]bHee B BHYHCIH-
TeJbHOM OTHONIeHHH H KaK 3aBHCAT OHH OT BeJHYHHH IPONYCKHON
cmocofuocta ayr? (cm. [9]).

10. JJoxasate Teopemy 6 ma pasm. 5.2.
11. IlokasaTs Teopemy 7 m3 pasa. 6.2.

12. B rpade, msobpakeanom na puc. 11.23, maitTe onTmManIbHHE,
MAKCAMAJIbHHE H ONTHMANBHO-MAKCHMAJBHHN HOTOKH, ecJH IepBoe
9Aclo, CTOAMee Yy AYTH, PAaBHO ee HPONYyCKHOH cmocoGHOCTH, a BTO-
poe — ee BHIATDHIY.
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(7,10)

Xy 5 Xy 3 Xy
2 8 6 9
4 6 5
: s\
[« &
Xa Xs Xg
Pmc. 11.21.
'S (2,25) X, (4,6) X3
Ci
& o
3
© Xs
G
» &
®
Xa (4,3) Xg (6,4) Xg
Pmc. 11.22.

(7,1)  xa (3,05)

Prc. 11.23.
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Fnasa 12

NAPOCOYETAHUSA, TPAHCNOPTHAA
3A0AYA U 3AAYA O HA3HAYEHMUAX

1. Beenenne

PaccMoTpuM cireylomyio 3afady HOCTPOEGHHS OCTOBHOTO IIOATpa-
¢$a G, obmero BeOpHERTAPOBAHHEOIO rpada G, CTEHEHH BEpPIIEH KOTO-
poro mo OTHONMEHHI K moArpady G, sagaHH.

3agaua 00 ocroBHOM moarpade ¢ NPENIHCAHHLIME CTEDEHSIMH.
Ilyete G = (X, A) — meopmeBTHpOBaHEMA rpad, peGpaMm a; € A
KOTOporo mpHOACaHH Beca c;. IlycTs, mamee, sajamm HEOTpHIATEeIh-
HHe nenwne gacaa §;,, i = 1, ..., n. Tpebyerca maiitm B G Taroi
OCTOBHHE moAarpad Gp, 9TO CTENEHM BepmHMH Z; IO OTHOIIEHHIO K G

-

ABIAIOTCA 3aNaHHHIME YHcIaME O; (1. e. diP = 8;) m cymma Becos
pebep rpada Gp MaKcHMaibHA (MJIH MAHAMAJIbHA).

CdopmyrEpoBaERyI0 BRme 3aady MH OyleM HAa3HBATh B HACTOA-
el riaase o6wel sadayeii. OueBERHO, 9TO ecM AaH rpad G u umcna §;,
TO BOOJHE BO3MOKHO, YTO B G He CYIECTBYeT HHAKAKOI'0O OCTOBHOTO
noarpada Gp, AMeIONEro 9TH IPEJNHCAHHHE CTemeHd. J[Ba HeoGXONH-
MHX (HO He JOCTAaTOYHHX, CM. Dasi. J) YCJIOBHA, KOTOPHM NOJKHH
YIOBJIETBOPATH 9mcIa §;, 9TOGH CYymecTBOBaJ HEKOTOPHI {OIYCTHMEIR
OCTOBHHIH moxarpad, TaKkoBH:

8 <d?, Vi=1, ..., n (12.1)

n
D 8; —uerna,
=1

OpHEYeM mOCJHeHee YCI0BHE ABIAETCA PAMKNM CIEICTBEEM TOro PakTa,
9T0 MJIA 1060r0 HEODHEHTHPOBAHHOTO rpada cyMMa CTemeHed ero
BepIIHH B [Ba pas3a GoJbme gmcia ero pebep.

Ilapocouemanuem obmero BeopdenTEPOBaEHOrO rpada G = (X, A)
Ha3HBaeTCsA MOAMHO:KecTBO M MHokecTBa A pefep rpada G, smbpan-
HOe TaK, 9YTO HAKAKAEe ABa pebpa m3 M He ABJATICA CMe;XKHHMHA
(T. e. me mMeloT ofmeit Bepmunw). Cieaylomas sagada GymeT HAasH-
BaTheA sadaueld o makcumarvHom napocowemaruu (3MII),

3MII: maitta mapocoderanme M* makcmMmaJbHOTO Beca. Bec mapo-
COUYeTAHHSA ONIpefedAeTcsd Kak

CM = Z Cj-
aeM
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M* Gynmer HaHBATBCA MAKCUMAAbKBM napocouemanuem rpada G.
3MII moxHO BHpPasHTh B TePMHHAX JMHEHHOIr0 IpPOTPAMMHPOBAHMA:

m

MaKCHMHSHDPOBATD z=jZ ks (12.2)
=1

OpH YCJIOBHH DbhE<t Vi=1, ..., n, (12.3)
=1
§,=0 mm 1, (12.4)

rae [(b;;] — maTpuna mENMAennuit rpaga G u §; = 1 mim O B 3aBm-
CHMOCTE OT TOTO, BXOJHT Ju peGpo a; B mapocodeTanne.

Cosepmenno ogesupno, 9ro 3MII nas rpada G ABnAeTCA YacTHHM
caydgaem obmeit 3agawn. Ecim ancno Bepmun G g9eTHO, TO Tpebyerca
TOJIbKO Jo6aBaATs K G pebpa Beca —oo [0 Tex mOp, IOKAa He HOJYIHT-
ca (moBmil) nonmwit rpagp G. 3MII cramoBuTca Toraa obmeit aamazeit
nas rpada G, rae Bce 6; nonoxenH paBEEME 1. Pemernuem 3MII 6yzer
pemenue ofmeii sagasm gnsA (ocroBHOro) moarpada G, ecam mpe-
He6pedb Temm pe6paMm B Gj, KOTOpPHe HMEOT Bec —oo. Ecam amciao
BepmuH rpada G HedeTHO, TO K G R06aBIAAT OfHY H30JHPOBAHHYIO
BEepPIHAY, HocJe 9ero cTpouTca rpad G, Kak 3To GHIIO ONHMCAHO BHIIE.

B repmmmonormm ri. 3 mapocoveTaHMe MoskeT OHTH Ha3BaHO
¢He3aBUCHMEIM MHOKeCTBOM pefep», TaK Kak HUKakKuWe aBa pe6pa
DapocoveTaHWA He ABIAAITCA CMeKHHMH. «[loMEHEEpYyIOmee MHO-
’ecTBo peGep» B cMucie ra. 3 (T. e. MHOecTBo pebep, «IOMEMHH-
pyloliee» HaJ BCeMH BepMHUHEAMH U3 ) cllefoBano GH TOrAa OmpefelHTh
Kak noaMuosecTBo E pebep n3 G, BHGpaHHOE TaK, 9TO KaskAas BepmH-
Ha MHOHMEHTHA OO Kpaiimeit Mepe ogHoMy peGpy ms E. Takoe mmO-
KEeCTBO B JIUTepaType OOLMHO HABKIBAETCA NOKPHMuUeM, B B HACTOAMmEH
raase Mo 6ygeM HCHOONB30BATH STOT TePMEH. Becom noxpurma E

rpada G masmBaerca Y| c;. Temepr 3MII COOTBETCTBYeT 3adaua

a,cE
0 xurumasvron noxpumuu (3I10). 3I10: maiiTe noxpurae E* Murm-
MaJbpHOTO Beca aas rpaga G.
E* Gynmer HasRBaTBCA MURUMALbHEM Nokpumuex TDada G. Dopmy-
nuposka 3I[I0 B TepMEHEax aWMHeHHOr0 HPOrpaMMEpPOBAHMA TaKOBA:

m

MUHEMHBHDOBATE Z= D) ¢;k; (12.5)
i=t

OpR ycJA0BHR D bE =1, Vi=1, ..., n, (12.6)
; &

;=0 mm 1, (12.7)

rae §; = 1 mim 0 B 3aBMCHMOCTH OT Toro, BXONUT ad pebpo a; B
OOKpHTHE,



370 I71. 12. TAPOCOYETAHVSA

Ha pmc. 12.1 (a) mapocoueranme B rpaje IOKAa3aHO REPHEIME
auHEAME, a Ha pmc. 12.1 (6) B ToM ke camoM rpade KEpPHHME nE-
HEAME NIOKa3aHO NOKDHTHE.

B wacraoM crywae, Korma Beca Bcex pebGep paBHH eguEmne, 3MII
u 3II0 cBonarcs ¥ aadaxe o Haubosvwen napocotemanuu (SHIIC) n

X3 Xs
X, ‘ X
¥ XZ 6
X4 Xy
(a)
X3 s
X X,
] Xz Y Ag
' O
Xq X,
(6)

Puc. 12.1. (a) Iapocoueramume. (6) IToxpurme.

3adawe o0 noxpumuu naumenvwel moynocmu (3MIHM). Ecam
rpa¢ G uMeer n BepmmH, To YHcI0 pebep B napocoderann: rpada G He
MO3XeT, O4eBHJHO, IPeBHmMATh BeadYnuH [n/2]. Onmako aTo umc:i0 He
BCerfia NOCTHUrAeTCA; HANpEMep, A «3Beaqunoro» rpada ma pmc. 12.2
sambonemee wmcao peGep B mapocoueTaHmE paBHO 1.

B rtom cnénmanbHOM ciyuae, Korpa Beca ¢; IPOM3BOJLHKE, a caM
rpag ABaAeTcA ABYAOJBHHM, 3371493 0 MAKCEMAJILHOM 1A POCOTETAHER
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cBoauTcA K 3adave o HasHawenusr (3H) — samade, ovenbp xopomo
m3BeCTHOM B MccleqoBaHMM omepanmii. B rpade Takoit cmemmaibnoit
CTPYKTYpH 06mas 3ajjada mpeBpamaeTcA B APYTYI0 XOPOIIO M3BECTHYIO
sajauy — mpaHcnopmuyio 3adavy (T3).

B nacroameii riaaBe Mu faamy a¢deKTHBHEIE MeTOIH pemenusa 3MII
3110, 3H u T3. 3MII BosHMKaeT B KauecTBe HOA3ajauHu B 3ajade 06

o

Prc. 12.2. 3Beaganii rpad.

o6xone rpada m B 3afiave KMTalCKoro mourajbona. [lociaennme BCTpe-
9al0TCA B 3afadax pacupelieleHHsA, TaKAMX, KaK JOCTaBKa MOJOKa
® OOYTH, IOCHIKa 3MMOH JNOpOr CMeChI0 COJH M mecKa, c6op Mycopa
(em. ra. 9). 3H u T3 ABasloTca ABYyMA OCHOBHHIME 3aJalaMM C MHO-
FOYHC/ICHHHMM NOPAMEMHA M KOCBEHHHMH NDHJIOMKEHHAMH B CaMBIX
pasnu4HEX o6macTaAX, WacTo BechMa NaJieKMX OT Tex ofJiacrteit, Ha
KOTOpHE YKasHBalOT .Ha3BaHUA 3THX 3ajad.

2. HamGonbmme mapocoueTanms

Ecam pano mapocouetranue M, To BepmMHA I;, He ABJIANMAACT
KOHEYHOM BepIHMHOH HHMKaKoro pebpy ma M, OGydAeT HasHBaTHCH
sKkcnonuposannoti Bepmuaoi. Ha pue. 12.3, roe mapocoseTanme noka-
3aHO ’KEPHHIMA JIMHEAME, BePIIMHH Zg ¥ I, ABIAIOTCA SKCIO3HPOBaH~-
HEIMH,

2.1. AnpTepEupyIpe DemH H REPeBbA

Aavmeprupyrowan omuocumeavho M yenv — 3To mpoCcTas Iemb,
peGpa KoTOpPOH# MONEePEMEHHO JIe3KaT MM He JiesKaT B apocodeTanuu M.
IlpumepoM Tako#i nemm ABJIAETCA Hends (Ig, T;, Tg, Iz, Ly Tig, L)
B rpajde na puc. 12.3. Ayzmenmaavrnan ommocumerrno M yenv —
8T0 TaKas aJbTePHEpPYIOMAA [enb, HaTaJbHAA M KOHEIHAS BEPIIMHES
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KOTOpoi aKcmonmpoBamH. Llenms (zy, Zy4, Z,, Ty, T, T, T;5, T4) AaeT
OpEMep ayrMeHTaJbHOM memu B rpade, maoOpasxemsoM Ha pmc. 12.3.

Xy X3

Xs

Xg Xg

Pme. 12.3. ITapocogeranme M.

OcnoBHas oTHOCAmMANACA K HAPOCOYETAHMAM TeopeMa MOMKeT OHTH
chopMysmpoBaHa TakK.

Teopema 1 [5, 27]. Hapocowemanue M 6ydem naubosvwum napo-
covemanuem mozda u moavko mozda, ko20a 8 G He cyujecmeyem HUKAKol
ayzmenmaavrol omuocumesvHo M yenu.

Hoxazameavcmeo. Heobzodumocmov. JlomycTEM, dUTO CYIMECTBYET
ayrMeHTaJbHaA menb P, m mycrb P ofosmazaer TaKxe MHOMKECTBO
pebep aroit memm. Hukakoe peGpo B Mmomectee M — P [\ M =me
MO3%eT GHITH CMEKHHIM HHE C KaKuM pe6poM B P, TaK KaK iBe KOHIEBL®
BepmMHUHEE B P ABIAKTCA (D0 OOpEfeNeHHI0) JKCIOHUPOBAHHEIMA,
a KaKfasA Apyrad BepmmHa B P yiKe fABAAETCS KOHNEBOH BepIIMHOM
HeKoToporo peGpa B P (| M. CaenoBatenbno, MEOKecTBO peGep M' =
=M-PNMUP—-PONM)y=M\y P—P M, nonyqen-
HOE B pedyiabraTe 3aMeHH Tex pebep 3 P, KoTopue me BXomaT B M
(r. e. pebep ma muoxxectrBa P — P | M), na pe6pa m3 P, KoTophe
BxofaAT B M (r. e. Ha pebpa ma P (| M), ABadeTcA mapocodeTaHHEM.
Ho rak kKak o6a Kornesux peGpa m3a P ge nemars M, o P — P\ M
cofep:XAT Ha ofHO pe6Gpo Goawme, zeM P (| M, m moaromy | M' | =
= | M | — 1, Tak 9T0o M He ABaAsAeTCA HAUGOIBIIMM IMAPOCOYETAHAEM.

Hocmamourocme. Ilycts M — napocodeTanme, OTHOCHTENBHO KO-
TOpPOTO HET HA OfHOH ayrMeHTasbHOl nenw B rpade G, m mycts M* —
HauGonbmee mapocoteranme. Iloctponm ocroBrEI moarpad G, o6pa-
soBamHH#E peGpamm n3 M |J M* — M (| M* BMecTe ¢ COOTBETCTBYIO-
mumMaA aM Bepmueamd. HmKakas Bepmmsa m3 G, He MOKET HMeTh
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cTelmeHb, 6OABMYIO YeM 2, TAK KaK B IPOTHBHOM ClIydae ABa HIH Golee
pebep B3 M (mn1m M*) ABAAKTCA CMEKHHMH, 4TO OPOTHBOPEHHT
OIpefle/IeHHI0 NapoCcodeTanus. Taxum oGpasom, nonrpaq) Gy, cocToHT
H3 oRHO# HIH GoNlee KOMIOHEHT, H KakKAad H3 HAX €CTb Jm60 H30J1H-
poBaHHAA BepmHEA, JHGO mpocTad menb, Au6O OPOCTOlH NHKA, Kak
aTo H3o6parkeHo ma puc. 12.4.

Ienp THna (6) cymecTBOBaTH He MOKeT, TaK KaK OHa ABIAeTCA
ayrMeHTATbHON HeNbi0 OTHOCHTEABHO M, 3TO NPOTHBOPEYHT mEpBO-

(a)
VIR L. S - N B LA
Xy X X3 Xq Xp Xs
(8) o.———o— — — — = —O— —— eOm—C)
X Xa X3 Xq Xr Xs
(2) o——o— —_—— — — =~ = —O————— — —()
X X2
\ /
N\ /
\————(/
Xp
Pe6pa — ———Pefpa
B M B M*
Puc. 12.4.

HadaJbHOMY OpeRnoorxennio. [lens Tana (B) He MOKeT CyImeCTBOBATH,
TaK KaK OHa ABJAAETCA ayrMeHTAXBHOH oTHOCHTeABHO M*, uTo mpo-
THBODPEYHT OPEINON0KeHHI0 0 MaKcuMaabEocTHd M*. [luka tanoa (&)
¢ HeYeTHHM 9HCIOM pefGep He MOKeT CYM[eCTBOBAaTh, TAK KaK TOTAA
nubo nBa pe6Gpa ma M, au6o nBa peGpa ms M* GHIH GH CMeRHEIMA
mpyr ¢ ppyroM. Ocraiorcs BO3MOKHHME TrpadH CIeAyIOmMHMX BHAOB:
(a), (r) 4 yuKIH THODA (@) ¢ YeTHRM dAcaoM pebep. Ilada kaskmoro s
TakEx rvpadoB umciao peGep n (M) B M pasmO umcay peGep n (M*)
B M*. Tak Kak 2ro CIpaBefTHBO AJsA Ji06Gofi cBA3HO# KOMIOOHEHTH k
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rpada Gy, TO

g ny (M) = g ny (A’I*),

e ny (M) m n, (M*) — ancao pebep B KomnonenTe k, mpHHA[JIeKa-
mux coorBerctBeHHO M m M*. Ilostomy

| M| =M N>+ D n (M) =| M M* |+ 3 (M*) =| M|

®, caefoBarteilbHo, M — Hamboabmee mapocodeTaHze.

PaccMoTpuM B KauecTBe mpumepa rpad, uaobpaskeHHEIH Ha
puc. 12.3. Pebpa, obpasyromume mapocoueranue M B 3ToM rpade,
BHJIeJIeHH KUDHHEIME JUHAAMEA. MuoskecTBo peep B ayrMeHTalbHOM

X2 X3
X, Xs
Xa
X0 Xs
Xg Xg

Prc. 12.5. Hanboxbmee mapocoderanme M’.

mena P = (zy, z,, Tyg, Ty, Zq, Ts, Ty, Tg), He Nesmamumx B M, naer
HOBoe mapocoueranue /', mao6paskenHoe ma puc. 12.5. 3mech yxe
HET YKCIOHHPOBAHHHWX BEPITHH M IO3TOMY HE CYIMECTBYeT HAKAKHX
4YTMEHTAJbHHX oTHOcHTenbHO M’ neneit. CrenoBarensno, mo Teope-
me 1 M’ — paumboabmee mapocouerande.

Aasvmeprupyrowum Oepesom OTHOCHTENBHO [AHHOTO OAPOCOYETA-
B M HasmBaercsa AepeBo I, IJIA KOTOPOIO

(a) onma BepmuHa, HasmBaeMas KopHem pepesa I, ABJIAETCH
9KCIIOHHPOBAHHOM;

(6) Bce maumHamUecsa B KOPHE LeNH ABAAOTCA aJbTePHADYOMMT-
MH;

(8) BCe MaKCHMaJNbHHE 1eNH¥, HAYAHAKMHECA B KopHe nepeBa T,
cofiepsKaT deTHoe 4mcJao pebep.

Paso6seM Bce BepmuHH fepeBa Ha fBa Kaacca: ® — Kiaacce srews-
Huz BepmuH, I — Kiacc enympennuz Bepmun. Kopens fepesa oTHe-
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ceH K Knaccy ©. Bepmumun Broap m06oif nenu, HaIWHAKIMEHCA B KOp-
He, 6yayT moouepenno orHecenn K Kaaccam @ m I. Takum o6Gpason,
eClIM BepmIMHA PAcHOJ0}KeHa B «KOHIe» IeMH C HeTeTHHM UHCJIOM pe-
6ep, HaUMHAIOmMeElCA B KOpHe, TO 3Ta BepmHHA Gynmer oTHeceHa K I,
a eCJH OHA JEKHT B «KOHIE» HemH ¢ YeTHHM 49HcjIoM pebep, Hadm-
Hame#cA B KopHe, To 6yner otnecena kK @. Ha puc. 12.6 uzobpamxeno
aJbTepHApYIOIee OepeBo. 3lech Bce BEPMMHE, JeKalde B KOHIE
MAaKCHMAJbHEIX HeNneH, HAYMHAII{UXCA C KOPHA, B COOTBETCTBHH

I ¢

I
¢ 1 4/_ I

o
Kopetib

°¢

Puc. 12.6. Am;’repmgylomee Aepeso. ] — BHYTpPeHHHe BepPIIHHH,
— BHEIIHHE BepIMHH.

¢ yciaosdeM (B) 6ynyTr «BmemmumMm». CremeHb T1060#f BHYTpeHHei
BepPIMHH aJbTePHAPYIOMEro AepeBa PaBHA 2, B TO BpeMA KaK CTeNeHb
BHeMHe# BePMIMHH MOReT OHITL JIOOKHM IeJHM M0JOKHATeIbHLIM
JUCIOM.

Ayemenmanvioe depeso — 3TO ANBTEPHHPYIOIIee NepeBO OTHOCH-
TeJIbHO JaHHOTO MAPOCOYeTaHHMA, YHNOBIeTBOPAIOMEe YCIOBHIO: Cyie-
cTBYeT pe6po OT KaKod-HHOYnb BHEmHeHd BePMIHHH JepeBa z,, [0
HeKOTOPOH PKCIOHHPOBAHHOM BEPMIMHH Z., He MPHHAJJIEKAIIEH Nepe-
By. EnuncTBenHas mems, MAymas OT KOPHA JepeBa [0 BePIHMHH I,
H nantee — mo pebpy (z,, ), Oymer Torna ayrMeHTAJLHOR HeNbIO.

2.2. IlseTkn

Iléemkom mo OTHOMIEHHIO K mapocodeTandmio ) Ha3HBaeTCA ayr-
MeHTaIbHAA Helb, HAYAJNbHAA U KOHEYHAA IKCIOHMPOBAHHHEE BepMIH-
HH KOTOPOH COBNAfaiOT, T. €. 3Ta Hemb ABJIAETCA HHKIOM, TaK KaK
gmcno pebep aroit memu mederHo. Ha pme. 12.7 maobpakeHn nBeTok,
o6pazoBaHHH Henmbio ¢ 5 peGpamm.

B aaropmrmax aaa 3MII m 3HIIC, onHcaHHHX HM:Ke, HBETKH
cpesalom AJAA TOTO, 4TOOH mOayduTh Goiee mpocToii HOBHHE rpad.
Cpesanue nBeTKa B coCTOMT B 3aMeHe BCeX BepmHMH nBeTKa B (cka-
skeM, X p) onHOH HOBO# ncesdosepwunoil z,. Pebpo (z,, z,) nobapas-
eTcA BCerga, Korga cymecTByeT peGpo M3 HeKOTOpDO# BepmIHMHH
z; € Xy K apyroit Bepmuue z, ¢ X5. B ynpomennom rpade, momy-
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YeHHOM IOoCJe Cpe3aHds, BepWIAHA I, W Jpyrde NCEBAOBEDINHHH,
COOTBETCTBYIOIAE PAaHEe CPe3aHHKIM I[BETKaM, MOrYT B CBOIO 09epefb
06pa3oBHBATH HOBHIA I[BETOK, KOTODHIA ONATH cpe3aercd, W T. Ad.
Ilocneprmit nBetox B, He Comep:KamuiAcA HA B KaKMX APYIAX IBOT-
Kax, Ha3uBaeTca kpalinum yeemxom. OGocHOBaHHe mpomecca cpeaa-
HEA OBOTKOB OCHOBAHO Ha TeopeMe 2, NDHBOXMMOH HIEKE.
Isemywee depeso — 3T0 alXpTepHAPYIOME® /€POBO OTHOCHTEIBLHO
JaHEHOTr0 NapOCOYETAHHsS, A KOoToporo cymectByeT pebpo (z,, z7),
CoefMHAIIIEE [Be BHEIIHAE BEPIMMHH AepeBa: Z, ® I, Ecam P’ —
MHOKecTBO pebep Ienm, HAYMHAKIMEHCcA B KOpHe aJbTepPHHPYIOMEro

/useTox
VX ; Xg=Xg
' ]
I [ I Pe6po |
Xy o P P r_ U3 DG
Kopewn Xz X3 Xa ) I
X7 " .
Xo=X '
I ® I e I

Puc. 12.7, JlepeBo ¢ BeTKOM.

AepeBa W KoHWAlOmedca B I,, a P’ — COOTBETCTBYIOIEe MHOKECTBO
A z;, To MHOKecTBo pebep [P’ |J P" — P’ | P”] sMecte ¢ peGpom
(z;, z;) ofGpasyer uperoxk. Ha pumc. 12.7 maobpamkeno uBeTyiee
‘Iepeso.

Korpma nBerok B cpesan, moixydalomascs HNCeBRAOBeDIIMHA CUH-
TaeTcs BHemHeHA BepmuHOA. BcesAkas BepmuuEa ®3 B Moxer OHTB
IO KeJIaHHI0 OTHECeHa K BHYTPEHHAM HJH K BHEIIHAM BepIIAHAM,
TAK KaK eClI¥ BEpINMHA NPHHAAIEKAT B, To OHa ABIAETCA KOHIEBOX
H B IenAX C 9eTHHM, H B IIeNAX C HEUeTHHM TACIOM pebep, HadIMHAIO-
mMEXCA B KOpHE fAepeBa (B 3aBHCHMOCTH OT MapmpyTa, 00 KOTOPOMY
NpOXOoJAT 9TH NEeNd A0 HPHXOfa B HEePBYI0 BeplIMHY IBeTka). Tak,
Ha pEc. 12.7 BepmumHa z, MokeT OHTH IoMedeHa KaK BHYTPEHHAA,
eCIIH paccMaTpWBaTh WLENb (I,, Zz, Zs, Iy Tz Zg), B KaK BHEHAA,
eca® 6paTe uenb (I, Zs, L3, L4, Ly, Lq, Ty, gy Zg). O KOTAA mCEBHO-
BepIIAHA, NOJyYalomascsa Hoclke CpesaHHs NBETKAa, IOMeJaeTcA Kax
«BHEIIHAAY, CTPYKTypa OCTAIOMErocs albTepHEDYIOMEro AepeBa BCO
eme GyNeT KOPpEeKTHOH — KaK 9TO BHTeKaeT M3 OmpejelieHHA albTep-
HApYylomero AepeBa. TakuM oGpasoMm, mocie cpesaHdA IBETKA albTep-
HEpYyIOmee AepeBo B NoiyddmBmemcs rpade coXpaHAeTcA.

IlpaMep cxoxHONR fopMamEE NBETKOB W HX Cpe3aHHe NOKAa3aHH
Ba pmc. 12.8a — 12.8r. B rpade ma pmc. 12.8a mapocoderanme
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—ligeToK B,

JXI
Kopenb

o —————

X3

Punc. 12.8a. Cpesarme mpeTka B;.
— PeGpa B ansTepHUpylOImEM Jepese,
BXOJAMmYEe B MAapoCcOueTaHHe.
— PeGpa B aasTepEHUpYIOImEM JAepeBe,
He BXOJAmMue B mapocovYeTanue
— ~ — Jpyrue peGpa rpada.

H300pameHo KUPHHIMH JMHHAME. AJbTepHEpYlomee fepeso I ¢ Kop-
HEM B 9KCIIOHHPOBAHHOI BepmMHE r; DOKA3aHO CIIOMHKIME JHRNAMH,
a Bce Apyrme pebGpa rpada, He BxogAmue B Aepeso I',— TYHKTHPOM.
HonyctmM, 9To mociaeamee moGaBieHHoe K AepeBy pebpo ects (zy,,
Z13). Tak Kak MeKIy AByMA BHOIIHEME BePIIHHAME I, B Z;5 CYIIe-
cTByeT pebpo, To Ao6GaBieHNE K IepPeBY BHIIEYNOMAHYTOTO IOCICAHETO
pe6pa paer nperok. LiBerox B,, o6Bepjennmit ma pmc. 12.8a mTpmx-

$¥x,, l

. {anxnz-xls-xu.xlil,:

oX, Kopenb

Puc. 12.86. Cpeaannme B,.
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NYHKTHPHOH 3aMKHYTOH IMHHEH, HOCJIE CPe3aHUA JaeT ICeBJoBepIIH-
HY Z»,, KaK BT0 NOKazaHo Ha puc. 12.86. llepeso ma puc. 12.86
Bce eme ABIAETCA IBETYIUM C IBeTKOM B,, Tak Kak CymecTByeT
pe6po (x5, zb,). Ilocie cpesamms mnBerka B, «ocTaercA» BepmmHA
Zp, W TodydaeTc HOBWH rpad, m3obpameHHnin ma puc. 12.8s.
Hepeso ma puc. 12.88 onmATs GyAeT nmBETYIMUM BBHIY CYIECTBOBA-
HnA pebpa (z3, 7p,); nBeTKeM B HeM Oyfer B,. Ilocie cpesapusa nBeTka

Xy
Kopenb

Prc. 12.88. Cpesadne B,. Prc. 12.8r. AanTepEEpylomee Je-
PeBo Iocje cpe3aHdA IIBeTKOB.

B; «octaerca» Bepmmua zb, M rpad, maobpamemHwii Ha puc. 12.8r.
Boxpme nperkoB HeT, W, 3Ha4dT, B, GymeT KpallHUM I[BETKOM.

Teopema 2. Ecau B — yeemok ¢ newemubm MHONCECTIBOM 6€DUILLK
Xp u ecau x — nexkomopas eepwuna us Xy, mo 6 nodepage (Xp)
cywecmeyem Hauboavwee napocoiemanue, 0Oas KOmoposo 6epULUHG
z 6yfem 3KCNOHUDOBAHHOL.

Hoxasameavcmeo. Ilycts (zy, zy, ..., ZTo) — OUKI C HEYeTHHM
anciom pebep, obpaayromuit neerok B. Torfa mam z = z, 1iA HEKo-
‘Toporo i = 1,2, ..., @, wIM e z € z; AIA HEKOTOpOH mCeBAOBep-

MHHE Z;, COOTBETCTBYIOMIeHl paHee Cpe3aHHOMY mnBeTKy B;.

B nepsom cayuae BepmHHA z Momer GHTH OCTaBieHa BKCOOHHPO-
BaHHO#, a ocradbENe o — 1 Bepmum w3 B pasbusaiorcs Ha mapw,
o0pasya mnapocoveTamde. TaKoe pasbueHHe BO3MOKHO, TaK Kak
a — 1 — ueTHOe YMCI0 BepIIMH, OCTAIIMUXCA B MEUKIe (Mocae BuGopa
BepmuEH z). Ecam ogma m3 aTuxX BepmuH, cKaseM z,, COOTBETCTBYeT
paBee Cpe3aHHOMY NBeTKY B, TO BXoleHMe Z, B TapoCOYeTaHHE
OydeT o03HaUaTh BO3MOKHOCTh pa36HeHHMSA HA HapH BCeX BepIIMH
u3 B, Kpome ofHOH, a OfHA Yie (MCHOJIB30OBaHA» HA NpPeHYIIEM
mare. JTOT DpoLECC MO:KHO HPOJOJKUTH 10 TeX IOp, IOKa Bce Bep-
muEE (OTIAYHHE OT z) He GyAyTr paabutk Ha maph, o6pasysa mapo-
-COUeTaHUeE.
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B mocienHeM ®3 ABYX YOOMAHYTHIX CJIydaeB BepMHHA I; MOMKeT
GHITH OCTABJEHA SKCHOHHPOBAaHHOH, a ocTaabHie a — 1 BepmmH
#3 B pa3o6pi0TcA Ha maph, DOPOKAAA IapOCOYETaHHe, KAaK M BEIIe.
I{BeTok B; — 3TO MMKJ ¢ HEIETHHIM THCIOM pebep, H, cleA0BaTeJbHO,
moAydJaeTcA TAaKas jKe caMas CHTYalEs OTHOCHTeNBbHO B;, Kakasa yike
o6cy:Rnatach B caydae IBeTKa B, Tak 9T0 3KCOOHHPOBAaHHOH B KOHI[®
KOHIOB OCTaHeTCA TOJBKO BepIIMHA I.

Ba:xHOCTL IBETKOB U IMKJIOB (Uemeit) ¢ HedeTHHM qmcioM pebep
B 3aJa7aX O HAPOCOYETAHMAX MOKHO OIEHHTH, AaHANH3HPYA CHeLYI0-
mui (aKT: OpE OTCYTCTBHHM TAKHX IHKIOB ¢opmyrmposka 3IMII
Ha A3hIKe JMHEAHOTo IpOrpaMMHpPOBAHHA, aBaeMasdA COOTHOIEHAMAMH
(12.2) = (12.3), DpHBOAMT K COGCTBEHHO I(€MIOYMCICHHOMY pelleHHIO,
tTak uro orpammienus (12.4) cramoBArca manmmemMma [8, 16, 17].
I'padst, He Coflepskalque MUKIOB C HeYeTHHM JHCIOM peGep, ABIANTCA
ABYAOIBHHME TrpadaMH; OHH pAacCCMATPHBAITCA B IOCAeAYIOMUX
paparpagax. O6mue cBoiicTBa IOJAM3APOB, OoHmpeXelsdeMHX COOTHONIE-
guamm (12.3), comepxarca B caenyromeit Teopeme Bammmckm [1].

Teopema 3. Bce sepuuny. 8unyka020 noiusdpa, sadasaemozo Hepa-
sencmeamu

m
zbij§]<11 Vi:iv S
j=t

20e [b;;] — mampuya unyudenyuii zpaga, unmeiom Koopdunamu
co snavenuamu 0, 1/2 uau 1.

Cnyuait HemelOYHCHAEHHHX 3HaYeHHi# (a mMeHHo 3Havemma 1/2)
OTBedYaeT IEKJIAM ¢ HedeTHHM gHuciaoMm peGep. Ecam, mampumep, rpad

X4 as X3

Prec. 12.9.

COCTOMT H3 eIMHCTBeHHOTO TAKOTro IMKJIa, KaK IOKaszaHo Ha pme. 12.9,
TO pemeHHe 3afau¥ JuHeHHOro mporpammmposamma (12.2) m (12.3)
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aaa 3HII Takoso: §; =1/2 man j =1, ..., 5. 3maverme sTOrO
pemenus Gynaer 21, B TO BpeMA KakK OYeBHIHO, YTO Hamboabmee
mapocoyetranme Ansa rpada ma puc. 12.9 comep:kmr nBa pebpa.

2.3. Benrepckue aepeBba

Benzepckoe depeso — 3T0 TaKOe albBTePHEpYIONEe iepeBo B rpade,
yto Kaxkgoe pebpo rpada, mMelllee BHEITHIOI BEPHOIAHY JepeBa
B KayecTBe KOHIEBO#, MMeeT APYroil KOHOEBOH BepIIMHOH BHYTpPEH-
HIOI0 BepmEEY 3Toro jgepesa. Ha pmc. 12.10 conommmMy nmrmaM@

OcTavok rpaga

———— Pe6pa, nexauMe B fepese W napocoyeraHu
Pe6pa, nexawue B jepese, HO HE
NpHHaZinemalyue NapocoUeraHuro

-—— Pebpa, ne nexawue B jepeBe

Pme. 12.10. Benrepckoe pepeso.

DOKa3aHO BeHrepCKoe JiepeBo, IpAYEM ;KEDHHMHE JHHEHAMEA H306parke-
HH pefpa, BXoAsAmEe B DapocOoYeTande, a CBETIHMH — OCTAJBHHE.
Pe6pa rpada, me mpmmamme:xamue AepeBy, HOKAa3aEKH HOYHKTEDPOM.

Bamnmocts Bemrepckux nepesreB ans 3MII o6wsacEseTcs caexyio-
IMAM HX CBOMCTBOM.

Teopema 4 [10]. ITycmv H — eenzepckoe Oepeso 6 zpage G =
=(X,4) u G, = (X — Xy) — nopomdennuii nodepad zpada G,
«uckaonawuly us G mnorcecmeo eepwun Xy Oepesa H. Ecau My —
napoconemanue ¢ Oepese H u M¢E, — nauboavwee napocouemanue
8 Go, mo mromecmeo pebep My | M¢, aeasemes naubosvium napo-
couemanuem 8 G.
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Hoxasamesvemso. Ilycts MuOKecTBO A pefep rpada G paaGuto
Ha TPH OOAMHOKECTBA:

Ag={(zi, 7)) |(z:, 2))€EA B x4, ;€ Xy},
Anc, ={(zi, z) | (z1, ;) €A, i €Xy B 7€ X—Xpy),
AGO:{(Ih zj)l(zi’ zj)EA B szX—XH}-

Ecau S — npouaBoabHOe mapocoderanue B G, To S MokeT OHTh
pasbHTO aHAJOrAYHHM 06pasoM, TaK YTO

S=3S81USHc,USc,»
rae Sp=SN4m SHGE=SﬂAHGD ' SGD=SﬂAGD.
Ilo ompenenemmio mapocouetammsa Mg, MH HMeeM
[ ME, =] Seo|- (12.8)

PaccmMorpuM Temeps rpad G', coctoAmmi ma3 peGep Ayl Ame,
® BX KOHuIeBHX BepmuH. IIo oTHOmenu0 k My Bce BepmHHHN I € X —
— Xy, ABAAKUHECA KOHUEBHMH AMA pebGep u3 Apxg,, OYAYT sKcHOHH-
POBAaHHEHMA. AJNLTeDHHDPYIOMAA OeOb, HAYAHAIMAACA B KCOOHHDO-
pannod Bepmume z, € X — X (Wi Hay@HAOMAaACA B KOPHe AepeBa
H, KoTopuil TaKKe ABJAAETCA SKCHONHMPOBAHHON BepIIMHOH), MOKET
TOJNBKO TOrga OHTh ayrMeHTAJbHO#, KOTJA OHA OKAHIMBAGTCA B JpY-
roit Bepmuue z, € X — X,. Ho ayrMeETanpmaA nens XOMKHA COmep-
aTh HeUYeTHOe YHCJIO pebep, a 9TO 03HAUAeT, YTO eCIH HepBoe peGpo
oTOd Nemw HAeT M3 JKCOOHUPOBAHHOM BEPMIMHH BO BHYTPEHHIOIO,
T0 mocilegHee pe6po HOMKHO MIATH H3 BHeMHe# BePIIHHL B 3KCHOHH-
poBanEyl. Tak Kak mo ompefesenmio mepeBa H Bce pe6pa B Apg,
Je)KaT Me;KAy BHYTPeHHHMH BepmuHamM® H ¥ BepmmHamMeE #3 X —
— Xy, To B rpajde G' Her HEKaKoO# ayrMeHTaJbHON memd H, CIOAO0Ba-
TellbHO, My ABAAETCA HAHOOJBITAM mapocoYeTraHdeM B G, 1. e

|My|Z=|Su|+!Sue, s (12.9)
Hs (12.8) u (12.9) moayvaem
| My UME, || Sk USac,USe, | =18 . (12.10)

Taxkum o6pasoM, My | Mg, ABasgercA HaHGOABMHM DapocodeTa-
HEEeM B G.

2.4. Aaropatd paaa 3HIIC

IIycts samamo HawampHoe mapocoderamme. ([{omycTEMo HCOOMB3O-
BaHHe OYCTOr0 HApOCOYeTaHHA.) AJTODHTM OCYMECTBAACT CHCTeMa-
THYeCKU# DOMCK ayIMeHTANIbHHMX Hemell ¢ meJABl0 yJAYYMeHHA 3afaH-
HOTO DapOCOYeTaHHA B COOTBOTCTBHH ¢ TeopeMo#f 1. Aaroput™ Guin
opeanoxen JaMonacom (10, 11].

AnpTepHEpYOMEEe JePEBO HMeeT CBOHM KODHeM HEKOTOPYIO 9KCIO-
HEDOBAHHYIO BePIIMHY U CTPOMTCA OVTeM mOmepeMeHHOro mobaBiieHHA
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pebep, Je;RamMX H He JieKaIMX B IIaPOCOYETAHMH, A0 TeX IOP, HOKA
HIH

(I) nepeBo cTameT ayrMeHTAJRHKM, HIR

(II) ma nepeBe mOABHTCA NBETOK, HIH

(III) pepeBo cTaHeT BeHTEepPCKHM.

B cayuqae (I) 1mcao peGep B mapocodeTaHHH MokeT GHITH yBelImde-
HO Ha eIMHAIY C MOMOIMBIO ABMKEHHMA IO ayTMEHTAJBHOK Ienu K Kop-
HIO JlepeBa M 3aMeHH pebep nenm, NpHHANJEKAIMUX I1apOCOIETAHHIO,
Ba pebpa, He mpmuajiexamme emy, H HaoGopor 1). Ilocame artoro
nepeBo 0TGpacHBaeTcCA %) M CTPOMTCA HOBOE JepeBO, €M TaKoe CYIe-
CTBYeT, C KOPHEM B HeKOTOpo# ocTaBmeiCA 9KCIO3MPOBAHHOH Bep-
IIHHe.

B caysae (II) ob6mapyxmBaeTcs nNOJAYYMBIIEACA nBeTOK (Kak
OOHMCaHO B pasfl. 2.2), cpe3aeTcA H IPORXOJIKAETCA POCT AepeBa B IPO-
mecce MOHMCKA ayTMeHTaJbHOH nenH. JTo KacaeTcA BEMYHCIMTEAbHOR
CTODPOHH, TO Cpe3aHMe He IPOMBBORMTCA «ABHHM oGpasom». J{octa-
TOYHO NOMETHTh BCe BEPIIMHHK IBETKA KaK BHEMIEHEe M OTMETHTh, YTO
BCe OHM OpHHAJJEKAT STOMY nBeTKy. IIOpANOK, B KOTOpOM IBETKH
¢CpesaloTCA», BajkeH, TaK KaK B KOHIE BCEH OpPONeRypH INBETKHA
RDOJDKHH «pacuBecTH» B ofpaTHOM HOpANKe.

B cayuae (III) BepmEMEN BenrepcKoro nepeBa M HEIHEHTHHE
uM pebpa coBceM ynaaAoTcA m3 rpada (B COOTBOTCTBHH C TeopeMoi
4) m anropuT™ IpEMeHATCA K OCTaBmeMYycH momrpady.

2.4.1. Onncanme aaropmrMa

Havarvnan ycmanoska.
lllaz 1. Bubpate B G HadaabHO® mapocoderanme M.

Butop xopus.

llaz 2. Ecnr B G cymecTByOT no Kpaitneit Mepe IBe SKCOOHHPO-
BaHHHE BEPIHHH, TO B3ATH ONHY M3 HHEX B KadeCTBe KODHA, B IpO-
THBHOM cJydae mepedTm K mary 8.

lllaz 3. BaaTe BHEmMHIOH BEepMERY Z, AepeBa. Jaa Kamaoro
pebpa (z,, z;): ecim I; — DKCHOHMpOBaHHAA BEPMMHA, TO HepeiTH
K mary 4; eClim r; — BHYTDPEHHAA BepIMHA, TO HepeiTH K mary 7;
eClM Z; HO NPHHAIJICKHT JepeBy M He ABJAETCA HKCOOHMPOBAHHOIR,
To mepediTH K mary 5.

1) Ilpm omacaBHEOM HOCTPORHMM NOTYIAETCHA HOBOE HAPOCOTETAHME, COCTOAIMER
u3 Tex pefep BHOpammoil AyrMeRTANBHON NeNH, KOTOPHE He IPMHAJIEANH Iep-
BOHAYANBLHOMY nNapocodeTannio.— I[Ipux. ped.

%) Jepeso CTpOMTCS €OTRENBHO OT rpaday m us zpaga e awbpacueaemcs;
€CIM IpHW HNOCTPOGHAH [IEPeBA OHO NIPOCTO KAK-TO BHJEJAJOCH (IOMEYasoCch)
B rpage, To «BHGPACHBAAVE» COCTORT B YCTPAHEHEH BCAKHX MOMETOK, IPHOECAH-
HHX 3JeMeHTAM fiepeBa B 3ToM nIponecce.— ITpun. ped.



2. HAHBOJIBIIUE ITAPOCOYETAHIIA 383

lllaz 4. Haiinena ayrveHTaJbHAA HENb M3 KOPHA K z;. [TocTponTs
HOBOE YJYUYIIEHHOE NapocOYeTaHHe, YAAIAA TeKylnee AepPeBO M IOMeT-
KN Bepm®H, B mepefiTe K mary 2.

Illlaz 5. Jlo6aBuTe K axbTepHHpylomeMy aepeBy pebpo (z,, z,)
H OTMETHATH BEpIIMEY Z; Kak BHyTpeEHHI0I0. Hailitm peGpo (z;, z,),
OpHEAAJEKAlIee TeKYINeMy Dapoco9eTaHHIo, H NoGaBHTE €T0 K AepeBy,
DOMETHB BEPINMHY I, KakK BHemH0K. Ecam cymecTeyer pe6po Mexny
Z, B Npyroi# BHemHe#l BepmuHO#, To mepelitn K mary 6. B npoTuprOM
caydae mepeitTm K mary 3.

Illfaz 6. OnognaTe W cpeaaTh moayvmBmHEiicA nBeToK. OTMeTHTH
BOBHHKIMIYI0 NCEBAOBEPIIMEY KaK BHEITHII. BHecTM nDompaBky
B YaCTHYHOEe YHOPAROYEeHHE HBETKOB M BO3BPATHTHCA K mary 3.

lllaz 7. BosBpamaTbcA K mary 3 Ao TeX OOpP, IOKA eAHHCTBEH-
HHIM BO3HHKalomuM caydaeMm He Oymer caydait (III). Torma ynaamrs
BCe BepIIMHH JiepeBa M Bce pe6Gpa ma G, HEIHAEHTHLE 3THM BepIIMHAM.
Camrats ocraBmmitca moarpag rpadoM G B BepHYTECA K mary 2.

liaz 8. Bupenants oTReaAsHO B mociefHeM rpade G m B KamIom
yRaJleHHOM BeHrepcKoM rpaje oOTHMAaJbHOE ONApOCOTETaHHE, NOCTY-
naA Tak. PacnycTHTh cHa9ana KpaiiHH# HBeTOK W BHIEIHTH IapOCO-
9eTaHHE, KOTODOE OCTABIAET 3KCIOHHPOBAHHOH OTHOCHTENBHO HETO
TY BepIIBHY Z, KOTopad BXOOHT B DapOCOTETAEHE B HEpacHyCTHBIIEM-
ca mBetke. (Cm. Teopemy 2.) llpomomkaTs mpomecc pacmycKaHHSA
B DopAAKe, 06paTHOM K YCTAHOBIEHHOMY Ha mare 6, fo Tex mop, moka
Bech rpad He OymeT pacnycTHBIEMcA H He 6yaeTr moaydeno HamGoan-
mee OapOCOYETAHHE,

2,5. Tpumep

Mu xotuM HafiTe BEanGonbmee mapocoteTanme B rpade, 306 pasken~
HoM Ha pmc. 12.11a, HavansHOe mapocodeTamme B KOTOPOM MOKA3aHO
KEPHRIMH JHHEAMHE. ME DpuMeHHM aJropiT™ mpelHAymero pasfeia
¢ TeM IpaBMJIOM, 9TO HA mare 3 BHemHWe BepIMMHH OPOCMATPHBAIOTCS
B DOPAQKe YBeIMICHHA HX MEAEKCOB M eCIM NaHA BHENTHAA BepIIHHA,
T0 pebpa, Belymue B3 Hee, IPOCMATPHBAIOTCA B MOPAAKE YBEAMICHAA
HMEAEKCOB HX BTOPHIX KOHHEBHIX BepMIHH.

Ha mare 2 anropurmMa B KadecTBe KopHA BHGHpaeTcA BepmHHR
Z;, ¥ ToCJe HeCKOABKAX NpHMeHeHHN maroB 3 M 5 moay4aeTcs aixbTep-
HHpYyWOINee AepeBo, HaobpasxemHoe Ha puc. 12.116. Ha atoit cranmm
cpaay ke mocie fnoGapienma pebep (zs, z;) ¥ (g, T,) K aAbTepHAPYIO-
memMy AepeBy mar 6 omoamaer uBeToK (zs, Ty, Zp, Ty, Z,), Aaommd
mociie CpesaHMA NCEBAOBePMMEY b,, W OpPHBOAHT K JepeBy, Haobpa-
sReHHOMY Ha puc. 12.11s.

Cnenywomee npmveneeme mara 3 no6aeaser pebpa (b,, Zi,) (Ha
caMoM niere (zy,° Typ)) @ (zy9, #;,), Kak nokasamo ma pmc. 12.11 r.
Bropoit userox (b,. z)5, zy,, z;, z,) onosmaerca ma mare 6. Ilocae
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Xyo
Xy Xa
X189  n K3
X5
Xg X X3 X1
X390
Xys Xia
Xg Xg X1g
Xy
X23
X2 X309
X327 X2z g Xa
o
Xa6 Xas X13

Pme. 12.11a, T'pad wus mpumepa 2.5. — Pefpa B mapocozeranzm.

X
LAY
lez %13
$
xs7 ¢
¢ | I ¢ I ¢
O
Xq Xg X3 X, X,
KopeHb
¢ I
Xg X

! X9 X3
)
$ [ ¢ d ¢
X X b X X
7 § ! KopeHb

Puc. 12.118. [lepeBo nocie cpe3aHEEA nBeTKa b;.
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XIO
1
an)
I lez X3
| ¢
|
l& I ¢ 1 ¢
X X b X X
7 & by Kope‘nb

X2 X3
I )
¢ I ¢
X Xy
b, : KopeHb

o0

Puc. 12.11e. Obpa3sobamme nBeTka bg.

X2
I - by
¢ I ¢
ra
b2 Xg XI
KopeHb

Puc. 12.11x. Jlepero mocie cpesaEma b,.
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AyrmenTanshas \
uens

\ %X

Puc. 12.113, Haligema ayrmeHTaJbHag OEOb.

ero cpe3aHHA BO3HMKAaeT IceBAoBepmaHa b, m olpasyeTcA [epeso,
noxasanuoe Ha pumc. 12.11x. PocT mepeBa mpoAosixaeTcd W3 Bepmid-
HHl Iy, HO Iociae AobaBiaenmA pebep (2y3, T14). (T1s Zye)s (Ty3s Zy35),
(15, *17) omo3HAaeTCA TpPETHH HBETOK (Zy3, Zy4, Z1gy L17, L15), HOKABAH-
mnid Ha puc. 12.11e. Ilocae ero cpesanus Bo3nHKaeT NCEBJOBEPIIAHA
bs m obpasyercAa aepesBo, maoGpa:kemHoe ma pmc. 12.11m.

Ilpm cnenyomeM npmMenenmd mara 3 pgoGaBisercA peGpo (bs,
T)5) W Ha mare 4 oOHapy:KHBAaeTCA ayIMeHTaJbHAA HEUb (I, I,
bs, 1) (cm. pmc. 12.113). Korma pacmyckaercs by (cM. pac. 12.11m),
TO BO3MOKHEI JBe HEeNH OT Z; K ;3. AYTMEeHTQJIBHOA IHennio 6ymeT
Ta Nenb, KOTOpaA COCTOMT H3 HEYETHOro wmcjaa pebep, T. e. P, =
= (Z1» T13, T18) T15, 17y T1gy 140 L1g)- Horma peGpa sToit menw, Jekamme
B [IapOCOYETAaHHWH, (MOHAIOTCHA» C TeMH, KOTODHE B HEM He JerKar,
TO NOJy4aeTCA HOBOe YJYYImIeHHOEe [apocodeTaHde, H306pa:KeHHOe
ma pmc. 12.12a.

Puc. 12.11m. IlBetox by pacmyckaerca. P, — ayrMeHTaAbHafd Uelb.
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X10
Xy Xa
X9 X12 X3
°
Xs
Xg X3 Xy JX,
Xz
X5 X1a
X,
Xo Xs Xy :
X. X
24 23
X20
X27 x22 le
Xy6 Xo5 %18

Pnc. 12.12a. YayumerBoe napocoueTasne.

«OT16pocuB» aepeBo !) m HaumHAA ¢ HOBOTO MapOCOYETaHHA, BhGe-
peM Ha mare 2 B KauecTBeé KODHA BepMIUHY Z;,. 1l0cie HeCKONIBKEX
opAMeHeHmA maroB 3, 5 M 6 moiaydaeTcA depeBo, MOKAasaHHOE HA
pac. 12.126, rme b, mMeeT TOT ke CaMHi CMECJI, 9TO W paHee.
Ha mare 7 o6mapy:xmBaeTcA, 9T0 5TO A€peBO ABIAETCA BEHIEPCKAM.
Ilocne ero ynanenmsa ocraerca noarpad, maobpasxennni na pac.12.13a.

Ha mare 2 B KagecTBe HOBOTO KOpPHA BHGHEpaeTca Z,. I[locie
HeCKOJIPKEX IPAMeHEHHH IMaros 3 @ O — cpaay jke mocie AoGaBIeHAA
pebep (Zy5, Zgs) B (Zgy, Tog) Ha mare 5 — OOHAPYKHBACTCA ayrMeR-
TanbHaA nensk. OKoHYaTe bHKEI BAJ AepeBa mOoKaasaH Ha puc. 12.13 6;
ayYTMEHTAJBbHOH ENBI0 ABIAETCH NENb (Tyg, Lyg, L15, Laps Lzg, Log). I10-
MeHAB» pebpa 3Toll menm, Je)kam@e B apOCOYETAHHAH . HA Te, KOTOpHE

b ox,5 Kopens

$
Ix2
2

Pnc. 12.126. Bemrepckoe jepeBo B rpade mn3 (a).

1) Cm. mpumedarne 2 Ba crp. 382.— Tpuxn. ped.
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Pac. 12.13. (a) T'pad mocxe ynanemns peArepcKoro fepesa, (6) AnbTepHMDYIOIEe JICPOBO U AyTMeATANbLHAS Ledb
B rpade u3 (a).
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0
X26 X3 X8

Pume. 12.14. Hauboanmee napocoveraEme B mpumepe 2.5.

B HeM He JeKaT, OOJYYAM IapocoveTAHHe, He OCTABJsAlOIMIee HHKa-
KAX KCIO3EPOBAHHHX BepmmH. (3aMeTHEM, YTO BepmHHA T;, YAAJIeHA
paHee BMecTe ¢ BeHrepckEM JepeBoM.) Ilomywalomeecs mapocowera-
mde, n3ofpaennoe Ha pac. 12.14, Gynmer, TaxkmM o0pasoMm, HamGOab-
MAM OapoCOoYeTAHHEM.

3. MakcumaabHEIE NapOCOYETAHUA

PaccMoTpEM Temeps 3afiady O mapocoveTaHHHM AJjA oGmero rpada
G = (X, A), pebpam xoToporo a; € A mpmmmcaEH Beca ¢;. B atom
pasfele MH HcclefyeM 3afady HAaXOKAEHHA COGePWEHH020 TApOCO-
9eTanda (T. €. DapoCOYeTaHHA, B KOTOPOM Ka)k[adA BepIHHA «Code-
TaeTcA» ¢ HEKOTOpOod Apyroi BepmMHOH), HMelomMero MaKCHMAaJbHEIH
Bec. Jdra 3amava ompefenserca cooTHomenmAME (12.2) — (12.4)
¢ Toii IMmb pasEHOel, uTo HepaBeHcTBO B (12.3) momxHOo OHTH 3aMe-
HeHO paBeHCTBoM. Bo BBefenwmnm Ohio 0GBACHEHO, KaK 3ajaqd ¢ orpa-
HAYeHUAMA B BHfIe PAaBEeHCTB HJW HepPaBEHCTB MO:KHO CHAEJATh ODKBH-
BaleHTHHME nyTeM pAobaBjeHEA pefep ¢ BeCcOM —oo MW HCKYCCTBEH-
HO#i BepmMHH — B CJydYae HeYeTHOr0 UHCJIa BepmHH. TaxmMm obpa-
aoM, paccMarpmBaemana 3MII gopmynmpyerca rak:
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MaKCAMH3HAPOBATH
z:j,_:_‘;icjgj (12.11)
IpHA YCIOBHHA
D =1, Vi=1, ..., n (12.12)

ajeTi

rae

T ={(xi, 2n) | 2x €T (z1)},

T. €. IIPOCTO MHO:KecTBO pebep, WHNANEHTHHX BepUIAHE I;, U

£;€{0. 1}. (12.13)

Hax ye rosopmaoce Bume, ycaoBusi neixoddcaermocta (12.13)
He ABIAKNTCA H3TAMHAMA B CIydae CYMECTBOBAHHEA B rpade MAKIOB
¢ meveTHRIM dmcaom pebGep. Oxmaxo Inmomac (10, 11, 12] nokasam,
9T0 3TH YCJIOBHA MOTYT GHITH 3aMeHEHH CHCTEMOH JIMHEeHHKIX OrpaHd-
deHnmit. @ JIOKazan ciaelylOmyld Teopemy.

Teopema 5 (11]. [as awboz0 2paga swinykias obosouka pewenuii
(12.12) u (12.13) ssa9emca noausdpom, onpedeseHHBM COOMHOULEHUAMLL
(12.12), u, kpome moeo:

(i) Oan xamdozo nodmmoscecmsa S, X, codepacaujezo Hewemmoe

uucao eepwur (cxaxcem, | S, | = 2¢, 4 1 ¢ Hekomopulu nosoxcumens-
HBLM  yeawm q;), caedyem 0dobasumdv 02pAHUYNCHUS
Y E<q, (12.14)
0;€A

20e A, — mnozxcecmeo pebep nopoxcdenrnozo nodzpaga {S,) , u
(ii) caedyem 0Dobasumb ozpanuvenus &; = 0 das (12.15) ecex
i=1... m.

fcHo, g9TO mMI0Goe mapocodeTamme w3 G YAOBIETBOPSAeT OrpaEHAde-
gaaM (12.14). He ogeBunHO TONBKO, 970 3TH OrpaHAYeHHAS JOCTATOTHH.
Mu of6ocryeM WX ROCTATOYHOCTH KOHCTPYKTHBHO, IIpe/bSBHB COBEP-
OIeHHOEe NapocodeTanme W3 G, ABIAIOMeecH peHleHHeM 3afadd JHAHEM-
Horo nporpamMumpoBanasa (12.11), (12.12), (12.14) u (12.15) ¢ n106EM
3ajaHAKIM BeKTOpoM [¢;] pebepmmix Becos.

OGosgauaM cGOpMYNHAPOBAHAYI0 BHINE 3afady ITHHEHHOr0 IIPO-
rpaMmapoBarmA depes P. JpoiictBemHoll 3amageii k P Gymer [8]
crenyoman:

MAHAMHA3ADPOBATh

ahs (12.16)
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npu yCIOBHH

4 > A=e,  Vi=1, ..., m (12.17)
SreFf
"
Ar=0 pna secex S,. (12.18)

TaknM o6pasoM, ¢ kaxaoil BepmuHoil z; M3 G cBA3aHA HEeKOTOpaA
nepeMeHHAA f;, 2 ¢ KaIHM MHOKECTBOM S, COCTOAIYUM U3 HeYeT-
HOr0 YHNCJIa BepIIMH, CBA32aHA NEPEMEHHAA A,.

B orpammuennax (12.17) ¢; — Bec peGpa a; Buga (z;, ), a F; =
= {S, |a; € A4,;}, 7. e. F; — cemeiicTBO moaMHOKeCTB S,, Cofep:ka-
MUX KaK I;, TAK U Tp. B COOTBeTCTBHH ¢ TeopeMoil ABOMCTBEHHOCTH
amHeliHOro mporpamMmmpoBanua Bektop [E]'] Makcummampyer z mpm
ycaosuax (12.12), (12.14) u (12.15), a Bekrop [nf, A}] MurrMEsHpYeT
u opu ycaosuax (12.17) m (12.18) Toraa m ToabKO TOTAA, KOTAA

(i) ana kampmoro A} mam A} = 0, mam xe B COOTBETCTBYIOmIEM
orpanmuennn (12.14) mmeeT MecTO paBeHCTBO;

(i) maa kaxmoro Ef mam £% = 0, mam jKe B COOTBETCTBYIOINEM
orpanmyennn (12.17) mmeer MecTo paBeHCTBO.

Mmu naguMm [0Ka3aTeIbCTBO TEOPEMH D, OIMCAB IPONeAYPY, IO3BO-
AAKINY0 HAXOAHTh COBepIIEHHOe nmapocouetanme M (u, clefoBaTends-
HO, BekTop [E;], a Takme BekTop [nf, A'], ymoBiaerBopsAlommit ycio-
EAM (12.17) u (12.18) u ycaosuam geoiicrennocty (i) m (ii)). Tarmm
ob6pazom Oymer HokasaHo, 4To M — onTEMaldbHOe HApOCOYETAHHE,

3.1. Aaroparm gaa 3MII

IIpeanonoxum, d9ro MH HaumHaeM ¢ rpaga G. IlpmceBomMm ero
BepIIMHAM Beca ;, BHOMpas BeJHYMHH J; NOCTATOYHO OOJBIIHMH,
yTo6H orpanmdenud (12.17) BHmoaHANHCH, Korga Bce A, B3ATH paB-
HuMA Hydo. IIycte Temepb G’ — ocToBHHIE moarpad B G, colepika-
muit TonbKo Te pe6pa, AnA Kotopux B (12.17) mMeer MecTo paBeHCTBO.
HasoBem G’ cneyuasavhum ocmoshum nodzpagom rpada G. Ecam
B G' MOMHO HafiTH COBepImIeHHOEe IApOCOYETaHHe (¢ NMOMOMBIO AJro-
putma ana 3HIIC, onucannoro B nmpeanaymeM pasfeie), TO 3T0 IApo-
coueTaHHme — ontuMaiabHoe. JleficTBTennHO, BekTOp [m;, A, ymos-
aerBopAerT orpaHmyenuaM (12.17) m (12.18), ycaosme (i) BrmoaneHO
aBTOMAaTHYeCKH, Tak Kak A, = 0 anA Bcex r, a yciaosme (ii) BHOO-
HeHO BBHAY TOro, 4TO B IapoCoYeTaHMe BXOMAT ToJbKo peGpa m3 G',
Tak 4to £; He MokeT GHTH = 0, ecH a; He yAOBJIETBOPAET OrpaHHYe-
gm0 (12.17).

BooGme rosopsa. Mo:kxeT oKasarbcA, 4To B G’ coBepmeHHOE Iapo-
coueTaHMe HajiTm Heab3d, a anroput™ aada 3HIIC o6uapy:;xuT Benrep-
cKoe mepeBo. Hak y:xe oTMewanoch B pasf. 2.3, namGoabinee napocode-
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TaEHe B G' 9aCTAYHO CTPOHMTCH M3 IapocodeTanHA B H, ocTaBJIAIOMEro
9KCIIOHHDOBAHHHIM KOPeHb JepeBa H, H TLO0ITOMY CYIeCTBOBAaHHe
BEHTEePCKOTO iepeBa 03HAdYaeT, 9T0 B G’ HET HAKAKOIO COBEPINEHHOTO
napocodetapdsa. Takmm o6pasoM, Ipm o6HApY:;KeHHAH TAKOTO JepeBa
ClleflyeT HM3MEHHATb BeKTOp BeCcOB [m;, A.], 4To6H mOXYyYHTH HOBHI
CTeNuaTbEHA OCTOBHHE moarpad G' B rpage G m NONBEpPrHYTH €ro
nposepre. Hmxe GyneT ommcano, Kak BHYHCIAETCA TaKoH BeCOBOM
BEKTOD.

HonyctaM Ba BpeMsA, 4T0 AIA 1300600 JOIYCTEMOrO BEKTOpA Be-
coB [m;, A;] (1. e. BexTOpa, ynomuersopsitomero (12.17) m (12.18))
NaHHOE A, ABIAETCA HEHYJEBHM JHMb TOTAA, Koraa S, 6ymeT MHO:Ke-
CTBOM BEpINHH, COMlep/KAMEXCA B ICEBIOBEpIMHEHE TEKYmero rpada
G’ mim B TCEBNOBEpPINEHE, CONEP:KAmeHCs B TNCeBOBepIIHHE rpada
G’ Ba mo6oM ypoBHe Iponecca cpesamEs. J[omycTEM, KpoMe TOro,
49T0 1A Beex pebep, o6pasyrommx HA HEKOTOPOM 3Talle IBeTKH, I03[-
Hee Cpe3aHHBE H JaBIIHe ICeBAOBepmEHH rpada G’, B BHpaykeHHH
(12.17) mMmeer Mecto paBencTBo. [lBa CHAENAHHHX BHINE AONYIIEHAN
HaBePHAKA BHIIOJHAIOTCA BHA4ale, TAK KAK IEPBHE ChHenHaTbHEIR
ocTOBHHE mnoArpad G', NOCTPOEHHEI, KAK ONMCAaHO BEIme, Boobme
He FMeeT IICEBJOBEDIIME H JJfA HEr0 BCE A, IOJOKEHH pPABHEIME
HYIIO.

Has 6onee AcHOTO IOBMMAHEA aJIrOPETMA ME BBEJEM CIefyOIIYIo
mrgekcanmo. llepBomavanbuuit rpag G Gymer ofosmagaThes gepes
Go. Crnenmaneemit ocroBEH#E mnoarpad rpada G, ectb G;; B 3ToM
rpage CTPOHTCA aJbTepHHDYIOMmEE AEPEBO, KAK 3TO JeJajoch B alro-
prtme aaa 3HIIC. Korna, makomen, ofpasyercss m cpesaerca mepBhit
IBeTOK, caM rpagd Oymer o6osmazaThesa gepes G,, a ero cuemMaJbHRR
OCTOBHH# moarpad — depes G,. Ilocme cpesammsa f nBerkoB rpad
Oyner o6osmauen cmMBOJIOM G;, a €ro CHENHAJbHEIH OCTOBHEIH IIOJ-
rpag — Gjyq.

O6mmir mar ainropmr™Ma TakoB. Ilycts ouepenmoit rpad (mocre
CpesaHHs HEKOTODOTO YHCJA NBeTKOB) 6yneT Gy, a ero CuenuaIbHEN
ocToBHEIA nofarpag — Gy. B G; cTpoHTCA annTepHEpYOIEe JepeBo —
¢ momomgeio agroputMa S3HIIC — mo Tex mop, moka me mpomsoiner
OIHO W3 Tpex:

A) BHa QlepeBe LOABUTCA I[BETOK;

B) mepeBo cramer ayrMeBTalbHEIM;

B) mepeBo cTameT BeHTrepCKEM.

Cayuaii A. B aToM ciydae mBeTOK cpesaeTcsi, mOIydaeTCA HOBEIHA
rpa¢ G; m ero cuenmaJbHEI OCTOBHEE moarpad G ;. Kak orMesamsocs
BHINE, CPe3aHAe NIBETKA IPHEBOJHT K JiepeBY I’ ¢ KOPPEKTHOH CTPYKTY-
poil aNbTePHAPYIOMETO AepeBa, TaK 9T0 I MOKHO COXPAHETb H IIPO-
JOJIKaTh IIPOIECC POCTA JepeBa.

Cayuaii 5. B arom caygae, kKak ysxe ofwscusiaocs ais 3HIIC,
o ydaercst yIyiMmennoe napocodeTanne — ¢ 60apmmym gucaom pebep .
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Hepeso T ciegyer or6pocuts !) m, B3saB B rpade G; ocraBmylocA
9KCHOHHPOBAaHHY (B Gf) BepIINHY, IPHCTYIHUTh K NOCTPOGHHIO HOBOTO
llepeBa ¢ KOpDHEM B 2TOHl BepIIMHe. 3ech ClefyeT 3aMeTHTh, 4TO KaK
toabpko T orGpomeno ¥ B G; «<HauMHaeT pacTH HOBOE JiepeBo», HEKOTO-
puie m3 nceBgoBepmuH B G} (oGpa3oBaHHEE nocie cpesanms Ooiee
pPaHHHMX IBETKOB, faBmux rpadu Gy, Gy, . . ., Gy_4) MOTYT OKa3aThCsH
HOMeueHHKEIMHM KaK sHympeHHUe B HOBOM [epeBe.

Cayuaii B. B arom ciyuae Bektop BecoB [m;, A,] pas Texymero
rpada G;_, uM3MEHseTCA TaK, UTO BO3HMKAeT HOBHI CrenuajbHHI
OCTOBHHII moarpad, oramunwii ot G;. Vamenenus B [n;, A,] nenalorca
TaK, 4TOOH

(a) moBmit rpad G; mpoaosKad yROBIETBOPATEH CHEJaHHHM paHee
NpelNoJIOo/KEeHUAM, T. €. 94T0 A, OTJINYHO OT HYJHA JMIIb A MHOMKECTB
BepIINH, COOTBETCTBYIONMX NceBIoBepmuHaM U3 G;_;, H 4T0 PaBEHCTBO
BHINOJIHAETCH JiA Bcex pefep MM IBETKOB, KOTOPHE IOCe CPe3aHnA
[aJd nceBIOBepIINHN B Gy_;;

(6) Texymee aipTepHHpYlolee AepeBo B cTrapoM rpade G MOKHO
6HLI0 CTPOMTH fajibllle, MM HA HeM BO3HMKHET IBETOK, MJIH OHO CTa-
HeT ayrMEHTaJbHHEM — C HCIOJb30BaHMeM HOBHIX pebep, Bxomammux
B HoBHit rpad Gy

an60 HeKOTOpaA ICEeBAOBEPIINHA B TEKYNEM aabTepPHHpYIONieM
mepeBe, IOMEUeHHas KaK BHYTDPeHHAsA, népecraHer OHTbL TaKOBO;
an6o 6yneT qokasaHo, 4To B Gy HET COBepPIIEHHOr0 Ia pocodeTaHNA.

Wamenenns B Bextope BecoB [m,, A,] nmpomspopmarca tak. [aa
pebep a; = (z;, z») u3 Gy_,, He NpAHagIexamux G, OQHA KOHLEBaA
BepmHHA KOTOPHX NPUHAMJIEKHUT TeKylleMy ajJbTepDHUDYOmEMYy Aepe-
py T u noMeueHa Kak BHENIHsAfA, a APYrad KoHIEBas BepmIMHA He Je-
w#ur B T, mHaxoamm

Ay=min [n; + 7, —¢y). (12.19)
5
Oan pebep a; = (z;, z») U3 Gy_,, He npunagae;xamux Gy, obe KoHue-
BH€ BepIIMHH KOTOpHX JjeaT B T m ofe momeueHH Kak BHEIIHHe,
HaXOIUM

—

Ay = - min [1; -+ 1, —¢y]. (12.20)
4
Ina MuokectB S, BepmuH u3 G, o6pasylomux KpaiiHHe TncepmoBep-
mues B T ¥ noMeYeHHHX KaK BHYTpDEeHHHe, HaXOTHM

A3=%msin[h,]. (12.21)

N

Bepem
A = min [Ah Az, Aa]- (12.22)

1) Cm. npumedanne 2 Ha cTp. 382.— ITpux. ped.
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3atem cregyiommm o6pa3oM H3MeHser BEKTOpP BecoB [m;, Al

Hns Kammot BepMUEH z; B3 G, ABIAOMENACA BHENIHEH BepIIMHON
mepeBa I mim comepkameiica B ncegoBepmmue m3 7', moMedeHHOIR
KaK BHeMHAA, YMEHbIIaeM I; [0 Ti; — A.

Hns xammoit BepmuEH z; ¥3 G, ABNAMEca BHYTPeHHel Bepm-
Holl mepeBa I HIE comeprkameiicd B nceBaoBepmmuHe 3 7', MOMEYEH-
HoHl Kak BHYTDEHHSA, yBeIWYHBaeM 1; 1o &; + A.

Has kamaoro MEOKecTBa S, BepmuH n3 G, 06pa3yomux KpaiHIOw
nceBfoBepmnEy B 7', NOMEYEHHYI0 KK BHEIHION, YBEIHYEBAaeM
Ar IO A, 4 2A.

Hns kamporo MHoKecTBa BepmuH S, u3 G, o6pasynomux Kpaii-
HIOI0 nCeBAOBepMHHY K3 7, NOMEYEHHYI0 KaK BHYTDPEHHIOK, YMEHb-
maeMm A, Ko A, — 2 A.

Besornocmrensso K 3mHauenmio A Bce peGpa m3 craporo rpada
G;, oGpasywomue Tekymee nepeBo 7, ocranTca B HoBom rpade Gi,
TaK KaK Beca J; BCeX BHYTPEHHHMX N BHEIIHHX BepmMEH jgepesa I
YBeIMYMBAIOTCA W YMEHBMAIOTCH HA OQHY M Ty ;K€ BeIMIHHY, a 3HA-
9AT pPaBeHCTBO B BHparkenEA (12.17) mo-mpe;kmeMy coxpamsercs.
PapenctBo B BHpasenmm (12.17) mpomomkaer coxpamfATeCA ® 118
Bcex pefep Tex 1BeTKOB, KOTOpHe OHIE cpe3ann, 06pa3oBaB ICEBNIO-
Bepmank rpadga G;-,. Taxkmm o6pasom, ecnm nceBnoBepmmHa u3 Gy,
OHla moMedueHa KaK BHEMHAS B albTepHAPYIOmeM AepeBe T B CTapoM
rpage Gf, To AnA HeKoToporo pebpa a; = (z;, Zy), BXONAMEro B IjBe-
TOK, {ocjie cpe3aHds KoToporo ofpasoBajach 3Ta NCeBHOBEPIIHHA,
Beca 7; M my ymenbmatca Ha A. Ho A, nus Mposkectsa Bepmmu S,
COOTBETCTBYIOMETO 3TOM ICeBAOBepPIAHEe, YBeIMIUTCH Ha 2A, TaK d4To
paBsencTBO B BrpasreHny (12.17) mo-npeskueMy coxpamuTes AiA peGpa
a;. ApanormuEo o6CTOHT felo AiuA pefep Tex IBETKOB, KOTODHE
«OOPOYKNAIOTY TCEBAOBEPIMUHN B G;_,, IOMEYeHHKE KAaK BHYTPEHHEE
BepmUEEH B gepeBe I' B crapoM rpade Gj.

IIpennonoxum teneps, aro B (12.22) A = A, m 4ro pe6pom, nas-
muM 3T0 3Hauenme A; B (12.19), aBuaserca af. [locie A — m3aMenenns
BeKTOpa BecoB [m;, A,] — pe6Gpo a} GydeT yHOBIETBOPATH COOTHOMIE-
amo (12.17), npmdueM HmMeeT MeCcTo paBeHCTBO, TaK 4To 3To pebpo
Oymer Bxommte B HOBH rpad G,. Takmm obpazom, mcmonnays af,
MOkHO JepeBo 7 (KoTopoe, KaK OTMeYaloCh BHIIE, NO-TIPEKHEMY
Oyner anbprepEAMpyIOmMEM B HOBOM rpade G,) n1m60 pacmmpaTh, Am60
ClejiaTh aYTMEHTAJbHHIM B 3aBECHMOCTH OT TOTO, ABIAETCA JIH KOHIE-
BasA B:pmmHa pebpa af, He DpmEajgIexamas AepeBy I, 3KCIOHHEpO-
BAaHHOH HJIH Her.

Ecim B (12.22) A = A, m af — pebpo, nmalomee 3To 3HaUeHHe
B (12.20). To moGaBienme a¥ K nepesy 7 mnpEBedeT K 06pa3oBaHHIO
1BETKA.

Hakomen. ecim B (12.22) A = A;, To BHUOTAaHHE BeJMIHHH
2A m3 A, B mponecce #3MeHeHUs BeKTopa BecoB [m;. A.] caenaer B cooT-
BetcTBmm ¢ (12.21) mexoTopoe A, (ckaskeM, A*) pasmmM myaw. IlycTs
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Ocrtatok| ¢ 1 ¢ [OcraTok
AepeBa Aepesa

fr
BuyTpen-
HAA NCEeBJOBEPWHMHA

(a)

B*

OctaTok
aepesa

OcTaToK
Aepesa

(6)

¢ |OcraTtox
Aepesa

OcraTok
aepeBa

I\\ 4

AY
1} \ ,’ !l ¢
v\ - /
\\b——_—!”
Dintiaie ““~He B HOBOM
Aepese

(e)

Puc. 12.15. (6) BHyTpeHHAA mCeBROBEpIMIMHA paclyCKaeTCH
I CTAaHOBHTCA KpaHHHNM [BeTHOM B*.
(B) O6pasosanme HOBOro jiepesa.

z* — BHYTPERHAA ICceBAOBepINAHA TeKymero jepesa I, COOTBET-
cTBYOmMasa Af, © B* — Kpaiuu#l nBeToK, NABIOHI HoCle Cpe3aHHA
z*. llceBnoBepmuua z* rpada G;., MOkeT Teuephb pacisectd, oGpaao-
BaB nBeTok B*, m ato mact apyroit rpad G;-,. (3amermm, onHaKo,
qro 3roT rpad Gy_, He Oynmer TeM ke caMuM rpadom, M3 KOTOpPOro
6511 moayden rpad Gy_, mocie cpesaHHA HBETKA, TAK KaK pPacHyCTHB-
IMUACA NBETOK, HpeBpaTHBmMHR G,y B Gy.,, He OGYNET TeM iKe CaMHM
KpaifHIM OBeTKOM, KOTOPHIX mociae cpesannf na’x G;.q.) llycts Gioy —
clennajJbHHA oCcTOBHHE moxarpad Hosoro rpada G,.,. Tark kar mias
Bcex peGep m3 B* B (12.17) mMeeT MecTo paBeHCTEO, TO OYEBHIHO,
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4910 Bce 3TH pebpa BxoaAT m B Gi_;. Ecam B* cocront, cKRaskeM, u3
29 + 1 pebep, To B B* jerko mosyuuaTh mapocoderanme u3 q pebep,
KaK 3To noKasaso Ha puc. 12.15. llocae Toro Kak nsetok B* pacmy-
CTHJICA, OH pa3duBaeT TEKymee AaJbTEPHHpYIOMee AepeBo HA JBe
KOMIIOHEHTH, OJHA M3 KOTOPHIX (KacaeTCsA» I(BETKAa B BepIIAHE I,
a pyraa — B BepmuHe I,. Kcam mcnoabaosars ToabKo pebpa us B*,
TO MOKHO YKasaTh B€ IeNn (OfHY ¢ YETHHIM H APYTYI0 C HEYCTHHM
qucaom pebep) MemAy BepmEHaM® x, © I, Jlo6aBissa Ty nens,
Y Kortopoil derHoe gucao pebep, K Tekymemy naepeBy 7, cBA3HBaeM
T cuoea B onHo pepeBo (cMm. puc. 12.15 (8)). HoBoe anbprepumpyomee
IepeBo MOKHO 3aTeM PaCHIMPATH [0 TeX HOP, NOKAa ONATH He BO3HHK-
HYT OpHBeAeHHHEe Bhme caydaw A, B mam B.

Axroputm 3asepmaer paboTy, KOrjga Ha HEKOTOPOM dTame f B Ipa-
de G; Gymer moaydeno coBepmeHHoe napocoderanme. CoOTBETCTBYIO-
muit rpa¢ Gy, pacmmpserca 4o HadaiabHoOro rpada G, nyTem pacmoy-
CKaHHA I[BETKOB B HOpAAKe, 00paTHOM HOPAAKY WX CPE3AHHMA, U IIO-
CTPOGHHA NAPOCOYETAHMI B KasKJOM pPACHYCTHBINEMCH I[BETKE —
TakK ke, Kak Ha mare 8 aaropurma 3HIIC ma pasn. 2.4.1.

Horna monydeno cosepmennoe napocoueranue, oHO Gyaer MaKCH-
MaJbHBIM COBEDIIEHHBIM [AaPOCOYETAHMEM, TAK KAaK TOrJa MH HMeeM
pemenre (r. e. Bexktop [E;]) m ABoMcTBeHmHHA BexTop BecoB [m;, A.l,
yaosiaerBopsanmui orpanngennam (12.17) u (12.18), a rakke chopmy-
JMpOBaHHEIM BHIme ycaoBuaMm (i) u (ii).

ANpTepHATUBHBIM clydaeM OCTaHOBKH ABJseTCA ciaydail B, xorna
He cymecTByeT HHKakmx orpaHmuenmit (12.19), (12.20) » (12.21).
B sToM cayuae A mosker GHITH B3ATO KaK yrogHo 6oabmEM, B CoBep-
MEeHHO OYeBHAHO, 4T0 B G HE CYIMECTBYET HHKAKOTO COBEPIIEHHOIO
napocod4eTaHusA.

IlprBenennsit Bame meton pemennsa IMIT 6u11 npeposken Iamony-
com [11]. On sBasercs sddextuBHrM aiaroputyom (cM. pasa. 3.3)
U CHYMNT TaKke KOHCTPYKTHBHHIM [0KAa3aTeJbCTBOM TEOPEMH O.

3.1.1. Onmcanme aaropmrma

I puceoenue nawaavnbiz 3navenuil

lllaz 1. llpuceomts Bepmmuuam rpada G, Beca m;, Tak 4TOBH A
Bcex pebep m3 G, 6h0 BemoaHeHo cooTHomenme (12.17), korma Bce
A, = 0. Baams G = G,.

Dopmuuposanue epaga G’

Ilfaz 2. O6pasoBaTh cnenuaibHLIA OCTOBHLY noarpad G’ TeKymero
rpada G.

Iocmpoenue depesa

lllaz 3. Ecin B G' He cymecTByeT HMKAaKOLO aJbTepPHAPYIOMETO
nepesa T', To CTPOHTH HOBOE JIePEBO C KOPHEM B HEKOTOPO# 3KCIOHEPO-
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BaHHOH BepmuEe u3 G'. Ecin 3KCOOHNPOBaHEHX BepIUAH HET, mepeiiTn
K mary 8. Ecim B G’ yixe cymecTByeT albTepHHpYIOIee AepeBo, TO
Opofom:KaTh €ro moctpoeEme. Ecam Ha T o06HapyKMTCA IBETOK,
T0 mepeiiTn K mary 4. Ecaum nepeBo I craBeT ayrMeHTaJbHHM, TO
oepeiiTm K mary 5.

Ecau nepeso T craBeT BeHTepCKHM, TO mepefity K mary 6.

IJeemxu Hna depese

Illaz 4. Cpesarp nperku n o6pasosats ncesgoBepmuny. OGo3HaTuM
nonyiuBumuica rpad veped G, ero cmenmuaibHHI OCTOBHHIL moarpad
geped G’, a ocraBmeeca mepeBo ueped 7. Ilepeitrn k mary 3.

Ayemenmaavroe depeso

Mlaz 5. YayumuTh TeKyliee mapocoveTaHue, «OOMeHAB» BHOJb
ayrMeHTaNbHOH men# pefpa, DpHHAMJIEKAIMUE NDAPOCOYCTAHHIO M eMYy
ge npuHagde;kamme. «Or16pocursy mepeso T m mepeiitm kK mary 3.

Benzepcxoe depeso

IMTaz 6. Buaucanty A,, A,, A; # A mo popmynam (12.19) —
(12.22). Ecam Ber Emkakmx orpammuenuit (12.19) — (12.21), ro ocra-
HOBHTBCA; B rpade HeT COBEPIIEHHOI'0 HapocoieTaBdA. B mpoTuBHOM
c1ydae W3MeHHTb BEKTOp BecoB [m;, A.], kak ommcaEo Bume. Ecam
A=A, unm A = A,, To coxpaBnTh Tekymee fepeBo 7 m mepeiitm
k mary 2. Eciz A = A;, To mepeiT K mary 7.

IMaz 7. «PacoycTuth» mCEBAOBePIINHY, AABIYI0 Ag B COOTHOIICHAH
(12.21), B nserok B. O6o3ssaguM noayampmuiica rpag sepes3 G, a ero
cOoenHaJbHHE 0cTOBEMI moarpad gepes G'. Iloctponts B B coBepmen-
Hoe mapocoderasme. IlepecTpoHTh anbTepEHHEpYIomee AepeBo, AoGas-
aaa K pebpam ums 7 mHeobxommmyw nenb m3 B, m 0603Ba9UTH 3TO
nepeBo cumBoioM 7. Ilepeditm k mary 3.

Koney

IlTaz 8. PacnyctuTh Bce nBeTKH B oGpaTHOM mopAAke (K mepBo-
HAa49aJbHOMY LOPANKY Cpe3aBMA IBeTKOB), HAXONA COBeDHIEHHOE
mapocodeTaHHe TocAe KaxkAOI'0 pacOyCKaHHA.

3.2, Ipumep

Mu xormM HaliTH coBepIleHHOe mapocodeTanme AnA rpada Gy,
usobparkensoro ma puc. 12.16. HaugeM ¢ npunHCHBaEHA BepIIHHAM
zy, i =1, ..., 12, BecoB m;, 3amaBaeMHXx BexkTopoM [m,]! = (9, 2,
11, 7, 3, 4, 8, 6,6, 5,3, 4), 1 nonaraa Bce A-=0. Beca n; BubpaEn
HaMd [0BOJAbHO HOPOHU3BOJBHO.

Coenmanbemnif ocToBEM#El moarpad G; rpada G, n3obpakeH
Ha pHc. 12.17. Ilycts B KavecTBe KOopHA BHMOGpaHa BepmuHA I,, A B G,
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X, 18 X3 13 Ay 11 Xy
10 13 10
xg 1 10 X

1n

7 10
12 14 X3 9

Xg x, %o

8

8 10
X 5 X

Prmc. 12.16. T'pad G, u3 npmmepa 3.2.

Ha mare 3 aJrOpHETMAa CTPOMTCA albTepEEpYylomee Aepeso. Ha mare
O cpasy e B mapocoderaEHe orGmpaercA pebpo (z,, x,). Bubmpas
BePIMHUHH I3, Z; B I, (B YKa3aHHOM HOpAKe) B KadeCTBe KOpHeH
HOBHIX JlepeBheB, HEMENJeHHO NOJYYMM ayrMeHTaJbHHeE JepeBbA
H IDEXORHEM K CATYaI¥d, B KOTopoil pefpa B apoCOYeTAHMY NOKA3aHK
JKEDHRIMA AEHEAME Ha puc. 12.17. BuGpas Bepmuny z,, B KadecTBe
KOpDHA HOBOTO JlepeBa, CTPOMM 3TO [epeBo HAa mare 3 ajJropHTMa
A0 Tex mOp, MOKa He OyHeT AOCTHTHYTO COCTOAHHE, m300paskeHHOE
Ha pmc. 12.18, B xoTopom obpaayerca neetok. Ha mare 4 aTor nBeToK
cpesaercsa m ob6pa3yeTcA NCeBAOBePINIEHA Zp,, 4 POCT AlepeBa IpPOJ0J-
JKaeTcA Ha mare 3, MOKa He JOCTHTAaeTCHA COCTOSHHE, IpPefCTaBIeHHOe
Ha pmc. 12.19, B KoTopoM fepeBo cranoBmTCA BeHrepckmM. Cam rpad
(mocae cpesanms) 6yner G,, a ero COenMaIbLHLA OCTOBHHI moarpad —
G;, KaK IOKa3aHO COOTBETCTBeHHO Ha puc. 12.20 (a) m pmc. 12.20 (6).

X, X3 Xy él
s 7%
,\'t,L }, & %o
Y1z J'Xn'

Pme. 12.17. Coenmanwenil ocrosmmit mogrpad Gj.
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A T3
S}
Ve ® I
Ve
Ve
Ve
s
1 P
I L4 I
Xe X, *s
KopeHob ®
A

Puc. 12.18. Anstepuupyiomee jepeso B G;. Kopens.

)
CooTBeTcTBYET
MHOYECTBY

§1={X5. 4. X5, Xg.X7 )

Xig

[+
Kopenp

Puc. 12.19. Bemrepckoe fepeso B G;.
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Ilar 6 aaropuT™Ma naet

Ar=min(9+6—10, 114613, 4+3—5]—

[ ——

pebpo (x,, x,) pe6p0(x.. x,) peﬁpo (xu.xu)

=2 cootsercTByeT peGpy (Zis, T44),
= % [4+4—6]=1 coorBercTByeT pebpy (zs, Z12),
A3 = 0o orpaEm4eHne OTCYTCTBYET.

Takum obpasom, A = min [2, 1, o] =
ITocie mameHeHHs BecOB HOBHIA BEKTOp 71 mpumEmMaeT Bujf [m;]? =
=(8, 3, 10,6, 2, 3, 7, 7, 6, 5, 3, 3), a Bec A,, COOTBETCTBYWOMHAH
HEYeTHOMY MHO;KEeCTBY BepmuH S1 = {z3, Z4, Z5, ZTg, Z;}, PaBeH 2.

! 4
Sb Ty
A’a X0
N2 M M2 n
(a) (6)

Pmc. 12.20. (a) Tpad G,. (6) T'pad G;.

Ilns HoBoOTO BekTOpa Becos [1;, A,] HOBHIl cenuaabHHE O0CTOBAKN
noarpa¢ G, rpada G, maobpasken Ha pumc. 12.21; pebpo (zy5, Zb,)
BXOAMT B crapumit moarpad Gs.

Taxk rar nepeso Ha puc. 12.19 coxpansaercsa, To HOBOEe BOIIEAIIee
pe6po mpuBoauT K 06Gpa3oBaHMI0 LBETKAa, COCTOANEr0 M3 HEYETHOLO
maKiaa (z,,, Zg, Ip,). OTO Cpasy ke obHApyKEBaeTcA Ha mare 3,
a Ha mare 4 OBETOK CPE3aeTCA; BO3HUKAET ICEBI0BEPUINHA Iy, U MOIY-
4JaeTcA HOBoe fiepeBo, mokasagEHoe Ha pmc. 12.22, Cam rpad Temeps
Oyner G,, a ero cmenuaabENE oCTOBHHE moarpad — G;; aTE rpadu
OpeficTaBIeHH COOTBeTCTBEeHHO Ha puc. 12.23a m pme. 12.236.

HepeBo, usobpaxennoe Ha puc. 12.22, ABIAETCA BEHTEPCKEM Jepe-
BOM B G, 1 Ha mare 6 BHYACIAETCA HOBOE 3HaUeHHE A JJIA H3MEHEHUA
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BEKTOpa BeCOB:
Ay=min[8+4-6—10, 10+4-6—13, 74-5—9, 3+3—35] =
Po0D (s %)  DOOPO (sr, %) DEBDO (xer es) PEOPO (rrmy %en)
=1 coorBercTByeT pebpy (Zy2, Z11),

Ay=00 m Az=o0.

o ¢

Hosoe TonbKO
uyTo Boweguee

peépo I COOTBETCTBVET MHOXKECTBY
X X, 8= {dy, X, Xy Xg Xy g, X2 )}
Pmc. 12.21. HoBuii cnenmaJbHREIR Pmc. 12.22. AxprepEmpylomee
ocToBHHII moxprpad G; nas rpada AepeBo B G; u3 puc. 12.21.
G, n3 puc. 12.20(a).
x 1, e 4
L 4
5, 2
o o
T ix“
@) (d)

Pmc. 12.23. (a) T'pad G,4. (6) Tpad G;.

CneposarensHo, A = 1, Wcmonnaya ato smawemme A, moaygaem
[P =(7,4,9, 51, 2,6, 6, 6, 5, 3, 2), a Bec A,, cooTBeTcTBYyIOMMUi
HeJeTHOMY MHOKeCTBY BepmuH S, = {z3, Z;, Z5, Zg 27, T Zyio)s
paBeH Ay==2.
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ol 5

o

HoBoe TonbKo
YTO BOWweEAwee
pebpo

Puc. 12.24. Hoeuit coengmaabHHIl
ocToBHHIl moarpad G; auad rpada Gy
Xy u3 prc. 12.23(a).

Jns sTHX HOBHX BecoB [r;, A,] HOBwH CHeNUAJBHHIE OCTOBHEIA
noarpa¢ rpada G, msobpasken na puc. 12.24. Ilocie BBegerus HOBOTO
pebpa (z,,, z,,) axpTepHEpyHOmee mepeBo Ha puc.12.22 cramosurcsa
ayrMeHTaJBHEIM, TaK 9T0 HOBOe pefpo BXONHMT B mapocodYeTaHme.
IJT0 fepeBo «oTGpacHBaeTCA», W CTPOMTCH HOBOE J[EPEBO C KODHEM
B OJHOH M3 OCTABIIHXCH DKCIOHMDOBAHHHX BepmuH rpada Gj, T. e.
B BepmMHUHe I, WIH Z,,. B Jobom ciyuae pebpo (ry, &,0) Cpasy e
IomajaeT B MapOCOYETAHHE W IOJYYaeTCA COBEPIIEHHOE NapocoIeTa-
HEHe. JTO coBepmeHHoe mapocodetaHme rpada G, TORazaHO Ha
puc. 12.25 (a). Yto6u maiiT cooTBeTCTByIOmEe mapocodeTaHme B G,
MH CHadJaJla pacIyCTAM IBETOK b, M DOCTPOMM B HEM COBEpPIIEHHOE
mapocodeTaHHe, Kak HokasaHo Ha prc. 12.25 (6), a saremM pacmyctum
IBEeTOK b; M DOCTPOMM B HeM COBepHIEHHOE mapocodeTaHme (CM.
puc. 12.25 (8)). Ha sToM pHCYHKe ;KUDHHIMH JHHHAME U306paKeHo
MaKCHMaJbHOE COBEpPIIEHHOe mnapocoderanme rpada G,; Bec dTOro
mapocodeTaHns paBeH 66. Tak Kak B cCOOTBETCTBHE C Teopmeil JmHEH-
HOTO0 IPOTPaMMHPOBAHMA MakcuMyM BenmanHn 2z u3 (12.11) pasen
MuEEMYMY Beawmamun u u3 (12.16), To MOKHO cpesaTh DpOBEpKY.
Ilockonbry [S, | =2¢, +1=30m |S;|=2¢, +1=T7,10¢9,=2
M g, = 3, Tar 4TO

w= (T4+44+9+5+1+246+646+5+3+2)+
+ (2% 24+3%2) = 66.

3.3. Hexoropsie BraucanTeaLHBIE pPe3yIALTATHI

Auaroputm gasa 3HII, a cnemosaTensno, u ans 3MII, asiaserca
XODOIKM AJTOPDHTMOM B TOM CMECJIe, UTO HeoOXomuMmoe 1A Hero
9HCJO oIepanuil ABIAETCA NOJUHOMHAJBHOR (yHKOUe#l oT dgHcia
n sBepmumE rpada. Juas 3HII tpeGyemoe mia BHYMCIeHME Bpems
pacter Kak O [n4], XoTA Ha mpaRTHERE 3TOT POCT 3HAUETENBHO MEJJeH-
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Xb =y X9
2 @)
o
i
y ]
X X
Xb‘ 9
o) o (6)
X n
Xy 18 X3 13 Xy n x,
10
X5
7

fe)

Puc. 12.25. (a) Coepmennoe napocoueranne B G,. (6) Ilapocoderanme ¢ pacmy-
cTuBmeiicA BepmuHoil by. (B) Makcumanbmoe mapocoueTaHde.
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mee [30]. IlporpamMa [iig BHYHUC/IMTEJHHOM MANMEHEE, HOPHBENEHHAS
B [30], naer saBmcmmoctb BEga O [n%7], a npyraa mporpamma [29] —
sasmcmmMocth Buna O [r?:3]. 3amornc m Mxomcon [29] npupenn Tommu-
HHil pesyabTaT MJIA 3aJa9d O HAPOCOYETAHHH (HAa CaMoOM jeje —
nasa obmeit 3agaga, obcyxpasmeiica B pas3n. 5, ¢ 0; = 1wz 2 w 1K
Z ¢; 2 10) ¢ 300 pepmmaamu @ 1500 pebpamm, morpeGoBaBmei gus
pemennsa okosno 30 cexyux na UBM 360/91.

4. 3agaya 0 HA3HAYEHHSX

B sToM paspese ME paccMOTpEM 9YACTHHM CIydail MapocodeTa-
HOH — B IIBYIIOJIBHHX rpadax [9, 18 25]. 3agam aBynOABHHE rpad
G = (X X% A4), tne X° u X’ — He3aBECHMEEe MHO;KeCTBA Bep-
IMAH 4 Ra,xnoe pe6p0 a; = (z;, z;) € A ameerz; € X*, 1, € X° u Bec
¢;. MH xoTEM HafiTH CoBepIIeHHOE IapocoveTaHDe rpaq)a G ¢ Makcm-
MaJbHHM (AJIX MAHEMAJbHHM) BecOM. MUHAMMH3anUAOHHHE BapHaHT
9TOA 3ajaYM XOpOImoO HW3BeCTeH B JHATePaType KaK sadaua o HasHaue-
nusz (3H), u on 6Ge3 moTepm obmuEOCTE JacTo oGCYy’KNaeTCHA B CBA3H
€ HOJHKME ABYXOIBHEIME rpadamum.

Hycre | X* | = | X® | = n. PaccMaTpupas moMHKIA JBYNOJbHELR
rpagp K, ,, Jerko BEAeThb, 9TO 3aJa9a O NAPOCOYETAHHE A 3TOTO
CHenMaJbHOr0 CJIYYad MoO;KeT OHTH pemeHAa C MDOMOMBIO METOJOB,
IpefHA3HAYCHHNX IJA HCCJIe[0BaHAA IMOTOKOB B cerdAx (m3 ria. 11),
H 103ToMY HeT Heo0XONHMOCTE B HpuMeHeHWH o0mero ajaropurMma
IapoCOYeTAHMA, W3J0KEHHOTO B pasfd. J HacTosAme# raaBu. llycTs
noGaBieH HMCKYCCTBEHHHE HCTOYHHK s ¢ jayramm (s, z;), Vz; € X°,
EMEIOMUMA eJUHAIHYI0 OPONYCKHYIO cOoco6HOCTh W HYJIEBYIO cTon-
MOCTh (Bec), m MCKYCCTBeHHEIR CTOK { ¢ Ayramm (zy, f), V x, € X7,
TaK;Ke IMEIMPAME eMHUYHYI0 NPONYCKHYIO COOCOOHOCTH I HyneBylo
cTommocTh (Bec). Ecim paccMarpmBaTh pebpa m3 A KaK OpHeHTHpO-
BAaHHHE, T. €. KAK AYTHE (Z;, Z3) C eIMHAYHKHME IPOIYCKHKME CIOCO0HO-
CTAMH, TO MAKCHMAJBbHKIA HOTOK ¢ MEHEMAJIBHOA CTOUMOCTHIO (BECOM)
OT s K Z 6ymeT EMeTh 3HA9€HHEE 1, 4 IO 3TAM AYraM OyNeT «IpOXOIHETH»
HEeHYJIeBoi# moToK (co 3magenmeM 1)) ¢ MUHEManbHOA CyMMapHOW
cTrommocThi0 (BecoM). JtE ayra w3 A OGyayT Torna oOpa3oBHBATH
B G coBepmeHHOE NapoCOYeTaHHe ¢ MEHEMAJIBHOI CTOEMOCTHIO (Be-
coMm). OgeBHHO, 9TO B CIydae TaKOU cHeNUAJbHOUA CTPYKTYPH rpaga
MHorme marm obmero ajJIropwTMa HAXOK/IeHHA IOTOKA MUHUMAJbHOM
cTomMocTE (Beca) MOTYT GHTH YIPOmEHH € HeJbi0 moxydendms Ooxee
spperTrrHON mpomenypu miasa 3H.

1) OTMmeTnM, 4T0 B cooTBeTcTBuMu ¢ Ta. 11, ecam Bce mpomycKame cuocoGHO-
¢TH — nenue, TO MOTOKA MO AyTaMm Toe ByAyT nease, T. e. B HameM ciydae O
e 4.
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C npyro#t croponnt, 3H MoskHO paccMaTpuBaTh KaK JaCTHHIE cay-
vati 3MII ¥ pemarr ee ¢ DOMOmMBIO CHENUATU3MPOBAHHOH BepCHH
amroput™Ma m3 pasi. 3.1.1. ['maBraAa TpyQHOCTEB, CBA3AHHAA C ITHM
o6muM aaroput™MoM — ofpasoBaHUe B Cpe3aHHe IBETKOB,— B cjydae
3H otcyTcTByeT, TaK KaK B ABYNOJBHOM rpade He MOMeT CYImeCTBO-
BaThb IMKJIOB C HeYeTHHIM ducioM pebep. Tak kak oOHWIHO DPUHATO
paccmatpuBaTh 3H Kak 3ajgavy MRHUME3ANud, TO MH HOCJENyeM
aToMy o0H4Al0 M oNWImeM MEHUMM3ANUOHHHI BapUAHT aJropdTMa
u3 pasa. 3.1.1, npUMeHUMHI TONBKO K ABYROJbHEM rpadam. Mamene-
HUA, KOTOpHEe HY;KHO cIeJaTh B cJydYae 3ajaill MAKCHMHU3anuH,
TPUBHAJIBHH.

4.1. Aaropurm pua 3H (cnyuait mmaammsanmmm)

OnucaHEHI 3fiech aATOPET™ 6r mpeno:ken Kénurom [22], Srep-
Bapu [15] u Kynowm [23, 24] u msBecTen Kak eeweepckuil arzopum.

4.1.1. Ouncanme anropumT™a

Hpucaoeuue HAYAALbHBT 3HAYeHUll

IMaz 1. Bepmunam u3 Muo:xectB X° m X” rpada G mpucBouTs
b
Beca 7; W 7, COOTBETCTBeHHO, IpHYeM TaK, 9To6H mas aioGoro peGpa
b
a; = (z;, Z,) BHIOOJHANOCH HEPABeHCTBO n -+ < oy

Popmuposanue zpaga G’

Illaz 2. TloctpouTs cmemuadbHHU ocToBHHE moarpad G’ rpada
G ¢ NaHHEKWMY TeKymuMH Becamu [m].

ITocmpoenue depesa

Illaz 3. Eciu B G' HeT HUKAKOTO aabTepHUpYyIomero nepesa I, TO
«BHPAIMABATHY €T0, B3fIB B Ka4YeCTBe KOPHA HEKOTOPYI0 3KCHOOHUPO-
BaHHYW BepmuHy z; rpada G', npuHajIeKamyio MHOKecTBY X%
€CJI¥M YKCHOHMPOBAHHHX BEpIIMH HeT, TO mHepeity K mary 7. Ecam
anbTepHUpPYOmMee AepeBo yike CYMECTBYeT, TO HPOAOJIKATEH «BHpamu-
BaT» ero. Ecau fepeBo I oxaskeTcA ayrMeHTAaJBHHIM, TO DepefiTm
K mary 4, a eclid BeHTepCKMM — K mary 5.

Ayemenmanvroe depeso

IMTae 4. Ynyumurs Tekymee mapocodYeTaHUe, «B3aMMHO IOMEHAB»
(Boons ayrMmeHTanBHOH nemu) pe6pa, HpUHAJJEKANHEE €My U eMy
He DpUHAJJIeKaImue.

«Ot6pocutsy gepeBo I wm mepeiitw kK mary 3.

Benzepcroe depesgo

Ufae 5. Ona pebep a; = (z;, z), He Neskamux B G', ofHA KOHIE-
BafA BepIIMHA KOTOPHX NPAHAJJEKHUT TeKymeMy aepesy I m momeueHa
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KaK BHEIHAA, a APyrad KOHMEBaA BepIIMHA He NpUHAMIEKHT 7,
Ha#TH

A = min [¢; —n§ —nf].
a
i

llge 6. Naa xamxpoit BepmuHn z; rpada G, TpuHANIeKameR
X® u gBaswmelica BHemHed BepmmHOH aepesa I, moMeHATL =¥
Ha ©f - A, a qag KaKpo# BePIIUHE Z) rpad)a G, npuHagaexamen
X” u ﬂnnmomeuca BHYTpeHHeHd BepmmHoA pepeBa 7', 3aMeHHUTH
nf ma n)—A.
Coxpasuts nepeBo 7' u mepeidTe K mary 2.

Honey

Mlaz 7. Texymee coBepmeHHOE NapOCOYETAHHE SBJIACTCA MHHHA-
MaJIBHBIM.

4.1.2. Marprunaa ¢opma aaropmrma

YacTo, Korna rpa ABAseTcH HOJHKEM, ONEPAamUH BHIIENpPABEJCH-
HOTO aJroputMa peanmayworca Ha (n X n)-matrpane C, cTpokm KoTo-
poil CooTBeTCTBYIOT BepmuHaM B3 X%, a croa6me -— BepmuHaM u3 X°.
HavanpHEle 3JI€eMEHTH ¢;, ABJIAIOTCA cTomMocTAME (Becamu) pebep
(ziv zk)'

Ha mare 1 axropmtma HavanasHHA Bec nf BepmmHH z; € X°
GepercA paBHEIM HauMeHbIIeMY 3JeMEHTY CTpoKu i. Bec ni Bhum-
TaeTcs U3 BCEX JIEMEHTOB CTPOKH [, M TAK [EJAETCA A BCEX CTPOK.
Bec nf Bepmmmm z, € X° Geperca paBHHIM HAIMEHBIIEMY DJIEMEHTY
B croabme k& momyumBmedcs MaTpumul. 3aTeM N BHUMTAeTCA M3 BCEX
3JIeMeHTOB cToJ6ma k, m 3To fesnaeTcs AJAA BCeX CTOJAOMOB, B peayib-
tTare 4ero moaydaerca Hosaa matpuma C'c cip = c;p — nf — nf =
> 0. Marpuna C’ nasmBaerca pedyyuposeawrnoli mampuyeii. Torma
ocToBHEIM moparpadgoM G’ Gymer (n X n)-IBymoabHHE rpad ¢ myraMa
(z,, Zy), COCIUHAIONMUME TOJbKO Te BePIIUHH Z; U Zy, AJIA KOTOPHIX
cin = 0. CoBepmeHHoe mapocouetanue rpada G 6yner cooTBeTcTBO-
BaTh TAKOMY BHOODY HyaeBhx 3iaeMeHToB B MaTpume C’, Korma B KamxK-
IOl CTPOKe If KaKAoM cToxbme BHIODAHO POBHO IO OJHOMY HYJIEBOMY
saemenry C'.

IlocTpoeHue adbpTepHEPYIOMEro [epeBa B 3TOM IOJIYIMBIIEMCH
0CTOBHOM mojirpaje G’ IPOMCXORUT C DOMOMBIO CJIENYIIMER IpPOHeny-
PH DacCTaHOBKU IIOMETOK B CTpokax m croiabmax martpemer G’. Haga-
HeM ITOCTPOEHMe IPOM3BOJBHOTO HapocodeTanua B G', oTMedaa HyJe-
BHe 3ieMeHTH B G’ Tak, 9TO6GH HUKaKue [iBa OTMedeHHLIE HyJIA He HaX0-
OUJIECh B OJHOM M TOM Ke cTos6me wiam crpoke. (Eciau M oTMeTmin
Hyab B mo3umuu (i, k), To aTo o3Hauaer, 4To pebpo (z;, zx) BXOmUT
B mapocodeTanue, u Haobopor.)
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Haiifem cTpoKy s 63 0TMEYEHHHIX 2JEMEHTOB H CHeTaeM IIOMeTKY
P. = 0. Ecam Takoii cTpOKE HeT, TO TeKyINee mapocodeTanue Gymer
MEHAMAJABHHM COBepIIEHHHM mnapocodeTanmeM. (Bepmmma z, — ecam
TaKas CYIIEeCTBYET — COOTBETCTBYET Temeph JKCIOHEPOBAHHOE Bep-
muHe, BHOPaHHOK B KadecTBe KOpDHA AaJbTepHAPYWINEro AepeBa,
a p; ABIAKTCA 9KBHBAJEHTAMHA MOMETOK, HCIOJB3YEeMHX NJIA «XpaHe-
HHEA» 2TOro fepeBa !).) 3T0 HAfo mOHHMATH TaK: AepeBO paccMaTpH-
BAaeTCA KaK HEKOTOpas JPeBOBHAHOCTH ¢ KOpHeM, mpHYeM eClIH Ayla
(o, Zp) BXOAMT B 3Ty APEBOBHAHOCTh, TO ¢XPAHHTCA DPaBEHCTBOY
Pp = Zo. [aa xopHa pepeBa Mu Gepem p, = 0. (Cm. pasm. 2.2.1,
ra. 7.) Haumnaem ¢ Takoi cETyamms, KOrjia ecTb moMeTka p, = 0
E KOTJAa Bce ApPYTHE CTPOKE H CTOJAONH He IOMedYeHH.

(i) IloMeTHTh KaKOHK HemoMedeHHHH croalen k&, comep:;kammi
HeoTMedeHHH# 0 B moMedeHHO# cTpoKe i, MeTKo# p, = i. Ecam cyme-
CTBYeT HECKOJIBKO BO3MOKHOCTe#, B3ATh AI06YI0.

(ii) IToMeTHTP KaKAyH HemOMedeHHYI0 CTPOKY i, COHep:Kamylo
orMeuennHiE 0 B momedenHoM ctoxbme k, MeTko# p, = k.

IToBTOPATE mpONEcC PACCTAHOBKHA MOMETOK (B COOTBETCTBHH C Ipa-
suaamn (i) m (ii)). ITE aBe omepanum HeABHO CTPOAT B G’ JepeBo,
opuueM 3TO AepeBo JaeTcsA SKBHBAJEHTaMH mMOoMeTOK. CTOMT 3aMeTHTE,
9T0 BCe «BHEMHHE» BEPMIAHK TOI0 JepeBa COOTBETCTBYIOT CTPOKAM
w3 C’, a Bce «pRyTpeHnHe»— croiabnam. IlpmMeneHme omepanmi
(i) = (ii) mpomoam:xaercs o Tex mop, mokKa He GymeT moMedeH croaben
t Ge3 OTMeYeHHHX 3J1eMeHTOB (CKa)keM, MeTKOR p;) HJH mpomecc pac-
CTAaHOBKH OOMETOK Heab3dA OymeT Hmpogo/a:kaTb. B mepBoM ciayuae

6yner mnafilena ayrMeHTaiabHasA wnenb f, py, Pi, Py - - ., S, LA
! =p, 1" =py B8 1. &. Jnementa 0 (myam) B mosunmmax (I, p;),
(pt, pt)s (Pt', Pt*)s -+, (-, s) MaTpunu C’' momepeMenHO oTMedalTCA

AIE HeT AIA 00pasoBaHEA Jydmero mapocodeTanmA. IloMeTkm p;
CTHpAIOTCA, M mpomnecc npoRoias;xkaerca. Bo BropoM caydae ob6napyikn-
BaeTcA BeHrepcKoe mepeo. Ecam I* m K* — MHO)KecTBa Bcex MOMe-
YenHHYX, a I~ @ K~ — Bcex HemOMeYEHHHX CTPOK H CTOJ6LOB COOT-
BETCTBEHHO, TO HaXOMUM

A = min [ciz].
ier*
ReK™
(3ameTmM, 9TO cip = c; — m¢ — nb.)

O6Hosaenue. m; = m; + A pqaa i€l*, npy=m,—A paa k€K*,
cir=cin—A paai€l* m k€ K-, cir = ¢+ Amuaie€l nk€ K",
B OCTAJbHHX CIY9afAX cip He H3MeHAloTcA. Omnepanmm (i) m (ii)
Temeph CHOBA HOPHEMEHAIOTCA K HoBoit MatpumeC'um 1. &.

1) Cu. npnvedanue 2 Ha crp. 382.— Ilpux. ped.



408 TJ1. 12. IIAPOCOYETAHHUA

4.2. Tlpamep

Pemmm 3H nas monsoro aBymoabHOro rpada G = Ky, rHe
marpraa C crommocreir (BecoB) Takas:

1 2 3 4 5 6 7 8

—
13 21 20 12 8 26 22 11

12 36 25 41 40 11 4 8
35 32 13 36 26 21 13 37
34 54 7 8 12 22 11 40
21 6 45 18 24 34 12 48
42 19 39 15 14 16 28 46
16 34 38 3 34 40 22 24
26 20 5 17 45 31 37 43 )

00 ~d N WL B W N =

Penyumposamnoit Matpmneit G’ Gymer (8X 8)-marpmna, mpmBenen-
HAaA HEKe, IJe BEKTOPH CJeBAa sy MATPHIH H BBEPXY — BECOBHI®
BekTOpH [n;] m [n,] cooTBeTcTBeRHO.

7, - 5 0 (-5 -4 0 2 -1 3

7
' 1 2 3 4 5 6 1 8
g8 ! 1{ o{13 17| 8 {016 |15 0
s | 2] 231 [25 |4 [35] 4| 0ol o
14 |3 (16 (18 | 4 [26 {12.] 5| o020 | 7
12417 |42 [0S0 |0]| 8 025 || 3
6 | s |10 | o |(asa |16 [ 184| 26 | 7 | 39
14 | 6| 23 5 1730 5 | [0%4+{0]| 15-] 29 5
7017 4 |27 |36 | o* |27 |31 |16 | 14
108 |11 |10 11 (35 |19 [ 28 | 30
:
p;
8 [ 4 | 4 6| 4 -p,




4. BATTAYA O HABHAYEHHUAX 409

HauneM co caydaiino BHOGpaHHOTO MapOCOTETAHHA, T. €. Caydaj-
HO BHOepeM HEKOTOpPOe MHOMKEeCTBO HYJell, HMKaKMWe [Ba 3JeMEHTa
B KOTOPOM He JIeKaT B ONHO# cTpOKe Mau cTonbue. BuGpannne HyIn
OTMedeHH 3Be3[0uKoii. B cTpoke 4 HeT OTMeUeHHHIX JJIEMEHTOB,
U OHA IOJYIaeT MOMETKY pPcrps = 0. Cienyiomme momeTkm pacmona-
raioTcsA B TAKOM IOPANKE Perons s = 41 Perps = 3, Peron67 = 3, Perpz =
= 7. OKoOHYaTeJbHHE BEKTOPH IOMETOK [p;] u [p,] mokasanu copasa
oT Matpunu C' m mop meit.

Hansme momewarh Hedero. Temepb Mu mmeeM I* = {2, 3, 4},
Kt=({3,7,1I-={1,5,6,7,8u K- = {1, 2, 4, 5, 6, 8. Ilocxe
BHIYMCIeHHA A, KoTopoe paBHO 1, M mocle HaMeHeHMA BecoB [m;}
u [n;]) monyqaem moByto Mmatpuny C’ = [¢;, — n; — m,], #3obpasken-
HYI0 HIUIKE:

;
| 1 2 3 4 5 6 1 8
8 1 0*| 13 13 4 0 16 15 0
5 2 2 31 21 36 35 4 0 o*
14 3 16 18 0 22 12 5 0* | 20
8 4 21 46 o* 0 4 12 4 29 3
6 5 10 0*| 40 12 18 26 7 39
14 6 23 5 26 1 0* 0 15 29
7 8 | 31 36 0* | 31 35 120 |18 4
6 | 8 15 14 0 11 39 123 |32 |34 0
1
P;
8 4 - p,

PaccranoBKa IOMeTOK IIPOJOJKAETCA, TAK 9TO Peron6 4 =4 ¥ Peroa6s =
= 2. Tak Kak cToxber 8 He MMeeT OTMeTIeHHHX HYyJe#, To Hafilena
ayTMeHTaJbHAS Lenb, NOKa3aHHAA CTPeJKAMHA B BhININPHBEACHHOR
maTpune. «MeHAsA» oTMedeHHHE M HeOTMeUeHHHe HYJIH BJOJb 9TOL
OemHd, molydaeM HOBOe, yJAydmieHHOe, IIapocodeTaHHe.

[Ipu BTOpO# MTepan¥y MOMeTKM CTHPAIOTCA M B KauecTBe CTPOKR
Gea oTMeYeHHHIX dJeMeHTOB BhOHpaercA cTpoka 8, KoTopad oOTMe-
qaeTcA Kak Perps = 0. Boabiie IOMETOK paccTaBUTDL HeAb3A, A OKa3k-
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BaeTcA paBHBIM 1, mcr, g 3aMeHdeTcA Ha 6 ¥ HoBag Matpuma C’' nama
HOKe. (3aMeTEM, YTO Ipd BTOpPOil HUTepamEM BEeHTepPCKO® JepeBo
ABIAETCA HA CaMOM JleJle eMHCTBOHHOHM HM30JIHMpPOBAHHOM — B TepMm-
Hax TeKymero rpaga G’ — BepmuHOH, COOTBeTCTBYIOmEH cTpoke 8.)
3aTeM mpomecc PacCTAHOBKHE IOMETOK IIPOAOJIKAETCH M IIOJYdYaloTCH
BexTopH [p;] u [p,], npEBenennre HEe.

| 5| o|-1] 0| of 2|[-1]3

n;
i 1 2 3 4 5 6 7 8
8 | 1 0*| 13 | 13| 4| 0 |16 |15 ] 0
512 2 | 31| 21|36 |35 4 | [0 [0]]] 7
14 | 3] 16| 18 | [0y 22 | 12 5 &11 20
8 | 4 | 21 | 46 {@ 0| 4 |12 4 |29 0
6 | 5|10 | o] 4 |12 |18 |26 | 7 |39
14 |6 | 23 5 | 26 1 0*f{ 0 {15 |29
3 07| 8|3 |36 | 0|3 |35 [20 |18
518 16|15 1 |12 |40 |24 |33 |35
R
p;
4 4 3 2 | ~p,

Onare nomeuars Goabme Hedero, A OKa3LBaeTCS PAaBHEIM 4, Beca
In;] m [m),] mamemsoTca m mHmke naerca mosas martpmma C’ (car.
crp. 411).

Ilpomoaikaerca mpomecc PacCTAHOBKHE IOMETOK, B 3TH HOMETKH
{c y4eToM HOpAAKA EX PACCTAHOBKH) TAKOBH: Pcront 5 = Peron 1 = %,
Derps = 9, DPerp3=1, Perox6 6=0. Tak kak cromGen 6 me mMeer oTMe-
YeHHBIX 3JeMEHTOB M OH IOMedYeH, TO HafleHa ayrMeHTAJBHAA Iels,
nokaszagHafa crpeakamm B Matpune C'. «Mamersas» Bpoas aToi menmm
OTMedeHHHIE ¥ He OTMeUeHHEE HYJIH, IOJYIAeM COBEPIIEHHOE IAapoco-
JeTaHHe, MABIAIMEECH NOTOMY NApPOCOYETAHAEM ¢ MEHEMAJILHOH
cromMocThi0 (BecoM). PeGpa sToro mapocoderanmmsa rakosm: (1, 1), (2,
8), (3, 7), (4, 5), (5, 2), (6, 6), (7, 4) = (8, 3), amoaHas croEMOCTSH (Bec)

paBHa 76 (nad mpoBepKHE 3aMeTHM, UTO O m;; -+ Y ;M = 76).
i )
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n, - 5 0 0 0 0 2 0 3
L

1 1 2 3 4 5 6 7 8
8 1 o* | 13 12 4 0 16 14 0

4 2 3 32 21 37 36 5 0* 1 7

13 3 17 19 o* | 23 13 6 0 21 3

7 4 22 47 0 1 5 13 4 30 0
6 5 10 o*{ 39 12 18 26 6 39
14 | 6 23 5 25 1 0* 0 14 29
3 7 8 k)| 35 0* | 31 35 19 18
5 8 16 15 0 12 40 24 32 35

L]
T
p;
4 3 P,

5. O6maa s3agaua mocTpoeHus ocrosHOro moarpada
¢ NpeJIMCAHHLIMA CTEleHAMH

Iaa 3aparHOro rpaga G = (X, A), gyraM KOTOpOro HPHOMCAHH
CTOMMOCTH, obwyas 3adaia OwIa cHOpMYyAHPOBAHA BO BBENEHHH KaK
3ajlavya HaXO:KIEHHA OCTOBHOIO HoArpada Gy, mo OTHOIMEHHMI) K KOTO-
POMY CTEHNEHHM BEPIIMH I; PABHH 3afaHHHM UEJHM 4HcIaM §; U CyM-
Ma ctomMmocTel pebGep B G MaKcmMaibHA (MM MEUHMMAJIbHA). Bo BBe-
HNeHHH 0TMeYaI0Ch, 4T0 3MII ABAAeTcA wacTHEM caydaeM aToit oGwyell
sadauu. Tenepp MH nNoKaskeM, 4To ofIjasd 3amava caMa MoKeT OHTB
pemena kaxk 3MIl ¢ mcmoaszoBammem anropmrma ma pasg. 3.1.1.

Ncxona u3 rpada G, nmocrpoum rpad G. Ecam tpebyercsa, 4Tobu
§; OBLTO cTeneHbIO BePIIWEH Z; B rpade G, To B G 6yAyT conocTaBlIeHN
BepmuEe z; 8; BepmmH 2%, 2%, . . ., z'. Kamagomy pebpy a; = (z;,
z,) rpada G GyayT COOTBETCTBOBATH B (F [Be IOMOTHUTENBHNE BePITHEEI

r;  s;, pebpa (z7, r;), @ =1, ..., §;, BCe CO CTOHMMOCTAMA 5 Cins

pebpa (s;, :c%), =1, ..., O co crommocTAMHU —;—c,-h u pebpo
(r;, 8;) co crommocTrio 0.
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Tenmepr coBepmenHO O0YeBHAHO, 4TO o6mas 3ajgaisa AaA rpada
G cooTBeTCTBYeT 3ajade O Ha3HAYEHHAX IjiA rpada G. Ecum pebpo
(rj, s;) IeRAT B IapoCOYeTAHAH G, 1o 5T0 03Hauaer, uro pebpo (z;,
r;) He mpmEamnexuT rpady Gi. Ecam gsa pebpa (27, r;) m (sj, ::E)
Jexat B mapocodetanm: rpada G, To aTo 03Hauaer, uto pebpo (z;,zx)
nprEagIeKeT Gy, CymecTByeT B3aEMHO OJHO3HAYHOE COOTBETCTBHE®
MesKIy IapoCOYeTAHEAME B G M OCTOBHEIME HOATPadaME ¢ HONYCTH-
MHIME cTeneHsAME B rpade &G. Ho Tak Kak 9ECI0 BepwnH B G mamuoro

Gonsme n, BHIMEN pEBeleEHOE NpeobpasoBagme rpada G B G ¢ BHYHC-
IETEJIbHOM TOYKH 3peHmMs Hesddextmro. Ha camom mene me ob6ssa-

TeIBHO CTPORTH ABHO rpad G m, BosmoxkHO [13], Tax MommduumposaTh
anroputM 73 pasf. 3.1.1, 910 oH 6ynmeT omepEpoBATH HENOCPEICTBEHHO

c mepBoHaYanlbHNM rpadoM &, Ho Bce Oymer oTHOCHTBECA K rpady G.

5.1. TpamcnoprHas 3agaga

O6mas 3afgada auaA [gBYmoabHOro rpada G = (X° | X°, A)
MAPOKO W3BECTHA KaK TpaEcmoprHasa 3amasa (T3) [8, 16, 18, 25,
4, 211 u saBasercAa obobmemmem 3H, ofcymxpaBmeiica B pasm. 4.
Tpaucnopraad 3ajaga OOJYy4mJa CBoe HA3BaHWE H3-3a Clelyomel
ee muTepopeTanzm. lmeerca N HCTOYHEKOB (OYHKTOB cHalkemms)
2 M croxoB (nyEKTOB mnoTtpebaenms). IlpomsBopmTensHOCTH i-TO
HCTOYHMKA CcHa0)KeHMs paBHA o;, morpebienme %-ro croka pasBHO
fr, DpEIEM

N M
2 ;= D B
i=1 h=1

Tpebyerca galiTH TaKy} CXeMy TPaHCIOPTHPOBKH IPy3a OT HCTOYHH-
KOB K CTOKAaM, KOTOpad HMeeT MHHEMAJIBHYIO CTOEMOCTH, €CJIH CTOH-
MOCTH TPaHCIOPTHEPOBKE €IMHENH Ipy3a OT i-T0 HCTOYHHKA K k-My
CTOKY paBHa C;j.

Ecmn a; 7 B, — uenste amena, to T3 MoxHO Takse paccMaTpd-
BATh Kak o6wylo 3adawy o napocoiemarul B JByN0JbHOM rpacde & cHA-

9ajla DOCTPOMTH Irpad G, Kak 60 06bACHEHO paHee, 4 3aTEM PEIIHTh
ana srtoro rpapa 3H. Ilpm anprepmatmsEOM noaxofe T3 MomxHO
paccMaTpEBaTh KaK 3aJady O DOTOKE B CeTH, TOYHO TAK e, KaK 3TO
apenanoch uaasi 3H B pasu. 4.

Beuny npakrmgeckoil BaxkEocTE T3 MH nagmM MaTpEYEYI0 POpPMY
BeHTepPCKOTO AaJrOpHTMa AJMA 3TOH 3ajmadm. ITOT AJIrOPHETM OYEeHB
HDOXO0JK HAa AJNTOpETM W3 pasf. 4.1.2 nna 3H m npmBopETea 3uech Gea
JalbHeAm7X NOACHEHHM.
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5.1.1. Benarepcknii aaroparm paa T3
Il puceoerue HauarvHuiz 3HaveHUl

gz 1. Hauwnaa ¢ MaTpron ctomMocteit C, ocTpoHTh peaynEpo-
Bannyio Mmatpuny C'.

Hazoxedenue aysmenmanvholl yenu

ITaz 2. IloMeTHTHL CTPOKY §, HJIA KOTOpod a, %= 0, moMeTkoi
ps = 0. Ecim Takmx cTpoK HeT, mepeiiTE k mary 9.

Illaz 3. IloMeTuTh KaskOHIA HemoMeUeHHRIH crosben k%, comepsxa-
muit 0 B moMedenHo#t cTpoke i (T. e. mMefomei cjy = (), momeTKo#
pr = i. EciiE cymecTByeT HECKOIBKO BO3MOKHOCTelH, BHOpaTh JI100yIo0,

Ilae 4. IToMeTHTHh Ka:KOYI0 HEMOMEYEHHYI0O CTPOKY i, cofep:Ka-
Mymo OTMEYeHHHH 3JeMeHT B OOMedeHHOM cToiabme X, mDoMeTKoi
Di = k.

ITaz 5. IloBTopATh Warn 3 ¥ 4 [0 Tex mop, moka Jubo He OymeT
noMeden cronben £ ¢ ff; = 0, B ci1ydae dero mepeittn k mary 6, aubo
ZaipHellIafd pacCcTaHOBKA LOMETOK HEBO3MOMKHA, B cjydae 4dero
nepeitta k mary 8.

Ayzmenmayus

Illaz 6. Haiite ayrMenTaibEYIO Henb P Me:ROYy s U [ ¥ B3ATH B Kade-
CTBe € MEHUMAJIbHOE K3 CJIeJyIOMUX THCEN:
min [, B;) m min [ef).
(i,k)B P
H OTMeYeH
Moz 7. IlomepeMenno npubaBiATh +-€& U — € (AMEHHO B TaKOM
HopAfKe) Ko BceM aineMmeHnTaM (i, k) B aibTepHupylome# memm P.
OTMETHETH Te 3JeMEHTH, K KOTOPHM ¢ OpHGaBIAAIOCh, M YOAIHATH
OTMETKH Y BCeX 3JIEMEHTOB, 3HAYeHHe KOTOPHX MOOCI€ BETMTAHESA
€ CTAJ0 PaBHRIM HYJIO.
YmeHbIIATE o, E ff; Ha €. YOAJHTh BCe DOMETKE B BePHYTBCH
K mary 2.

H amenenue mampuyn

Illaz 8. Brumcamte A = min [cix]; moxomkmrs cip = cif —
eI+
) REK-
—A,ectri€l* ukCK-uci, =cip +- A, ecnm i €I-uwk € K*; octaBuTh
ci, 0e3 H3MeHeHHA B OCTalBHHX Cciaydafax. CoxpauuTh ODOMETKH
O BepPHYTbCH K mary 3.

ITaz 9. Haineno ouTmEMajbpHOe pewenHe. I'pysn TpaHCHOPTH-
PYIOTCA TOIBKO IO OTMeYeHHHM pe0pam H, eciam aieMeHt (i, k) oTMe-
9eH, c¢i; JlaeT BeJIWIWHY rpy3a, TpaHCHOpPTEpyeMoro mo pebpy (z;,
.'tk).



414 1. 12. HTAPOCOYETAHUA

Cremyer 3aMeTHTh, YTO B BHINEIDUBEREHHOM aJrOPHTME MATPHLA
C’ coysxut nByM nensam. HeoTMedenHLIe 3IeMEHTH JAIOT OpeBAPHETEN b~
HHe crommocTd. (HekoToprie H3 8THX 3JeMEHTOB MOTYT GHTHL HYIAMH. )
Bce ke oTMedeHHHE 2JIeMEHTH HMEIOT HYJEBHE CTOMMOCTH, HO MECTa,
r7le OHM DacHoJOeHH, HCOOAB3YIOTCA HA CAMOM Jele IiA XpaHeHHH
BelIMYHWH IPY30B, TPAHCHOPTHPYEMHX IO COOTBETCTBYIOMEM pebGpam.
Iro m3baBaseT oT HEOOXOEMOCTH HCIOJb30BAHAA OTREABHOM MaTPHOE
RIA XpaHeHHWA TPAHCIOPTHDYEMHX BEJIMTHH.

5.2, Ipumep

Pemum T3 ¢ mmxenprBogaMOoil MAaTpHOed CTOMMOCTeH, Ife BEKTO-
PH, DacmoMO;KeHHHE CIeBA OT MATPHOH W HAX Hed, JA0T BeIWIAHH
TIPeRJIOKEHHS O; B cIpoca B COOTBETCTBEHHO MCTOYHHKOB H CTOKOB.
(Bextopu BecoB [m;] u [n,] anecs me mymHHN.)

B 2 3 3 5 2
o, 1 2 3 4 5
51 1 1
4 0 0
6 0

BumenpuBeeEEaA MaTpHoa DPeRYOEDPYETCA K CJAeRYyIOMei:

ITocne BeckoabKUX npEMeHeHHA maroB 2, 3, 6 7 ¢ HEemocpeACTBeH-
BeHHEIM OOHapy:;KeHHMeM ayrMeHTainbHOM memw Marpuma C’, BekTopm
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o 1 f, ® moMeTKH OyAyT TaKHMHA:

B, 0 0 0 0 2
o 1 2 3 4 5
1 2 * 1 1 3 0
0 2 2* 4 3 2* 0
3 3 1 3* 3+ 1
p;
1 b

Bramcaennoe A pasuo 1, a HoBas

marpuna C’ raxosa:

B, |0 0 0o o0 2
% t 2 3 4 5
1|1 3 o [0] 2 0
2 (2 5 3 ~[0]
of 33 2 3% 3 1 3
P,
1 1 1 2] p

IloMeTKE penawTCA B CIEAYIOMEM HOPAAKE: Perons 3 = Peroab é =
=1, Perp3=3 (1A 4), Perp2=4, Peroncs =2, mocie Fero momeden
croxben 5 ¢ f; = 2 m HaliieHa ayTMeHTANbHAA Nenb (ODOKAasaHHAA
Buime). Buumciaennoe € paBeo 2, W mocie mara 7 MarpAma TaKoBa:

B, |o o o o

0

2#
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Ha mare 2 axroput™M 3akamd@mBaeT cBOX paboTy, Tak Kak Bce
o; = ( ¥ pemenWe B BHIIeNpABeJEHHOH MaTPHIE NOKA33aHO OTMEYCH-
BHME 31eMenTaMu. [uaa sroff T3 MUEEManbHAA CTOEMOCTH paBHA

3X3+2X54+2X%X24+2x%x243X34+3 X 4=48.

6. 3amaya o MOKpHITAH

3apgada o noKpuTHE HamMenbme#d MomuocTm (3ITHM) Omuna cdop-
MyJdpoBaHa BO BBEICHHMH, B OHA COCTOMT B HaXOKNeHHH TaKOIO
MHOkecTBa E pebep rpada G = (X, A), 9ro umcao pebep B E mnm-
HEMaJbHO W KaKJafd BepmHUHA 43 G ABIAeTCH KOHNEBOA BepmHUHOU
oo Kpaitmeir Mepe ogHoro pebGpa m3 E. Tenmepb, OCHOBHBAACH Ha Cie-
nyrome# teopeme, Ma noxakeM, ato 3IITHM m 3HIIC sksmBasenTHH.

Teopema 6. Ecau E* — naumenbvliee noxpuimue u ecau 048 kaxdol

%
gepuiunt, x; co cmenenvio d;i > 1 ydaaumv ece pebpa, unyudenmmnuie
Z;, 3G UCKAOeHUeM 00M020, MO ocmasuleecs MHoxcecmeo pebep M*
6ydem HAUb0ALUUM NADOCOLEMAHUEM.

Hoxrasameavcmso. Tak Kak B BHmeENpPHBEJeHHOH KOHCTPYKI{HA

d‘i"*gl, TO HAKakde gBa pebpa B M* me 6ynyr cMexmmmmE m M*
ABIfeTcA napocoderapmeM. IlosToMy pmocTaTo9mo NOOKazaTb, dTO
M* — paubonrmee napocogetanme. JooycteM, aro | M* | He MaKcH-
MansHO. Torga mo TeopeMe 1 cymecTByeT HeKoTopasf ayrMeHTalbHAA
nenb W3 KaKoW-HEOGYAb S9KCOORMPOBAHHOM BEPIIUHK I; (T. €. BePIIMHHE
c d?";O) K Jpyroé 9KCOOHMPOBAHHOHA BepmuhHE ;. TaK Kak aM* =
= di'™ = 0, To oTCIONa BEITEKaeT, 4TO HO Kpalmeil Mepe oAuno pebpo,
Befymee OT x; K JpYrod BepmuHe (F Zy), MOKHO yJaJATh, A TO Ke
OTHOCUTCA K BepmEEHE Zj. llycTh omHO W3 ynamenHHX pebep, HHI{H~
OeHTHHX z;, OynmeT a,, a ORHO H3 yHaJeHHHX pefep, MHANMAEHTHHIX
xy, 6yner a,. Illycte P —— ayrmemranbras meas (¢ 2p -|- 1 pebpamnm)
OT z; K 2. Ecam Tenepp ymanuth ma E* pebpa ma M*, nprsapienxa-
mue nen: P, 1 nBa pebpa a, & a,, TO oCTaBIeecs MHOKECTBO (CKaskeM,
E) Bce eme 6yneT noKpHTHEM, TaK KaK Kajfasa Bepmmuaa 13 P Gymer

KOHI[eBOH sl HeKoToporo pebpa m3 muoxectsa E*. Ho E moxydeno
ynanenmem w3 E* p 4 2 pebep um pnoGasnenueM p - 1 pebep; ciemo-
BaTedbHO, | E | <C | E* |. 9To OpOoTUBOPETIAT NpefHOJ0KEHHEI0 O TOM,
910 £* — HaMMeHbmee NOKpHTHe. 3mavar, M*  nocTpoerHoe B COOT-
BEeTCTBHH C TeOopeMoid, ABIfAeTCA HaXGONBIIMM OapOoCOYCTAHHEM.

Chenymomas TeopeMa aHAJOrMIHa TeopeMe 06 W TOYHO TaK e
nokasnBaerca [30].

Teopema 7. Ecau M* — nauboavwee napocodemanue zpaga
G u Oan EKaxdol skcnomuposammoll eepwiunts x; dobasums pebpo,
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UHYUDEHRMHOe I;, MO noaywueweecsi MHoxcecmso peGep E* 6ydem
HauMeHbwuM nokpumuex 2paga G.

O6man 3I10, xoraa xa;kmoMmy pe0py mpHOHcaHa HEKOTOpasA CTOH-
MOCTB, 37ech obcy:xmaThca He Gymer. Ora MoskeT GHTH pemmeHa ¢ HoO-
MOmBIO aJITOPUTMa, odeHb HNoxo:kero Ha aaroput™ Aaa 3MII. Iloxpo6-
guit aaropat™ aaa 3I10 maa Yair [30].

7. 3agaum

1. Haiite BanmGonbmee mapocodeTanme rpada, H300pasKeHHOTO
ga puc. 12.26. IlocTpouTth 3aTeM HaEMeHbIIee IOKPHTHE 3TOTO rpada.

1 2 3 4
q
5 6
7 8 9
10
0 12 13 m
15 16
17-—J 18 19

Pamc. 12.26.

2. Haiitn markcuMaapHOe mapocodeTande rpaga, m3oGpasKeHHOTro
Ha puc. 12.27, rae dmcna y peGep ABIAIOTCA CTOUMOCTAMH (BecaMmm).

3. Ilokasats, uTo B AByJodbEOM rpage G = (X°® | X°, A)
COBepHICHHOEe mapocodeTaHHMEe CYM{ECTBYeT TOTAAa M TOABKO TOTAA,
Korga anaa kaxmoro S X, |S |<|T(S)|. (dror peayasrar
m3BecTeH Kak TeopeMa Kémmra m Xoana [5].)

4. JIna rpada, mzoGparkenHoro Ha puc. 12.28, maiitu Kakoii-n1uGo

ocToBHHIi moAarpad G,, cremeHNM BepHIMH KOTOPOTO 3aJalOTCA BEKTO-
poM [8,] =[1,2,1,2, 3,1, 3, 2]
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10 X, 12 X;
17 15
" Xg 10 "
8 2 10 13
L 3
Xg 10 Xg 8 X0
Puc. 12.27.
Xy X3 :4
X e Xg
D
Xg XB Xz
Punc. 12.28.

5. Iloxasath, 4TO B MarpHhie, HMemMedl HECKOIbKO HYJEBHIX
M HECKOJbKO HEHYJEBHIX 9JEMEHTOB, MHHHMAJIbHOE YACIO JHHAN
(1. e. CTPOK H cTOJI0IOB), CONeP/RAMIEX BCEe HYJIHW, PABHO MAaKCHMAlb-
HOMY YHCJY HYJeil, PACIOJOKEHHKX B DPAas3HEIX CTPOKAX M PA3HHEIX
croabmax. (JTOT peayiabTaT M3BecTeH Kak TeopeMa Hénmra.)

6. Haittm pemenne 3H ¢ MAHAMAaIbHOA CTOMMOCTHIO, Tie MaTpuna
C pamma

I 2 3 4 5 6

1{17 ) 8112} 9 (14 6
2|15 1318 |15 |10 | 4
C- 3|14 |16 812 5|9
T 418 T{14] 911 |13

5| 7116|1114 6|10
6118 9|13 515|717
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7. Onpenenum MopuMakcHyo 3H kak 3ajgady Haxo:KIeHHA TAKOTO
HagHadeHudA ¢ MaTpuuei C, 4To0H MaKCEMaJlbHAA CTOEMOCTH 3JeMEeHTa
3TOro HasHadeHUA Owna MmHMMaiabHO#. Pemmte mummmaxcryio 3H
nas marpunu C m3 sapmaum 6.

8. PemuTh HEKEOpHUBeJeHHYI0 TPAHCHOPTHYIO 3ajady, rae (4 X
X D)-maTpuma sABAsAerca Marpumed cTommocTeit C, BekTop-cToaGerr
ABJIAETCH BEKTOPOM CHabKeHMA (Ipelio;KeHWH), a BEKTOP-CTPOKa —
BeKTOPOM cupoca (moTpebGHocTei).

3 4 2 17 6

17 18 12 9 14
15 13 18 15 10
14 16 8 12 5
18 7 14 9 11

~ W O\ O

(3amevanue. CrecTm 3aJady K SKBHBAJeHTHOH 3ajade, B KOTOpOK
cymMMa moTpeGHOcTeil paBHA cyMMe IpejJiojkeHMH.)

9. PaccMoTpuM TpaHCOOPTHYIO 3afady C MaTpumedl cTommocTel
C, npuBefeHHO#l HWKe, W BeKTOpaMm CHabxenEmA m morpeGHOCTeRt

[a]* = [10,15,20]
(8] =[51213,15]

1 2 3 4

1 25 10 2 30 !
C=2 5 15 20 10
3 /100 65 0 2

OnrtuMajibHOe pemeHHMe 3TOH 3afa4d AaeTcA INepeBo3KaMm, HOoKa-
3aHHEIME B BepXHHX JeBHX yriaax ciedyiome#d MaTpHIEL:

1 2 3 4

1 2 8§

10
[cu] =2 6 9

(%]
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CrommocTh 3TOr0 pemeHHs paBHA 241, a BelmYHHA TPAaHCIOPTADYe-
MEIX TPY30B paBHA 45 egumAHENaM. PaccMOTpEM HOBYIO 3ajfady ¢ TO# ke
caMoil MaTpHIEH CTOHMOCTEH, HO ¢ BEKTOpaMH CHal;KeHHA W moTpel-
HOCTeH

[e;]2=[10, 15, 21],
[Br]2= 6, 12, 13, 13].

OnTEManbHOE pemeHHe JaeTCsA MepeBO3KaMH, HOKA3aHHKMH B HHK-
HEX 0OpaBHX yriax BumenpmsegerHod Matpunk [§;;]. CromMocTs
9TOTO pemeHns paBHA 239, a BeTMYEHA TPAaHCOOPTHPYEMHX I'PY30B —
46 egqmEHAIAM.

O6bACHEETH, modYeMy [JNA AAHHOM MATPHIK cTomMOcTeil MOsKHO
TPAHCOOPTHEPOBATH GOJBIMYI0 BeIAYAHY IPY30B OpHA MeHbmed MOJHOHR
CTOUMOCTH, W 0COOeHHO 00paTHTh BHEMaHHE HA TO, 9YTO AYIrH, BIOJIb
KOTODHIX NPOM3BOJHUTCH NEePeBO3KAa, OCTAKTCA npe;REEME (cM. [28]).
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Mpunomenune 1

METO[bl NMOUCKA,
MCNONb3YIOLLMUE OEPEBO PELUEHUW

1. IlpuHunn noucka, MCnOAB3YOUMHA AEpPeBo permeHuii

OcHoBHO! OpHEHIAN, Ha KOTOPOM O0a3HpYIOTCA MeTONH IIOHCKa
C JepeBoM pemleHHH, COCTOMT B pas3fHendd HadaJpHOH 3agaum P,
Ha HEKOTopoe 4Hcao mopgsapgad P,, P,, ..., P, (B memoM mpencTas-
JAMAX BCIO 3afady P,) ¢ Doclenymomed HOOHTKOA paspewumbs
KaKIY B3 3TEX noAs3afad. Bupasxenue paspewums MH IOHAMaeM
TaK:

aa6o (i) HAATE ONTEMAaJBHOE pemienme,

ambo (ii) mokasarh, 9TO 3HAYEHHE ONTHMAJIBHOIO PEIICHHA XYike,
4eM IaA OOJYYeHHOTO A0 39TOr0 HAMJIYYNIero penleHHA,

ambo (iii) mokasaTh, 4TO moA3ajauya He ABIAETCH [ONYCTHMOL.

JdTo pa3bmennme onmchHBaeTc Jdepesom Ha pmc. I1.1, mpmaem Bep-
MAHKE #300pakalnT mof3amgadd.

CMmuicn pa3bmends 3agadm P, Ha HEKOTOpoe YHCIO0 IOA3agad
COCTOHT B TOM, YTO HJH 3TH HNOJ3aJaYd OpPOIIe Pa3pemATh, ATA OHHA
HMel0T MeHBIIMH pa3Mep, HJIH 00MagaT CTPYKTYpoOi, He npmcymei
nepBoHavanbHOM 3amate P,. Ho, BooGme roBopsA, Bce eme Mo:keT
OKasaTbcd, UTO Hmofg3afgady P; Helb3d pa3peuldTh, W 3Ta OoA3amada
caMa pasbmpaeTcs Ha HOBHe mojx3agasd P; ., P;, .... P;. Kak 3To
nokazano Ha puc. II.2. 9to pasbmennme (HasuBaeMoe TaK:ke gema.le-
HileMm). IOBTOPAETCA A KayKIOi moa3agadd, KOTOpasa He MO:keT OHThb
paspenicHa.

Ha mo6oM aTane moixnoe MHO:xecTBo mojdanad, TpeGyomux paspe-
UIeHASA, OpelcTaBIAeTCA MHOKECTBOM KOHIEBHIX BepmdH (T. €. Bep-
muH cTeneH: 1) Bcex memed, HCXOOAMEX U3 KOPHA [JepeBa pemIeHHAH.
(Hopenp aToro nepeBa m3obpa:kaeT HaYadABHYK 3agady P,.) Ota
BePUIMHLE HA3HBAIOTCA gucsAwumu BepmdanamMd, @ uHa puc. 1.2 ato
Py, ..., Piy, Py, ..., Py, Pisy, . .., Py

Ecnm mouck mcuepmanm, T0 0ueBmAHO, 9TO MHOKECTBO IOA3anad,
Ha KOTopule pa3bHTa 3ajgada, JOJKHO NPEICTAaBJATH BCIO 3amadvy.
Takmm obOpasoM, ecnm 3amasa P; pasbumra Ha r momsamad P,

. ey Pirv TO

{Pi}U{Pi}U - .. U{Pi}={Pi}, (IL.1)

rre {P} 0603HagaeT MHOAECTBO BCeX JOIYCTHUMEIX pewesnit 3agagn P,
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Tak kak cootHomenue (11.1) Hoa:xkHO OHTH NPUMEHEHO K KAKIOMY
pasbuenuo, TO

{Po}= U{P(j)| P(j)—Buca4aa pepmmuHA OepeBa}. (I1.2)

B cayuaax korma TpeGyerca nepeGpaTh Bce pemeHHA 3agadnd
P, (a He Toabko HaiiTH onTHMaibHOe peHIeHHe), ;KeJaTeJbHO YMEThb

Puc. I1.1. Paabuerne 3apaun P, Puc. I1.2. [lepeBo nociie BeTBICBHSA
Ha noj3ajadu. B BepmuEe P;.

mepe6UpaTh pemeHHA ¢ NOMOIBI0 BHINENpPHBeNeHHOTO pa3bmenmsa
3aladyd HA L0oJ3afadl W NepeGHpaTh pemeHHs Ka:KIod W3 dTHX mOf-
safad. B aToM cayuae Hy:kHO m36e:KaTh NyOJIMpOBAaHMA IOCTPOEH-
HHX pemeHmii, T. e. HY)kHo pasbmBaTh 3ajady P; Ha nDoj3afaul
b, ... P; tax, dro6m

{PidN{Pi}=0 (11.3)

ana mobux ABYX mofsajad P; m P, , IiA KOTOPHX s 7= g.

Cootnomenne (I1.3) ompemenser coGcTBenHoe pasbheHHMe 3afaud
P;. Xora ycaorue (I1.3) ne ApnAercs HeoOXoXHMHM NJA NOJHOIEH-
HOTO IOHCKA C epeBOM pelleHHil, 0OHO TeM He MeHee UMeeT Gojbmue
BHI'ONH ¢ BHYMCIUTENBHOH TOUKH 3peHHA, TAK KaK

(a) nA sagaum onTHMHU3ANUHU P, oNTHMAJbHOE peIeHHe ABJIAETCA
pemeHHeM ONHOH W TOJABKO ONHOW HOA3aMavu. HpefCTaBiAeMoll
BHCAYEl BepmHHOM; '

(6) maa sagaum mnoxHoro mepeGopa oObeNMHeHHe MHOKECTB
pemeHHi TON3afad, NpPeACTABIAeMHX BHUCAYMMHE BepHIMHAMH, JaeT
MHO;KeCTBO Bcex pemenmil samadm P, Gea gyb6ampoBaHHA.

2. Hexoropnie npuMepbl BeTBIEHHA

Paccmorpnu sagauy P; ¢ n nmepeMeHHHMH, B KOTOPO#l HeKoTOpas
nepeMeHHAA § MOKeT HPHUHHMATH TOJBKO YeTHpe BO3MOMKHHX 3HAYe-
HUA, CKa:KeM, a, b, ¢ u d.
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(a) Boamommnuo pasbmenme P; ma dYeThpe mopsafadd P;,, P, Py,
m P;,, mpmueM AN mof3amaud P; M nmoinaraeM £ = a, MaA Py,
monaraeM § = b, gua P;; — E=c¢ @ gaa P;, — £ = d. Raxnan

Pamc. I1.3. Tpu Bo3MOMKHLIX cmocofa BeTBIeHHMA B BepmmEe P,.

=3 mox3ama4 P; , . ... P;, comepsut n — 1 mepeMeHHHX H, clefoBa-
TeIBHO, [ONYyCKaeT Oollee NPOCTOe pemeHHAEe, YeM 3ajgada P;
(pme. I1.3 (a)).

(6) Boamosxkuo npyroe pasbmenme P; Ha ABe mojzanaim P; m P;,,
rae naa P;, M monaraeM & = a, a gad P;, momaraem £ = a, T. e.
t pasuo b, ¢ mnm d (pumc. I1.3 (0)).

() Eme onmmo BoaMo:kHOe pasbmemme P; Ha ABe mojsafadm P;
2 P, tne nnga P;, £ = ¢ mnm b, a qna P;, £ = c nnm d (pee. 11.3 (8)).

Bce Tpm BeTBIeHHA ABAAIOTCA NROOYCTAMHMHA A YJOBIETBOPAIOT
ycuopmio (I1.3). KHakomy @3 HEX OTAaTh IpeRUOYTEHHE — 33aBACHT
OT IPHAPOAH pelnaeMoOd 3ajfadd, HpHIeM BO3MO;KHOCTH THHA (a) HIA
(6) mcumompayloTcd dalme OCTATBHHX.

3. Tunel nmomcka, HCHOJL3YIOIIEro J€PEBO pemeHuil

13 BumecKa3aHHOTO BHIHO, 4TO Ji00as moA3afada, IpejcTaBlse-
Masgd BACAYeidl BePIMHHOM H He NOANANIIAACH pPA3PEIIeHAID, MOKET
OuTh B M0G0 MoMeHT pasbWTa Ha MeHbmEe nopxsafgayd. Ho cyime-
CTBYET TOJBKO B4 OCHOBHHIX THIA NOHCKA B 3aBHCAMOCTH OT TOTO,
KaKk BHOHpaeTcs clefyioliasg BHCS4as BePIIHUHA NJIA IPOROIKEHHSN
mpomecca BETBIEHHA,

3.1. Ionck mo rayomee

Ilpm sTom Thme mMOHCKa BeTBIeHHE OCYIeCTBIAeTCA B HocIe/lHeld
TOoJNyUYeHHOH IojA3ajilade A0 TeX Nop, MOKa He OyNeT HopokIeHA MOJ-
3aja49a, KOTODYI0 MOJKHO paspemmTh. B 3TOM MecTe pmemaeTcsl mar
so3spaujerus, T. €. GepercA IMpeAmnocIeHAd MOPOKAEHHAA MOA337ada
J BeTBIeHHe IIPOJION;KAETCA B COOTBETCTBYIONed Bepmmue. Ilpm atom
THIe NOACKA 3aJladld, MOJIyJIaeMHe HA Kas/KJIOM 3Tale, XPaHATCA B Cmeke
BMeCTe C caMoil BepxHe#dl 3ajadeil, BHOpaHHOH ANA HCC/IE[OBAHHAA
(paspemernusa mim pasbmenms). BHOBp monydaeMble 3ajlaglm IOMeNIa-
I0TCA B BepX 3TOTO CTeKa, a KOTNa Noji3ajada paspemeHa, OHA yna-
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4
9
8 7
8 g
54
3
2 i
CheayroEE / 3agaua pewexa
BETBNEHNE HAUMHATD
35ech
Puc. Il.4a. JlepeBo moncka Puc. I1.46. JlepeBo mnoHCKa
no raybune. 10 IIEpHEe.

3ajgaga pemena.

JAeTcA oT CTeKa. BHA fepeBa pemeHHil IpH 9TOM THIE MOHCKA, KOTAA
paspemaeTcA mepBas NoAsafada, mokaszan Ha puc. Il.4a, rme mopsa-
AOK IpPHOPHUTETa HCCAENOBAaHAA MoJydaeMHX IO/3alad NOKa3aH HyMe-
panuen.

3.2. Mouck no mupmue

IIpn monucke no mEpHHE BeTBJIeHHE IPOUCXONUT OT YPOBHA K ypOB-
HIO, TaK 9To ecJM Ha ypoBHe 1 mauansHas 3afada P, pasbusaercs
Ha mofsapmadm P, P,, ..., Py, To Kaykaad U3 9TUX DOA3afad HCCe-
AyeTcA paHbIme, 9eM 3afaud ypoBHA 2. 3amaum ypoBHA 1, KoTopHe
He MOTYT OHThH paspemeHH, pa30MBalTCA Ha INOA3anaIA YPOBHA
2, B OIATH BCe OHM HCCJIEAYIOTCA Jo MCClefnoBaHHA Kakofi-tnbo morn-
3afiaq|, MoTymeii BOBHEKHYTh Ha yposHe 3, B T. . Bun nepesa peme-
HEji OpH 2TOM THIe NOHMCKa IoKasan Ha pmc. I1.46.

4. Ilpumenenme rpaHuil

Ecam samada P, DOMJIeXKHT pelleHHWI0 KaK 3afada ONTHMH3apdH,
T0 GE30THOCHTEJBHO K THNY MOHCKA 3TOT MOMCK 32BepPIIAaeTcA TOJBKO
Torga, Korfa OYAyT paspemeHH BCe HOX3allauM, MOpefCcTaBjsAeMEe
BHCAYMME BepmHHaMu. [[JIA YCKOpeHHA mpomecca paspemeHuA MJA
KaKOOH M3 BHCAYMX BepIINH BHYHCJAANTCS HIKHHE HJIH BepXHHE
rpaEAOH (A ciaydYaeB MUHAMH32aOHA WIH MaKCHMH3aOWH COOTBET-
CTBeHHO). OTH TPaHMOH [aloT HamMeHbmee (mam Hambosbmee) Bo3-
MO;KHOe 3HaUeHMe ONTHMAaJBHOTO PeIeHNA Toi MoA3afadn, KoTopas
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COOTBETCTBYET paccMaTpHBaeMoil BHCAdedl BepmmHe. Takum obpasom
(nnsa 3ama9m MAHEMHA3ANMHA), €CIH OKa;KeTcHd, 9T0 HWKHAA TpaHANa
I1A BEpPIIMHE, COOTBETCTBYWme# 3ajgade P;, Goabme, 9eM BelHIMHA
HAWIY4IIero OTBeTa, NOIYYEHHOTO paHee IpH HMOHCKe, TO B P; Her
He06X0MAMOCTY IPOM3BOAMTH flalbHedlee BeTBIEHHE, TaK Kak B {P;}
HET pemieHHsA, JYYmero, 9YeM TeKYyIHA Hamaydmuit otBeT. B cooTBet-
cteum ¢ ToakoBanmeM (II) TepMumHA «paspemenme sagaum» m3 pasg. 1
nofsagada P; oKa:keTcd aBTOMATHYECKH pa3pemieHHou.

5. (DyHRIUM BETBICHUA

Kak npnm nomcke no riy6uHe, Tak 0 IpH NOWCKe IO IMEApPHAHE BHOOpD
odepeJHO# BEepIIMHE AJd BETBAEHHS He OBLT HOJHOCTHIO OIpefeleH.

IIpm nomcke mo rayGmHe, KOrJa mocJe BeTBJIEHHA 3afada P;
pasbmBaetca Ha mopzamawm P;, ..., P;,, odepenHoe BeTBJEHHE,
KaK yske TOBOPHIOCH, NPOW3BOAHUTCA B ONHOM HM3 3THX TOJBKO YTO
noposKAeHHEX moa3afad. Ho MBI He yKasanm, B KaKo#l AMeHHO, H II0-
§as M3 HEX MOJKET paccMaTPHUBATHCA KaK (UOCJIEQHAA II0POKIeHHANN,
Ilpu mowmcKe mo mUpHHe, Kak yixe OBLIO CKazaHo, Bce mON3afaud TaH-
HOT'O YPOBHA JOJKHEI HCCIET0OBATHCA G0 MCCIAEIOBAHMA 3a7ay CAeqy0-
mero ypoBHf, HO He OBLI YKAa3aH HOPANOK HX HCCIENOBaHUA.

QDynryus eemesenus — 3T0 (QYHKIAA, KOTOpaA LO3BOJAET
«BHYACJIHUTEY, KaKasd U3 JonycmuMblz BepIIAH TOIKHA ACIOJb30BAThCHA
IpH cJeAylomeM BeTBJeHHMH. [|1d BepmHHBI, COOTBETCTBYWOIe# mOf-
3ajade P;, 3Ta QyHKIHA ABIAETCA HEKOTOPOA Mepod BEpOATHOCTH
TOTO, 9TO ONTEMAJbHOE pemeHMe BCel 3afaud P, ABIAETCA pemIeHEEM
nasa P;. CoBepmeHHO O0YeBHAHO, YTO BepmFHA, COOTBETCTBYIOMaf
mof3afade ¢ GOMBIIAME MaHCAMH HAa ONTHMAJBHOE peIleHde, HOJKHA
I0J1b30BaThCA IPAaBOM I PEEMYIIECTBEHHOr0 BHOOpa HIpH OYepeqHOM
BeTBIeHAX. MO:KHO YKas3aTh HECKOJBKO JBPUCTHYECKHEX Mep JTOH
BepOATHOCTH, IpAdeM OflHA M3 IOJE3HKIX Mep CBA3aHa IPOCTO ¢ BRIYHC-
JeHWeM [If BepIIAH HUKHEX WA BepXHAX rpanmn. [ladg Takoi
MepH BepmmHa ¢ 0oJee HH3KOH HW:KHeH rpaHmuned (mid caydasd
MAHAMA3AUAA) CYATaeTC HMelomeidr GoJbmyl BepoOSITHOCTH.

ITocaie BBefieHMA HOHATAA (YHKIUHA BeTBIEHAA CPa3y ;Ke BO3HH-
KaeT MBICJIb 0 IPYTOM THIE HOMCKA C epeBOM pemeHdH (B JonoTHEHAS
K OIMCaHHKIM paHee HOHMCKaM I0 raydwmue W muaApmHe). MOo/KHO HCIOIb-
B30BaTh QYHKIAIO BeTBJeHAA A TaK, YTOOH 0HA noAHOCMUIO Onpeneadna
BHOOp cienynomei a4 BeTBJIeHEA BepmmHn. Hanpumep, ecim anadge-
HEAMA (QYHKUZAA BETBJEHAS ABIAITCA TPaHUNL BepmmUH (HEKHAE
H BepXHHe), KaK YOOMAHAJOCH BHIIIE, TO BCEIa MOJKHO IPOH3BONHTH
BeTBJIEeHHe B TOH BHCAYEH BepmMWHe, HUKHAA TIpaHdla KOTOpOH
HamMeHbImAasg. ITOT THI HOMCKA ABJAAeTcA, Boobme ropopdA, rabpamnoM
NOMCKOB 1m0 INTy0WMHe W [MEpPHWHE, XOTA B JATepaType OH 9acTO HA3H-
BaeTcd MOMCKOM L0 [MHApPHHE.
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253—259
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Yucno Berrnm em. I(mKnomaTnyecKoe HMCIO
— BHemHero paspnenenusa 100

— BHYTpPEeHHero paanenenus 100

— NOMMHHEpPOBAHHMA 43

—A%eaﬂncnmocm [independence number]
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